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PREFACE. 

The  following  pages  are  specially  intended  for  use  in 
Schools.  In  the  choice  of  matter  I  have  been  chiefly  guided 
by  the  requirements  of  the  three  days'  Examination  at  Cam- 
bridge, with  the  exception  of  proportional  parts  in  logarithms 
which  I  have  omitted.  In  one  point,  I  have  ventured  to  de- 
viate from  the  usual  custom.  I  have  denoted  angles  through- 
out by  the  Greek  characters,  even  before  the  explanation  of 
circular  measure.  My  reasons  for  doing  so  were  chiefly  two; 
first,  that  they  are  much  more  distinctly  and  easily  written, 
and  it  is  advisable  that  a  boy  should  be  accustomed  in  the 
text  to  the  notation  he  uses  on  his  paper ;  secondly,  I  am 
thus  enabled  to  insert  the  algebraical  symbols  for  the  angles 
in  the  figures,  a  very  great  advantage  in  such  propositions 
as  that  proved  in  Art,  27.  I  have  added  about  400  Exam- 
ples mainly  collected  from  the  Examination  Papers  of  the 
last  ten  years,  and  I  have  taken  great  pains  to  exclude 
from  the  body  of  the  work  any  which  anight  dishearten  a 
beginner  by  their  difficulty. 

In  conclusion,  I  must  express  my  great  obligations  to  my 
friend  the  Rev.  R  B.  Mayor,  of  Rugby.  Without  his  kind 
encouragement  I  should  not  have  ventured  to  have  offered 
these  pages  to  the  public;  and  I  am  indebted  to  him,  not 
only  for  many  valuable  suggestions,  but  for  a  careful  revision 
of  the  whole  work. 

R.  D.  BEASLEY. 

St  John's  Collboe,  Cambridgk, 
SepUmber,  1858. 


ADVERTISEMENT  TO  THE  SECOND  EDITION. 

The  chief  alterations  in  this  Edition  are  the  addition  of 
Articles  63,  bis,  and  73 — 75,  and  of  the  easy  series  of 
Examples  marked  A. 

Gbammab  School,  Grantham,  January,  1865. 


ADVERTISEMENT  TO  THE  THIRD  EDITION. 

In  this  Edition  the  Examples  have  been  largely  in- 
creased. Articles  76 — 78  have  been  added,  and  the  series  of 
Examination  Papers. 

Gbamhab  School,  Gbakthau,  Februai-y,  1873. 


ADVERTISEMENT  TO  THE  EIGHTH  EDITION. 

In  this  Edition  Section  IX.  on  proportional  parts  has 
been  added,  and  the  number  of  Examination  Papers  con- 
siderably increased. 

BotJBNBMouT^  March,  1883. 
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SECTION  L 

UNITS  OF  MEASUREMENT.  USE  OF  SIGNS  +  AND  - .  MEAN- 
ING  OF  THE  TERM  "ANGLE"  IN  TRIGONOMETRY.  THE 
TRIGONOMETRICAL    RATIOS.  PRACTICAL    APPLICATION. 

INSTRUMENTS  FOR  SURVEYING. 

1.  Object  of  Trigonometry.  In  Trigonometry  we  apply  Alge- 
braical symbols  to  establish  certain  relations  between  the  magni- 
tudes of  the  sides  and  angles  of  plane  rectilineal  figures.  These 
relations  are  useful  for  all  the  higher  branches  of  Mathematics, 
and  are  specially  applicable  to  surveying,  and  to  determining 
the  heights  and  distances  of  inaccessible  objects.  In  the  present 
treatise  we  shall  confine  ourselves  to  the  simpler  relations,  and 
some  practical  applications  of  them. 

We  must  first  consider  the  mode  of  estimating  algebraically 
the  magnitudes  of  lines,  areas,  and  angles.  ^ 

2.  Measurement  of  lines.  As  lines  have  neither  breadth  nor 
thickness  we  have  only  to  measure  their  length.  To  do  this  we 
take  some  standard  length,  as  one  foot,  one  inch,  five  inches,  or 
any  other  definite  length  as  our  unit  of  measurement;  and  the 
length  of  any  line  is  then  measured  and  represented  by  the 
number,  whether  whole  or  fractional,  of  these  units  which  it 
contains.  Thus  if  5  inches  is  our  unit,  a  line  of  20  inches  ia 
measured  by  the  number  4,  and  is  called  the  line  4,  that  is,  the 
line  whose  length  is  4  times  the  unit  of  length.  So  also  the  line 
a  would  be  the  line  whose  length  is  a  times  the  unit  of  length. 

In  investigations  involving  only  algebraical  symbols  it  is  indif- 
ferent what  unit  is  employed :  but  we  must  be  careful  to  remem- 
ber that  throughout  the  same  investigation  wo  aro  using  the  same 
unit. 

B.T.  A 
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Thus  if  two  lines  a,  h  enter  into  our  calculations  we  must  con- 
sider the  length  of  the  line  a  to  be  a  times  some  unit  of  length, 
and  of  the  line  6  to  be  6  times  the  same  unit.  When  we  apply 
onr  general  results  to  numerical  examples  we  must  be  careful  to 
consider  the  special  unit  employed. 

3.  In  the  measurement  of  superficies  we  take  the  square  of 
which  one  side  is  the  unit  of  length,  as  the  unit  of  superficies ; 
and  then  any  area  is  measvired  by  the  number  of  these  units  it 
contains. 

N.  B.  The  area  of  a  rectangle  whose  sides  contain  a,  h  linear 
units  respectively,  contains  ah  superficial  units.  Also  the  areas 
of  a  parallelogram  and  a  triangle  whose  bases  are  h  and  altitudes 

a  are  ah  and  -^  respectively. 

4.  Measurement  of  angles.  Since  the  idea  of  a  right  angle  is 
simple,  and  all  right  angles  are  equal,  it  is  conveniently  taken  as 
a  standard  by  which  to  measure  the  magnitudes  of  other  angles. 
But  since  most  of  the  angles  we  have  to  deal  with  are  less  than 
I'ight  angles,  and  would  therefore  be  represented  by  fractions  or 
decimals,  it  is  found  convenient  to  divide  it. 

In  England  we  divide  the  right  angle  into  90  equal  parts 
called  degrees ;  each  degree  is  divided  into  60  minutes ;  each 
minute  into  60  seconds.  Any  angle  is  then  measured  by  the 
number  of  degrees,  minutes,  seconds,  and  decimal  parts  of  a  second 
it  contains;  an  angle  containing  27  degrees,  13  minutes,  24.53 
seconds  is  written  thus,  27",  13',  24".53. 

In  France  the  decimal  system  is  adopted.  A  right  angle 
contains  100  grades,  a  grade  100  minutes,  a  minute  100  seconds; 
an  angle  containing  33  grades,  27  minutes,  45,5  seconds  is  written 
thus,  33*,  27',  45".  5.  The  advantage  of  this  system  is,  that  any  angle 
can  be  reduced  to  the  decimal  of  a  grade  at  once,  and  vice  versd. 
Thus  33^,  27\  45".5  =  33''.27455,  and  27'.35679  =  27',  35\  67".9. 

5.  We  will  now  shew  how  to  change  our  unit  from  degrees 
to  grades,  and  vice  versd. 

Let  J)  be  the  number  of  degrees  in  any  angle  ACB,  G  the 
number  of  grades  in  the  same  angle ;  then  since  the  number  of 
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degrees  in  two  angles  must  bear  to  one  another  the  same  ratio 
which  the  angles  themselves  do,  we  hare 

angle  ^CJ?  _  D 
90' 


for  a  like  reason 


a  right  angle 
angle  ACB 


G 

100* 


^^'^^S^=IFO 


a  right  angle 

from  which  equation,  if  we  know  the  num- 
ber  of  degrees,  we  can  find  the  number  of  grades,  and  vice  verad. 

There  is  also  another  mode  of  measuring  angles,  called  Circular 
measure.  For  an  account  of  this,  the  student  may,  if  he  pleases, 
turn  at  once  to  Section  VIII,  Articles  65—69,  and  to  the  Examples 
A,  appended  to  that  section, 

6.  U89  of  signis  +  and  —  to  represent  contrariety  of  position. 
In  applying  Algebra  to  the  solution  of  Arithmetical  Problems, 
we  frequently  meet  ^i-ith  negative  results,  which  require  inter- 
pretation in  each  particular  case;  we  shall  meet  with  similar 
results  in  Trigonometry  j  and  the  question  arises,  how  are  we  to 
interpret  a  negative  quantity  when  it  represents  a  Uhe  or  angle  ? 

Suppose  BAB'y  DAD'  to  be  two  lines  at  right  angles  to  one 
another  and  fixed  in  position. 


£ 


Let  AB  =  a,  BC  =  b,  AC  =  x;  then,  representing  the  relation 
between  these  lines  by  Algebraical  symbols,  wo  have 


x  =  a-b. 
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Now  so  long  as  6  <  a,  a;  is  positive,  and  G  lies  to  the  right  of  A : 
but  if  J  >  a,  a;  is  negative,  and  G  lies  to  the  left  of  A  :  that  is,  in 
using  Algebraical  symbols,  if  we  arrive  at  a  negative  quantity 
representing  a  line,  the  natural  interpretation  appears  to  be,  that 
the  line  must  be  considered  as  measured  in  an  opposite  direction 
to  what  it  would  be  if  the  quantity  representing  it  were  positive. 
Hence  we  are  led  to  the  following  convention :  any  line  measured 
along  AB  or  parallel  to  it  is  said  to  be  a  positive  line,  and  any 
line  measured  along  AB'  or  parallel  to  it  is  said  to  be  a  negative 
line,  and  the  symbol  representing  it  must  have  the  sign  —  placed 
before  it.  So  also  lines  measured  along  AD  are  positive,  and  along 
AD'  negative.  Lines  measured  in  any  other  direction,  not  parallel 
to  either  of  these  two,  will  be  considered  positive.  The  advantage 
of  these  conventions  will  appear  to  the  student  as  he  proceeds. 

7.     Magnittcdes  of  angles  unlimited  in  Trigonometry. 


B* 


In  Euclid  the  magnitude  of  an  angle  is  the  absolute  amount 
of  the  inclination  of  the  two  lines  which  contain  it,  to  each  other  ; 
this  amount  can  never  exceed  two  right  angles.  In  Trigonometry 
the  idea  of  an  angle  is  extended.    Suppose  AOA!  to  be  a  lino  fixed 
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ill  space,  and  OP  to  be  a  line  revolving  from  ita  original  position 
OA  towards  OB,  and  tracing  out  the  angle  AOP  :  till  OP  reaches 
OA',  this  angle  does  not  differ  from  Euclid's  idea  of  an  angle,  be- 
cause it  is  less  than  two  right  angles ;  but  when  OP  has  passed 
0A\  and  amved  at  such  a  position  as  0/*,,  the  Trigonometrical 
idea  of  the  angle  differs  from  Euclid's :  Euclid  would  now 
measure  the  angle  AOP^  by  the  amount  of  inclination  of  OP^  to 
OA,  that  is,  he  would  consider  it  as  less  than  two  right  angles ; 
but  in  Trigonometry  we  consider  it  as  the  angle  actually  described 
by  the  revolving  line  OP,  that  is,  as  180"+ ^  ^'OPg.  So  also 
when  the  revolving  line  reaches  OP^,  the  Trigonometrical  angle 
AOP^  will  be  270°+  z  BOP^ ;  and  when  OP  has  passed  its  initial 
position  OA  and  reached  OP^  a  second  time,  the  Trigonometrical 
angle  AOP^  will  be  360°  +  /  ^0/*,.  Thus  if  AOP^  is  30»,  then 
AOP,  is  150',  AOP^  is  210°,  AOP^  is  330°;  and  in  the  second 
revolution,  when  OP  has  reached  0-P,,  the  /  AOP^  is  390°.  The 
same  plan  for  estimating  the  value  of  the  angle  extends  to  any 
number  of  revolutions  of  OP,  and  in  this  sense  the  magnitude 
of  an  angle  in  Trigonometry  is  unlimited. 

If-4ihe  line  OP  on  starting  from  OA  had  re^iolved  in  the 
opposite  direction,  towards  Off,  then  in  accordance  with  the 
principle  laid  down  in  Art.  6,  we  should  have  considered  the 
angle  described  as  a  negative  angle;  and  we  have  the  same 
convention  for  angles  that  we  have  for  lines,  viz.  that  angles 
measured  upwards  from  OA  towards  OB  are  positive  angles,  and 
angles  measured  downwards  from  OA  to  OB'  are  negative  angles, 
and  have  the  sign  —  placed  before  the  symbol  representing  them. 

The  same  position  of  the  line  OP  may  be  considered  as 
making  either  a  positive  or  negative  angle  with  OA.  Thus  when 
OP  is  at  OPj,  it  may  be  supposed  to  have  revolved  either  in 
a  positive  direction  through  OB,  OA^,  or  in  a  negative  direction 
through  OB^,  I  e.,  AOP^  may  be  either  210°  or  -  150°. 

Obs.  The  space  between  OA  and  OB  \a  called  the  first 
quadrant;  when  OP  lies  between  OA  and  OB,  the  angle  AOP  is 
said  to  be  an  angle  in  the  first  quadrant.  So  also  angles  AOP,, 
AOP^,  AOP^  are  angles  in  the  second,  third,  and  fourth  quadrants 
respectively. 
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8.  Complement ;  Supplement.  The  complement  of  an  angle 
is  that  angle  which  must  be  added  to  it  to  make  it  eqiial  to  a 
right  angle.     Thus  the  complement  of 

30"  is  60",  of  120"  is  -  30",  of-  75"  is  165". 

The  supplement  of  an  angle  is  that  angle  which  must  be 
added  to  it  to  make  it  equal  to  two  right  angles.  Thus  the 
supplement  of 

30"  is  150",  of  220"  is  -  40",   of-  75"  is  255". 

It  is  evident  that  in  a  right-angled  triangle  one  of  the  acute 
angles  is  the  complement  of  the  other ;  and  in  any  triangle  any 
one  of  the  angles  is  supplementary  to  the  sum  of  the  other  two. 

9.  Trigonometrical  Ratios.  Having  now  shewn  how  lines 
and  angles  are  to  be  measured  in  Trigonometry,  and  the  interpre- 
tation which  is  to  be  given  to  the  signs  +  and  —  when  applied  to 
quantities  that  represent  them,  we  will  proceed  to  shew  how  lines 
are  connected  with  angles  :  this  is  done  by  means  of  what  are 
called  Trigonometrical  Ratios. 

Let  the  revolving  line  OP  (fig.  Art.  7)  have  come  into  any 
position  OP^ ,  OP^ , ...,  and  from  P^,  P^, ...,  drop  the  perpendiculars 
P  N,  P  M^....  upon  the  initial  line  OA,  or  OA  produced  backwards 
to  A';  the  triangles  P^NO,  P^MO^....  will  be  right-angled  tri- 
angles.    We  then  have  the  following  definitions. 

The  ratio  of  the  perpendicular  to  the  hypothenuse  is  called  the 
sine  of  the  angle  described  :  that  is, 

P,iV     PJl 
OP,'   OP,'"" 

are  the  sines  of  the  angles  AOP,,  AOP„  ...  respectively. 

The  ratio  of  the  base  to  the  hypothenuse  is  called  the  cosine  of 
the  angle,  that  is, 

ON"     OM 
jjpy    OP,'"" 

are  the  cosines  of  A  OP, ,  A  OP, ,....  respectively. 
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The  ratio  of  the  perpendicular  "to  the  base  is  called  the  tangent 
of  the  angle,  that  is, 

ON'    0A£  •  ••' 
are  the  tangents  o£  AOP^,  AOP^, ....  respectively. 

The  ratio  of  the  base  to  the  perpendicular  is  called  the  ootan- 
^gent  of  the  angle,  that  is, 

Py      OM 
F^N'    P,M'"" 

are' the  cotangents  of -4 OP,,  AOP^, ....  respectively. 

The  ratio  of  the  hypothenuse  to  the  base  is  called  the  secant  of 
the  angle,  that  is, 

21a     op, 

UN'      OM*'" 
are  the  secants  of  A OP^ ,  A OP^ ,...  respectively. 

The  ratio  of  the  hypothenuse  to  the  perpendicular  is  called  the 
cosecaTit  of  the  angle,  that  is,  * 

QP,        OP, 
P^N'     P^'"' 

are  the  cosecants  of  AOP^,  AOP^, ...  respectively. 

These  definitions  are  quite  independent  of  the  direction  and 
number  of  the  revolutions  of  OP  about  0 ;  that  is,  they  apply  to 
negative  angles,  and  to  angles  greater  than  four  right  angles. 

The  Trigonometrical  Ratios  of  any  angle  a  (that  is,  of  any 
angle  which  contains  a  degrees,  grades,  or  any  other  unit  we  may 
employ)  are  usually  written 

sin  a,  cos  a,  tan  a,  cot  a,  sec  a,  cosec  a. 

10.  The  question  here  naturally  arises — are  these  Trigono- 
metrical ratios  definite  quantities  for  any  given  value  of  the 
angle,  or  do  they  depend  upon  the  magnitude  of  the  revolving 
line  OPI 
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Let  AOP  be  any  angle,  L  e.  let  OP  be  any  position  whatever 
of  the  revolving  line.     Take  Q  any 
point  in  OP,  or  OP  produced;  draw 
PM,  QN  perpendicular  to  OA. 

Then  by  similar  triangles  PMO, 
QNO, 
QN  '.  ON  :  OQ  =  PM  :  OM  :  OP. 

Hence  the  Trigonometrical  Ratios  of 
the  angle  AOP  are  the  same  whether 
we  consider  OQ  or  OP  the  revolving 
line» 

So  also  if  PS  is  perpendicular  to  OP,  we  have 
PS  :  OS  :  OR  =  PM  :  OM  :  OP. 
Hence  we  conclude,  that,  disregarding  signs,  the  values  of  the 
Trigonometrical  Ratios  are  quite  independent  of  the  magnitude  of 
the  revolving  line,  and  depend  only  on  the  absolute  inclination  of 
the  two  lines  containing  the  angle  to  each  other;  and  so  for  a 
given  value  of  the  angle  are  determinate. 

The  converse  of  this  proposition  (viz.  that  for  a  given  value  of 
the  Trigonometrical  Ratio,  the  angle  is  determinate)  is  only  true 
with  certain  "limitations,  as  will  appear  hereafter. 

Obs.  The  necessity  of  the  proviso  disregarding  signs  wUl 
appear  on  reading  the  next  section. 

11.  Let  the  angle  AOP  (fig.  Art.  7)  contain  o  degrees,  then 
PpP,  and  OP^N  (since  they  either  of  them  with  AOP^  make  a 
right  angle)  contain  90  —  a  degi'ees  each.  Drawing  P^N'  perpen- 
dicular to  OB,  we  have  by  our  definitions 

P  N'      ON 
miP,0£==^^  =  ^^^  =  cos40i>., 


or  sin  (90"  —  a)  =  cos  a. 


Again, 


tanPiC>^  = 


P,N'      ON 


=  cot  AOP ^, 


ON'      P,N' 

or  tan  (90*  -  a)  =  cot  a, 

so  also  sec  (90"  -  a)  =  cosec  a, 

and  these  equations  may  be  proved  to  exist  for  any  position  of  the 

revolving  line  OP. 


RATIOS  OF  30",  45',  AND  60°.  9 

It  is  from  these  relations,  viz.  that  the  cosine,  cotangent,  co* 
secant  of  an  angle,  are  respectively  the  same  as  the  sine, 
tangent,  and  secant  of  the  complement,  that  they  derive  their 
names. 

From  the  same  relations  we  also  have 
sin  a  =  cos  (90'  —  a), 
tan  a  =  cot  (90' -a), 
sec  o  =  cosec  (90*  —  a). 

Hence  we  can  always  express  a  Trigonometrical  Eatio  of  the 
complement  of  an  angle  in  terms  of  some  Trigonometrical  Ratio  of 
the  simple  angle. 

12.  The  Trigorumetrical  Ratios  o/30\  45",  60*.  The  calcuk- 
tion  of  the  values  of  the  Trigonometrical  Katios  of  all  angles  is  a 
matter  of  considerable  labour,  involving  processes  not  described  in 
this  treatise,  but  they  may  be  easily  found  in  some  particular  cases. 

Let  ABC  be  an  isosceles  triangle  having  a  right  angle  at  C; 
then  CAB  =  half  a  right  angle  =  45*. 

'LetAC  =  x  =£C, 
then  A£'  =  AC  +  BG*  =  23? 
or  AB  =  xJ2, 
and  we  have 

..,     AG       X  1 

COS  «>   =  -Tn  = 17.  =  —tt:  t 

AB     xJ2     J2* 

tan  45.4^=1=1, 

coeec45'=  4^=^  =  72. 
BC       X       ^ 
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Again,    let  ABC    be    an    equilateral    triangle,    then    angle 

180" 
^5(7=i^«60\     Let  AD  be  perpen- 

dicular   to   BC,  then  angle  BAD^^Q\ 
Let  BD  =  x,AB  =  2x;  then 

AB'=^AD'  +  BD\ 

or  ^x^'^AD'  +  a?, 

and  therefore  AD  =  xjZ ;  and  we  have,       -^        ^    ^ 

sin  60"  =  cos  30"  =  -r^  =  -^  =  __ 
AB       2x        2 

cos60"=    sin30"  =  4?  =  7?-=s, 
AB     2x     2' 

tan^O"=    cot30"  =  ^  =  ^=V3, 


C 


cot  60"=    tan  30*  = 


BD 
BD 


1 


AD     xJ5      J3' 


sec  60"  =  cosec  30"  =  45  =  —  =  2, 
BD       X 


cosec  60"  =    sec  30"  = 


AB       2x 


AD     xJ3     JS' 

Thus  -we  have  found  the  values  of  all  the  Trigonometrical  Ratios 
of  30",  45",  and  60". 

13.  We  will  now  assume  that  we  know,  and  have  an-anged 
in  Tables  the  values  of  the  Trigonometrical  Batios  of  all  angles, 
as  well  as  of  30",  45",  and  60",  and  shew  how  they  may  be  xised 
to  solve  many  interesting  problems. 

Let  ABC  be  a  right-angled   triangle,    C  the    right    angle, 
and    let    angles    CAB,    CBA    contain 
a",  /8"  respectively.      Let   the   lengths 
of  the  sides  opposite  to  -4,  ^,  C  be 

o,  6,  c  respectively.     Then  sin  a  =  -  ,  or 
a  =  c  sma;    tana  =  Tf   or  a  =  o  tana; 
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COS  a  =  -  ,  or  6  =  c  COS  o;  also  if  p  b©  the  perpendicular  from  the 
c 

angle  C  on  the  hypothen\ise  AB^  we  have  ^  =  sin  a  =  - ,  or  cp=ah\ 

and  similarly  other  relations  may  be  found  to  exist  between  the 
sides  and  angles  of  a  right-angled  triangle.  The  student  will  best 
learn  by  practice  to  apply  these  relations  to  solve  problems  in  each 
particular  case;  the  following  may  be  taken  as  an  exampla 

A  person  on  one  side  of  a  river  at  C  wishes  to  determine  the 
height  of  a  tower  AB  on  the  other  side. 
He  observes,  by  an  instrument  made  for 
the  purpose,  the  angle  which  CA  makes 
with  the  horizontal  line  GB.  (Let  this 
be  a.)  He  then  places  a  mark  at  C, 
and  measures  the  distance  CD  (a  feet) 
at  right  angles  to  CB,  and  when  at  D 
he  observes  the  angle  ADC  (/8  suppose). 
He  then  calculates  the  height  of  the 
tower  thus ;  ACD  is  a  right-angled  tri- 
angle, and  therefore 

AC  =  CD  tan  ADC   or  AC  =  a  t&n^. 

So  also  ABC  is  a  right-angled  triangle,  and  therefore 

AB  =  AC  Bin  ACB  =  AC  sin  a. 

But  AC  =  ataaP, 

.'.  AB  =  at&nftB\ncu 

Hence  since  we  know  the  values  of  a,  tan  /3,  sin  a,  we  can  calculate 
the  height  of  the  tower. 

Ex.    o  =  50  yards,  jS  -  45o,  a  =  30», 

height  of  tower  =  50  x  1  x  ^  =  25  yards. 

Instead  of  observing  the  £  ADC,  we  might  have  observed  the 
z  BDC  {y  suppose),  and  proceeded  as  follows, 

BC  =  DC  t&nBDC=  a  tsmy, 

AB  ^  BC  tan  ACB  =  a  t&ny  tan  a. 

This  method  would  also  give  the  breadth  of  the  river,  BC=a  tan  y. 
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14.  The  two  principal  instruments  by  which  observations  are 
taken  in  surveying  are  the  sextant  and  the  theodolite.  The  con- 
struction of  these  instruments  depends  on  certain  properties  of 
light,  the  discussion  of  which  falls  under  the  science  of  optics.  By 
the  sextant  we  are  enabled  to  observe  the  angle  which  any  two 
objects  subtend  at  the  eye  of  the  observer,  as  for  instance  the 
angle  ADC  in  the  case  above. 

By  the  theodolite  we  can  observe  the  elevation  of  any  object, 
that  is  to  say,  the  angle  which  the  line  joining  the  object  and  the 
eye  of  the  observer  makes  with  the  horizontal  plane,  as  the  angle 
ACB  in  the  case  above.  We  can  also  observe  the  angle  which 
two  objects  in  the  same  horizontal  plane  subtend  at  the  eye  of  the 
observer;  the  sextant  might  do  this,  if  we  knew  that  the  objects 
were  in  the  same  horizontal  plane;  the  theodolite  tells  us  that 
they  are,  as  well  as  the  amount  of  the  angle  they  subtend.  "When 
an  object  is  lower  than  the  observer,  the  angle  which  the  line 
joining  it  and  the  eye  of  the  obsex'ver  makes  with  the  horizontal- 
plane  is  called  its  depression. 


EXAMPLES.     (A). 

1.  Find  the  number  of  degrees  in  the  angle  17",  34\  27". 
We  have  17',  34\  27"  - 17". 3427, 

and      ^  =  1^ .  or  i)  =  -^^  x  17.3427  =  15.60843  degrees 

=  15»,  36',  30".348.  Am.  15»,  36',  30".348. 

2.  If  7  feet  is  the  unit  of  length,  by  what  number  is  1421 
yards  represented  ?  -^^w-  609. 

3.  If  3   inches  is  the  unit  of  length,    what  is  the  unit  of 
superficies  ?  Ans.  ^  square  inches. 

4.  If  1728  square  inches  is  represented  by  the  number  108, 
what  is  the  unit  of  length?  ^rw.  4  inches. 


EXAMPLES.  13 

5.  Reduce  to  grades,  &c.  the  following  angles,  30*;  22*,  30'; 
18*;  29»,  30';  37»,  22',  19". 

Answers.  33",  33\  33".3;  25»;  20*;  32»,  IT,  77*\7;  41',  52\  43"ll. 

6.  Reduce  to  degiees,  &c.  the  angles,  27»,  5\  22";  46*,  17\  19'\ 

il7w«;cr«.    24«,  20',  49".128;  41»,  33',  16".956. 

,  7.     What  is  the  unit  of  moaituroment  when  66|  grades  is 
represented  by  20  ?  Ans.  3  degrees. 

8.  If  -th  of  a  right  angle  be  the  unit,  what  is  the  value 
of  an  angle  5.09296  in  degrees?  >  Ans.  57.2958. 

9.  Find  all  the  angles  l€»s  than  a  right  angle,  which  can  be 
expressed  by  an  integral  number  both  of  d^rees  and  grades. 

10.  Find  the  complements  and  supplements  of  the  following 
angles,  27»;  29»,  13',  15";  47",  29',  47";  107»,  22';  84»,  10'. 

'^    11.     One  angle  of  a  right-angled  triangle  is  10*  gi'6ater  than 
the  other;  find  them,  Ans.  40",  50». 

12.  One  angle  of  a  right-angled  triangle  is  three  times  as 
great  as  the  otlier;  find  them.  Ans.  67"',  30';  22»,  30'. 

13.  The  three  angles  of  a  triangle  are  in  A.  p.  and  the  com- 
mon difference  is  12«;  find  them.  Ans.  48',  60»,  72«. 

14.  Of  the  three  angles  of  a  triangle,  one  is  double  either  of 
the  other  two;  find  them.  Ans.  90«,  45",  45». 

15.  The  three  angles  of  a  triangle  are  in  the  ratio  2  :  3  :  5; 
find  them.  Ans.  36",  54»,  90*. 

16.  In  a  triangle,  twice  the  diflference  between  the  first  and 
third  angle  is  equal  to  the  sum  of  the  second  and  third ;  and  the 
tliird  is  equal  to  three  times  the  difference  between  the  first  and 
second ;  find  them.  Ans.  80,  70,  30. 

17.  In  the  isosceles  triangle  of  Euclid  iv.  10,  find  the  angles. 

Ans.  36*,  72*.  72*. 

18.  The  vertical  angle  of  an  isoscelee  triangle  being  80*,  find 
the  other  angles.  Ans,  50". 
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19.  The  sides  of  a  right-angled  triangle  are  in  a. p.,  shew  that 
they  are  in  the  ratio  3:4:  5. 

20.  If  one  angle  of  a  right-angled  triangle  is  39",  and  the 
hypothenuse  is  7  feet,  find  the  other  sides. 

Am.  4.4052428,  5.440022  feet. 

21.  If  Tone  angle  of  a  right-angled  triangle  is  26',  and  the 
side  adjacent  to  it  5  feet,  find  the  other  sides. 

Ans.  5.5630095,  2.438663  feet. 

22.  If  one  angle  of  a  right-angled  triangle  is  37°,  10',  and 
±he  side  opposite  to  it  124  feet,  find  the  other  sides. 

^ft».  205.25193,  163.5614684  feet. 

23.  If  the  two  sides  of  a  right-angled  triangle  are  30  feet  and 
40  feet,  find  the  hypothemise  and  the  angles. 

Am.  50  feet ;  36»,  53' ;  53*,  7'. 

24.  If  the  hypothenuse  and  one  side  of  a  right-angled  triangle 
are  13  feet  and  5  feet,  find  the  other  side  and  the  angles. 

Am.  12  feet;  67",  23';  22",  37'. 

25.  If  two  sides  of  a  right-angled  triangle  are  6  feet  and 
8  feet,  find  the  perpendicular  on  the  hypothenuse  firom  the  right 
angle.  Ans.  4.8  feet. 

26.  If  one  angle  of  a  right-angled  triangle  is  25°,  and  the 
hypothenuse  7  feet,  find  the  perpendicular  on  the  hypothenuse. 

Am.  2.6811554. 

27.  A  ladder  is  set  4  feet  from  a  wall,  and  just  reaches  a 
window  20  feet  from  the  ground,  find  its  length. 

Am.  20.39...  feet. 

28.  The  length  of  an  iipright  stick  is  6  feet,  and  the  length 
of  its  shadow  12  feet,  find  the  altitude,  or  angle  of  elevation,  of  the 
sun.  Ans.  26°,  34'. 

29.  The  length  of  a  kite  string  is  300  yards,  and  the  elevation 
of  the  kite  is  32°,  find  its  height.  Am.  158.97579  yards. 

30.  A  person  in  a  balloon  whose  elevation  is  37'  drops  a  stone, 
•which  falls  560  yards  from  the  observer,  find  the  height  of  the 
■balloon.  Am.  421.990296  yards. 
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2 

31.  Construct  the  angles  whose  tangents  are  3,  and  ^  re8i)fco- 

o 

tively. 

1  3 

32.  Construct  the  angles  whose  sines  are  ^  and  ^  respectively. 

33.  A  church  tower  on  the  side  of  a  river  is  200  feet  high, 
and  its  elevation  from  the  other  side  is  29",  find  the  breadth  of 
the  river.  Ans.  360.80956  feet. 

34.  A  hill  whose  slope  makes  an  angle  of  12°  with  the 
horizon  is  one  mile  long,  find  the  height  of  the  hill. 

Ans.  1097.773776  feet. 

35.  If  the  road  up  the  hill  in  the  last  question  were  made 
obliquely  so  as  to  be  two  miles  long  instead  of  one,  find  the  incli- 
nation of  the  road  to  the  horizon.  Ans.  5*,  58'. 

36.  The  elevation  of  a  tower  is  30*  to  a  man  6  feet 'high,  140 
feet  from  the  foot  of  the  tower,  find  its  height 

Ana.  86.8  feet  nearly. 


EXAMPLES.     (B). 

1.  Construct  the  angle  whose  sine  is  -j^ . 

Take  BD  (fig.  Art.  12)  =  »,  then  AD  =  xJ3;  with  centre  B, 
distance  equal  to  AD^  describe  a  circle  meeting  AD  in  £,  join  £E, 
then 

.     _„_     BD       X  1 

and  the  angle  BED  has  been  found  as  required. 

2.  Find  the  linear  unit,  when  an  acre  is  100,000  square 
xuiits.  Ana.  1  link. 

3.  If  a  rectangle  3  yards  long  by  2  broad  be  taken  as  the 
unit  of  superficies,  what  quantity  will  represent  2  square  feet  ? 

Ana,  27 
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4.  How  is  37  yards,  2  feet,  8  inclies  represented,  when  the 
unit  of  length  is  4  inches  1  Ans.  By  341. 

5.  If  the  angle  of  an  equilateral  triangle  be  taken  as  the 
unit  of  measurement,  how  many  degrees  will  be  contained  in  the 
angle  .3  ? 

6.  Find  the  number  of  grades  in  27*,  35',  24". 

Am.  30*. 65. 

7.  What  is  the  supplement  of  227",  35\46"  1 

8.  The  complement  of  45*  ±  a  is  45*  *f  a. 

9.  The  difference  of  two  acute  angles  of  a  right-angled  tri- 
angle is  8*,  find  the  angles. 

10.  The  vertical  angle  of  an  isosceles  triangle  is  a*,  find  the 
angles  at  the  base. 

11.  The  length  of  a  person's  shadow  is  twice  his  height,  find 
the  altitude  of  the  sun,  having  given  tan  26*,  34'  =  .5. 

1 2.  Shew  that  (sin  60*  -  sin  45*)  (cos  30*  +  cos  45*)  =  sin»  30*. 

1 3.  Shew  that  (sin  30*  +  cos  30*)  (sin  60*  -  cos  60*)  =  cos  60*. 

-1  i      oi        ii    j^  sin  45*  —  sin  30*      .       le.     .       ien\. 

1 4.  Shew  that   .  \^„ r—;^^  =  (sec  45*  -  tan  45*)*. 

sm  45*  +  sin  30°     ^ 

15.  Determine  the  height  of  an  object  whose  elevation  is  40*, 
the  observer  being  140  feet  distant,  and  his  eye  5  feet  from  the 
ground,  having  given  that  tan  40*  =  .85. 

Ans.  124  feet. 

16.  Construct  the  angle  whose  tangent  is  J2. 

J2-1 

17.  Construct  the  angle  whose  sine  is  -^^-n —  . 

18.  A  ladder  of  length  I  is  placed  against  a  waU  so  that  the 
angle  it  makes  with  the  ground  is  double  that  which  it  makes 
with  the  wall :  find  how  far  from  the  wall  the  foot  of  the  ladder  is. 

Ans.  2  . 
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19.  The  town  C  ia  halfway  between  the  towns  D  and  E ;  and 
the  towns  C,  E,  F  are  equidistant  from  each  other.  If  distance 
from  Z>  to  i>^  is  12  miles,  find  the  distance  from  D  to  F, 

Ans.  6  ^3  miles. 

^  20.  A  ladder  20  feet  long  just  reaches  the  top  of  a  wall  when 
its  foot  is  13  feet  from  the  foot  of  the  wall ;  shew  that  when  its 
foot  is  5  feet  from  the  wall,  the  ladder  projects  4  feet  beyond  the 
top  of  the  wall. 

21.  In  a  right-angled  triangle  the  lengths  of  lines  drawn  fi'om 
the  acute  angles  to  the  middle  points  of  the  opposite  sides  are 
d,  d'  respectively.     Find  the  sides  of  the  triangle. 

^n..-^V(«•-0■■;^5^/(«"-A 

22.  A  person  travelling  southwards  observes  two  objects 
towards  the  S.E.  After  8  miles  travelling,  one  of  them  is  N.E., 
and  the  other  E.  Their  distances  from  him  are  then  4  J2  miles, 
and  8  miles  respectively. 

23.  "Whilst  sailing  due  West,  I  observe  two  ships  at  anchor 
directly  North  of  me :  after  sailing  6  miles  the  directions  of  the 
ships  make  angles  GO*,  30'  with  my  course  respectively.  The  dis- 
tance between  them  is  4  ^^3  miles. 

24.  A  staff  1  foot  long  stands  on  the  top  of  a  tower  200  feet 
high.  Shew  that  the  angle  it  subtends  at  a  place  100  feet  from 
the  foot  of  the  tower  is  6'. 

Given  tan  63».  27'=  2,  tan  63".  33'=  2.01. 

25.  The  angles  of  depression  of  the  top  and  bottom  of  a 
column  observed  from  a  tower  108  feet  high  are  30',  60°  respect- 
ively.    Shew  that  the  height  of  the  column  is  72  feet. 

26.  From  the  top  of  a  column  100  feet  high,  the  angles  of 
depression  of  two  objects  in  a  line  with  the  column,  and  in  the 
horizontal  plane  on  which  the  column  stands,  are  observed  to  be 

30'  and  60'.     The  distance  between  them  is  -rn-feet 

B.  T.  B 
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27.  The  length  of  a  road,  in  which  the  ascent  is  1  foot  in  6j 
from  the  foot  of  a  hill  to  the  top  is  a  mile  and  two-thirds :  what 
will  be  the  length  of  a  zigzag  road  in  which  the  ascent  is  1  foot  in 
121  Ans.  4  miles. 


EXAMPLES.     (C). 

1.  The  same  line  is  represented  by  m  and  n  in  two  systems 
of  measurement,  compare  the  units  of  length  in  the  two  systems. 

2.  What  is  the  greatest  unit  of  length  with  which  .625  feet 
may  be  represented  by  an  integer  ? 

3.  Find  the  number  of  French  minutes  in  one  English  minute, 
and  the  number  of  French  seconds  in  one  English  second. 

Ans.    r.  851,  r. 086419753. 

4.  The  angles  of  a  triangle  are  in  A.  P. ;  shew  that  one  of 
them  must  equal  60°. 

6.  The  supplement  of  one  angle  of  a  triangle  is  double  the 
complement  of  another,  and  triple  that  of  the  third  :  find  the 
angles.  An*.    Sl^f,  40}?,  57i\  degrees. 

6.  If  with  two  units  of  angular  measurement  differing  by 
10'  the  measures  of  an  angle  are  as  3  :  2,  what  are  those  units  1 

Am.    20",  30'. 

7.  If  the  measure  of  an  angle  equal  the  sum  of  the  number 

of  degrees  and  half  the  grades  in  it,  what  is  the  unit  of  angular 

/  9  X" 
measure?  Ans.    (rr). 

8.  Three  angles  are  in  a.  p.  The  number  of  grades  in  the 
greatest  is  equal  to  the  number  of  degrees  in  the  sum  of  the  other 
two  :  shew  that  the  angles  are  in  the  ratio  11  :  19  :  27. 

9.  In  an  isosceles  triangle  whose  sides  are  a,  a,  c,  if  p  he  the 
perpendicular  from  one  of  the  angles  at  the  baae  on  the  opposite 


side,  then  p  = ^ — 
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10.  A  ladder  (whose  inclination  to  the  ground  is  a)  just 
reivchca  the  top  of  a  wall;  at  a  distance  a  feet  up  the  ladder 
the  wall  subtends  an  angle  2a ;  shew  that  the  height  of  the  wall 
is  2a  sin  a. 

'11.  A  person  observes  the  angular  elevation  of  a  column ; 
after  approaching  a  feet,  he  finds  its  elevation  doubled ; .  again 
approaching  b  feet  it  is  again  doubled.     Shew  that  the  second 

point  of  observation  is  -^  feet  from  the  foot  of  the  tower. 
If  a  =  6  ^3,  shew  that  the  first  elevation  was  15*. 

12.  Construct  the  angle  whose  tangent  is  J5  —  1. 

13.  At  the  foot  of  a  mountain  the  elevation  of  its  summit  is 
45*.     After  ascending  1  mile  up  a  slope  of  30"  its  elevation  is 

found  to  be  60".     The  height  of  the  mountain  is  -^^^-^ —  miles. 

14.  A  person  at  the  edge  of  a  river  observes  the  elevation  a  of 
a  tower  on  the  other  side ;  on  retreating  a  feet  he  finds  its  eleva- 
tion to  be  fl :  the  height  of  the  tower  is — ^ ,  the  breadth 

'^  tan  a  -  tan  p 

„   ,       .        .        atan  B 
of  the  river  is 


tan  a  -  tan  fi  * 


15.  A  rock  is  observed  from  a  ship  to  bear  N.  N.  W.  ;  after 
Bailing  10  miles  in  direction  E.N.E.  the  rock  is  due  West :  its 
distance  from  the  ship  at  the  first  observation  was  10(^2—1) 
mUee.     Given  tan  22^"  =J2-1. 

16.  A  ship  sailing  North  sees  two  lighthouses  due  East. 
After  sailing  an  hour  they  are  S.E.,  and  S.  S.E. ;  the  distance 
between  them  is  8  miles:  find  the  rate  of  the  ship. 

Ans.    13.6  miles  nearly. 

17.  Two  persons  A  and  B  start  from  two  points  distant  400 
yards.  B  starts  at  right  angles  to  the  line  joining  the  two  points 
at  the  rate  of  90  yards  a  minute.  A  starts  in  a  direction  to  catch 
B  as  soon  as  possible  at  the  rate  of  150  yards  a  minute ;  find  how 

B2 
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long  he  will  be  before  he  catches  him,  and  the  direction  in  which 

3 
he  will  walk,  having  given  sin  36".  63'=  ^ . 

Ans.    3  minutes,  20  seconds. 

18.  A  tower  is  situated  at  the  top  of  a  hill  whose  inclination 
is  30".  The  angle  subtended  by  the  tower  at  the  foot  of  the  hill 
is  15° ;  and  on  walking  a  yards  up  the  hill  it  is  found  to  be  30° 

The  height  of  the  tower  is  -^  feet. 

Js 

19.  From  two  points  in  the  diameter  of  a  circle  produced 
tangents  are  drawn  to  the  circle.  Given  the  distance  c  between 
the  points,  and  the  inclinations  a,  fi  of  the  tangents  to  the  diameter, 

c 


shew  that  the  radius  of  the  circle  is 


cosec  /8  —  cosec  a ' 


20.  A  person  travelling  along  a  road  observes  the  elevation  a 
of  a  tower  the  nearest  distance  (a)  of  which  from  the  road  is 
known ;  at  the  same  time  he  observes  the  angular  distance  /3  of 
the  top  of  the  tower  from  an  object  in  the  road.  "The  height  of 
a  sin  a 


the  tower  is 


^(cos'a-cos'/J)' 


21.  At  three  positions  in  the  same  horizontal  plane  distant 
from  each  other  60,  80,  100  feet  respectively,  the  elevation  of  a 
tower  is  observed  to  be  45°;  find  its  height.  Ana.     50  feet. 

22.  Two  spectators  at  two  stations,  distant  2a  from  each 
other,  observe  the  elevation  of  a  kite  to  bo  a  at  each  station,  and 
the  angle  subtended  by  the  kite  and  the  other  station  to  be  fi; 
shew  that  the  height  of  the  kite  is  a  sec  ft  sin  a. 

23.  A  person  standing  on  the  top  ^  of  a  light-house  AB,  of 
known  height  300  feet,  observes  a  ship  sailing  from  C  to  Z)  in  u 
straight  line :  he .  knows  that  CD  is  perpendicular  to  the  plane 
ACB,  and  he  observes  the  angles  CAD  =  30°,  BAD  =  60".  Shew 
that  CD  =  300  feet ;  BD  =  300  ^3  feet. 

24.  The  altitude  of  the  sun  is  45°,  and  it  is  at  the  point  of  the 
compass  60°  from  the  south.  ,The  breadth  of  the  shadow  of  a 
south  wall  is  one-half  its  height. 
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25.  The  angular  altitude  and  breadth  of  a  cylindrical  tower 
are  observed  to  be  o  and  P  re8i>ectively ;  but  at  a  point  a  feet 
nearer  the  foot  of  the  tower  they  are  o',  ^  respectively  :  find  the 
height  and  radius  of  the  tower. 

Ana.     Height  =  — r-  ,    radius  = •, — . 

^         cot  a  -  cot  a  a  a 

coscc '  —  codec  -X 

26.  A  person  a  feet  from  the  foot  of  a  tower  (height  h)  sees  a 
mountain  summit  in  a  line  with  the  top  of  the  tower.  At  the  foot 
of  the  tower  the  elevation  of  the  mountain  is  a:  shew  that 
the  height  of  the  mountain  is 

ah 
a  —  h  cot  a  * 

27.  An  embankment  (the  height  of  whose  summit  is  c)  stands 
on  a  plain,  and  a  man  looking  directly  up  the  slope  of  the  embank- 
ment just  sees  the  top  of  a  tower  on  the  plain  :  when  at  distance 
a  from  the  summit  the  man's  eye  is  level  with  the  summit,  and 
when  at  the  distance  h  from  the  summit  he  can  just  see  the  foot  of 

the  tower.     Shew  that  the  height  of  the  tower  is ;  . 

a  —  0 


I 
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SECTION  II. 

TRIGONOMETEICAL  EATIOS  OF  ANGLES  GEEATEB  THAN  90". 
EELATIONS  AMONGST  THE  RATIOS.  CHANGE  IN  SIGN  AND 
MAGNITUDE  OF  THE  RATIOS  THROUGH  THE  FOUR  QUA- 
DRANTS. CHANGE  FROM  POSITIVE  TO  NEGATIVE  IN- 
FINITY.   OTHER  TRIGONOMETRICAL  RATIOS. 

15.  We  now  proceed  to  express  the  Trigonometrical  Ratios 
of  all  angles  in  terms  of  Trigonometrical  Ratios  of  positive  angles 
less  than  a  right  angle. 

We  will  first  find  the  Trigonometrical  Ratios  of  the  supple- 
ment of  an  angle. 

Let  A'OP^  =  AOP^  absolutely  (fig.  Art.  7) :  then  AOP^  is  the 
supplement  of  AOP^  or  a,  that  is,  AOP^  =  180"  -  a. 

Let  02f  =  x,      P,N=y,       OP^  =  r, 

then  OM=-x,  PtM=y,       OP,  =  r. 

Hence  sin  (1 80"  -  a)  =  ^  =  sin  a, 

cos  (180°- a)  =  —  =  -cosa, 
tan  (180*  -  a)  = -^  =  -  tan  a, 

cot  (1 80"  -  a)  =  —  =  -  cot  a, 
sec  (180*  -  a)  =  —  =  -  sec  a, 

T 

cosec  (180*  -  a)  =  -  =  cosec  a ; 

which  equations  give  the  Trigonometrical  Ratios  of  the  supple- 
ment of  an  angle,  in  terms  of  the  Trigonometrical  Ratios  of  the 
simple  angle. 

We  may  observe  that  they  all  change  in  sign  except  the  sine 
and  cosecant. 


• ,.- 
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16.  We  will    next   find   the   Trigonometrical   Hatios   of  a 
negative  angle. 

Let  AOP^  =  AOP^  absolutely :  then  AOP^  =  -  a; 
also  .  ON  =  ar,     P^N=  -  y,     OP^  =  r. 

'    Hence  sin  (—  a)  =  — -  =  —  sin  a, 

T 

OS 

COS  (-  a)  =  -  =  cos  ot, 
tan  (—  a)  =  —  =  —  tan  o. 

X 

OS 

cot  (-  a)  = =  -  cot  a, 

sec  (—  a)  =  —  =  sec  a, 

X 

cosec  (-  a)  =  —  =  —  cosec  a : 

-y 

which  equations  give  the  Trigonometrical  Ratios  of  a  negative 
angle  in  terms  of  those  of  the  positive  angle  of  the  same  absolute 
magnitude. 

We  may  observe  that  they  all  change   in   sign  except  the 
cosine  and  secant 

17.  Let  A'OP,  =AOP^  =  a,    then  AOP,  =  180'  + a, 
also  OM=-x,     P,M=-i/,     OP  =r. 


Henoo  sin  (180*  + a)  =  — ^  =  -8ina, 


r 

/ 

~~  X 
cos  (180*  +  o)  = =  -  cos  a, 

tan  (ISO*  +  a)  =  ^^  =  tan  a, 

cot  (180*  +  o)  =  ^  =  cot  a, 

r 
sec  (180*  +  a)  =  —  =  -  sec  a, 

cosec  (180*  +  a^  =  —  =  -  cosec  a, 
•     -y 
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Here  all  the  ratios  change  in  sign  except  the  tangent  and  co- 
tangent. 

18.  It  is  evident  that,  when  the  revolving  line  OP  has  reach- 
ed OP,  the  second  time,  that  is,  has  described  the  angle  (360*  +  a), 
all  the  Trigonometrical  Ratios  are  the  same  as  those  of  the  angle  a, 
for  the  triangle  which  determines  their  values  is  identical  in  the 
two  cases.  The  same  remark  applies  to  any  number  of  revolu- 
tions, so  that  we  may  say  generally  that  the  Trigonometrical 
Ratios  of  (n .  360"  +  a)  are  equal  severally  to  those  of  a. 

19.  The  formulae  in  Articles  12,  15,  16,  17,  18,  have  been 
proved  for  the  case  in  which  a  is  less  than  90" ;  that  they  are  true 
for  all  values  whatever  of  a  the  student  may  satisfy  himself  by 
drawing  figures  to  represent  the  different  cases :  for  a  more  logical 
proof  that  these  forms  are  true  for  all  angles  whatever  he  must  be 
content  to  wait  till  he  is  further  advanced,  as  the  reasoning  is  of 
too  subtle  a  nature  for  the  present. 

!       These  formulae  may  also  be  classed  as  follows  : 
fflna=     sin(180»-a)  =  -sin(180''  +  a)=-sin(-a) 

=  sin  (n-.  360'  + a), 
cos  a  =  *  cos  (1 80»  -  a)  =  -.  cos  (1 80«  +  a)  =  cos  (-  a) 

=  cos  {n .  360»  +  o), 
tan  a  =  -  tan  (180"  -  a)  =  tan  (180»  +  a)  =  -  tan  (  -  a) 

=  tan(?i.360»  +  a), 
cot  a  -  -  cot  (180"  -  a)  =  cot  (180*  +  a)  =  -  cot  (-  a) 

=  cot  (n..  360'  + a), 
sec  a  =  -  see  (180*  -  a)  =  -  sec  (180*  +  a)  =  sec  (-  a) 

=  sec  {n .  360«  +  o), 
cosec  a  =  cosec  (1 80*  —  a)  =  —  cosec  (1 80*  +  o)  =  —  cosec  (—  o) 

=  cosec  (n .  360*  +  a). 

We  obtain  also  from  the  above  formulae  the  signs  which  the 
Trigonometrical  Ratios  of  any  angles  must  have  according  to  the 
quadrant  in  which  their  bounding  line  is  situated. 

20.  We  are  now  in  a  position  to  express  the  Trigonometrical 
Ratios  of  any  angle  whatever  in  terms  of  the  Ratios  of  a  positive 
angle  less  than  90*. 
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If  the  angle  is  negative  make  it  positive  by  formulse  in  Art.  16. 

If  the  angle  is  greater  than  3G0',  suppress  360'  as  often  aa 
necessary  to  make  it  less  than  360*  l>y  Art  18. 

If  the  angle  is  now  greater  than  180*,  suppress  180*  by  Art.  17. 

It  the  angle  is  now  greater  than  90*  take  its  supplement  by 
Art.  15. 

When  the  angle  is  negative  labour  is  sometimes  saved  by 
adding  300*  once  or  oft^ner,  till  the  angle  is  positive,  instead 
of  using  Art.  16. 

Ex.         tan  995*  =  tan  275"  =  tan  95'  =  - tan  85»,  ' 

cosec  (-  995')  =  -  cosec  995»  =  -  cosec  275*  =  cosec  95*  =  cosec  85*, 
or  thus,  cosec  (- 995*)  =  cosec  (1080*  -  995*)  =  cosec  85». 

21.  From  the  formulfflin  Arts.  15,  16,  17,  18  we  deduce  the 
following,  which  are  true  for  all  values  of  the  angle, 

sin  o  cosec  a  =  1^     -•   ^^  "^  '    a^t^  r»t^^  *^ 
cos  a  sec  a  =  1,      -^^  *     -    _ 
tan  a  cot  a  =  1. 

y 

y      **      sin  a 

Also  in  the  first  quadrant  tan  a  =  -  =  -  = , 

^  X     ^     cos  a 

:   -  r 

y    , 

.  .  1  y  ^       sin  a 

in  the  second  quadrant  tan  o  =  —  =  — -  = , 

-  a;      _  jC      cos  a 

r 

_y 

_  y         r     sin  a 

in  the  third  quadrant  tan  o  =  — ^  =  — •  = , 

^  —X        as     coso 

r 

_2/  c       ... 

,      -       ,  -       ,        '        —  y         r     sin  a 

in  the  fourth  quadrant  tan  a  =  — -  —  "~  = . 

^  a;        a;       cos  a 

.  .  r 
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sina 

Hence  always  tan  a  = j 

^  .        cos  a 

cos  a 
and  also  cot  a  =  - — . 

sin  a 

Also  since  «*  +  y*  =  r*,  (Euclid,  L  47) 

divide  by  r",  and  we  have 

T       r 
or  cos*  a  +  sin*  a  =  1 ; 

whence  sin  a  =  *  ^(1  -  cos''  a) ; 

cos  a  =  ±  ^(1  -  sin*  a)  : 
divide  by  a*,  and  we  have 

-J  —   J.  1-       2  ) 

or  sec*  a  =  1  +  tan*  a ; 

whence  sec  a  =  ±  ^(1  +  tan*  a) ; 

tan  a  =  ±  ,y(soc*  a  -  1)  : 
divide  by  y*,  and  we  have, 

y         y* 

or  cosec*  a  =  1  +  cot*  a  ; 

whence  cosec  a  =  *    (1  +  cot*  a) ; 

cot  a  =  ±     (cosec*  a  —  1 ). 

y 


y  y 

Also  we  have  sina=    =* 


r~    ^/(x*  +  y*) 
tan  a 


y(-s 


= ± 


\/(l  +  tan*a) 

1 
SO  also  cos  o  =  ± 


8rna  =  <h 


^(l+tan*a)' 

1  , 

;^(1+C0t*a)' 
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cot  a 

cos  a  =  *  —-. -J—. . 

(1 +  001*0) 

The  upper  or  lower  sign  must  be  used  in  these  forms  according  to 
the  quadrant  in  which  the  angle  lies. 

Ob».  Some  of  these  expressions  are  really  included  in  the 
others,  for  they  are  derived  from  the  same  relation  a*  +  y*  =  r*. 
We  may  also  put  90  -  a  for  a  in  any  of  these  relations,  and  they 
must  still  remain  true ;  thus  the  relation 

tan  a  0 

sm  a  =  ^  - 


^(l+tan*a) 


becomes        ^(^0-a)  =  ^  ^^^^^,^^f_^^^; 

cot  a 
or,  008  a  =  A 


^(1+cofa)' 

as  we  obtained  before.  In  fact,  whatever  general  relation  holds 
between  any  Trigonometrical  Ratios,  must  necessarily  hold  if  the 
complementary  or  supplementary  ratios  are  substituted  for  them. 

22.  We  stated  above  (Art.  10)  that  when  we  know  the  value 
of  any  of  the  Trigonometrical  Ratios,  the  sine  for  instance,  we 
only  know  the  value  of  the  corresponding  angle  within  certain 
limitations  :  we  can  now  more  fully  explain  this.  From  the  pre- 
ceding Articles  we  may  observe,  that  whenever  the  revolving  line 
OP  (fig.  Art.  7)  has  come  into  either  the  position  OP,,  or  OP^, 
the  value  of  the  sine  of  the  angle  described  is  the  same  and  of  the 
same  sign.  Hence,  if  the  value  and  sign  of  the  sine  is  giveti,  and 
the  sine  of  AOP^  is  equal  to  this  given  value  and  of  the  same  sign, 
we  know  that  the  angle  whoso  sine  is  given  is  bounded  by  one  of 
the  lines  OP,,  OP^ ;  but  of  the  number  of  revolutions  the  line  OP 
has  taken  before  reaching  the  position  OP,  or  OP,,  and  whether 
these  revolutions  have  been  in  a  positive  or  negative  direction 
we  are  quite  ignorant.  Similar  remarks  will  apply  to  all  the 
Trigonometrical  Ratios. 

23.  As  an  illustration  of  the  principles  laid  down  in  the 
preceding  Articles,  we  will  trace  the  changes  in  sign  and  mag- 
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nitude  of  the  Trigonometrical  Eatioa  as  the  angle  (fig.  Art.  7) 
AOP  or  a  passes  through  all  values  from  0*  to  360°.     Let 

ON=x,     FN  =  y,     OF  =  r, 

for  all  positions  of  OP :  then'r  is  always  positive  and  never  less 
than  X  and  y,  and  therefore  the  sine  and  cosine  are  never  greater 
than  1,  and  the  secant  and  cosecant  never  less  than  1  :  and  since 
X  and  y  may  have  any  ratio  to  each  other,  the  tangent  and  cotan- 
gent may  have  any  values  whatever. 

When  OP  coincides  with  OA,  x  =  r,  y  =  0. 

Hence,  sin 0'*  =  -=0:  tanO'  =  -  =  0:  secO''  =  -  =  l: 

'  T  T  T 

T  T  ■  T 

cos  0'  =  -  =  1  :  cot  0*  =7:  =  00  :  cosec  0*  =  ^r  =  00  . 
r  0  0 

As  OP  revolves  from  OA  to  OB,  x  diminishes,  y  increases, 
and  both  are  positive ;  hence  the  sine,  tangent,  secant  increase, 
the  cosine,  cotangent,  cosecant  diminish,  and  they  are  all 
positive. 

When  OP  coincides  with  OB,  a;  =  0,  y^r. 

Hence,  sin 90»  =  -=l:  tan90«  =  J  =  oo:  sec 90"  =  ^  =  <»  ;" 
'  r  0  0 

cos90»  =  -=0:  cot90«=-  =  0:*cosec90»  =  ^=l. 
r  r  r 

As  OP  revolves  from  OB  to  OA',  x  increases  and  is  negative, 
y  diminishes  and  is  positive ;  hence  the  sine,  tangent,  secant 
diminish,  the  cosine,  cotangent,  cosecant  increase ;  also  the  sine 
and  cosecant  are  positive,  the  rest  negative. 

When  OP  coincides  with  OA',  x  =  —  r,  y  =  0. 

Hence, 

sin  180'  =  -  =  0;  tanl80»  =  —  =  0  ;  sec  ISO"  =  —  .  -  1 ; 
r  ~r  —r 

008  180"  =  — =-1;  cot  180°  =  "^  =  - 00";  cosec  180"  =  k  =  00. 
r  0  0 

As'  OP  revolves  from  OA'  to  OB,  x  diminishes  and  is  negative, 
y  increases  and  is  negative ;  hence  the  sine,  tangent,  secant  increase, 
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«nd  the  cosine,  cotangent,  cosecant  diminish,  also  the  tangent  and 
cotangent  are  positive,  the  rest  negative.  . 

When  OP  coincides  with  OS,  x  —  —  0,  y  =  —r. 

Hence, 

8in270»  =  — =  -1;  tan  270»=^  =  oo  :  sec270»- -^  =  -00  : 
r  —0  —0 

cos270»=-^=0:cot270»=^^  =  0:  cosec  270»  = -^  =  - 1 . 

r  —r  —  r  .    ^ 

As  OP  revolves  from  OB  to  0.4,  x  increases  and  is  positive, 
and  y  diminishes  and  is  negative.  Hence  the  sine,  tangent, 
secant  diminish,  and  the  cosine,  cotangent,  cosecant  inci-ease; 
also  the  cosine  and  secant  are  positive,  the  rest  negative. 

When  OP  coincides  with  OA  the  second  time,  the  values  of 
the  Trigonometrical  Ratios  become  equal  to  those  of  0\ 

24.     We  have  used  above  the  relation  a;  =  —  0,  and  so  made 

8ec270»  =  -=-^  =  -oo, 
X      -0 

instead  of  +  00  which  it  would  have  been  if  we  had  put  a:  =  0. 
The  reason  of  this  is,  that  x  has  been  continually  diminishing  and 
negative,  and  therefore  the  secant  has  been  a  continually  increas- 
ing negative  quantity ;  and  we  have  thought  it  better  to  say  that 
as  the  angle  reaches  270',  the  secant  becomes  an  iilfinitely  great 
negative  quantity.  If  however  the  line  OP  had  approached  the 
position  OS  from  OA,  by  revolving  in  the  negative  direction, 
the  secant  of  the  angle  —  90'  would  be  +  00  . 

Thus  for  the  same  position  of  OP,  supposed  to  revolve  in 
opposite  directions  to  reach  this  position,  wo  have  two  values 
of  the  secant  of  the  angle  of  opposite  signs.  In  fact,  positive  and 
negative  infinity  seem  to  have  a  near  approach  to  each  other,  for 
we  find  the  Ratios  which  become  infinite  always  pass  from  one  to 
the  other.  The  case  above  and  similar  ones  are  only  in  acconlance 
with  our  preceding  formulse;  for  since  270'  and  —90'  are  supple- 
mentary angles,  it  follows  that  their  secants  should  be  equal  and 
of  opposite  signs. 
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The  following  illustration  may  lielp  to  remove  the  difficulty 
&om  the  Student's  mind. 

Let  GA  be  drawn  perpendicular  to  AB  a  line  of  unlimited 
length,  CB  drawn  through  C  to  meet  AB  va.  D.      Let  AD=x. 


Now  if  angle  ACD  is  made  gradually  to  increase,  the  value  of  x 
increases  without  limit  and  is  positive  till  ACD  becomes  a  right 
angle.  As  soon  as  ACD  becomes  greater  than  a  right  angle,  the 
value  of  X  becomes  suddenly  an  infinitely  large  negative  quantity, 
and  then  diminishes  to  zero.  The  change  in  position  of  the  point 
D  for  a  small  change  in  the  revolving  line,  becomes  infinitely 
great  at  this  position  of  the  line,  though  in  general  it  is  but 
gi'aduaL 

25.     Besides  the  Trigonometrical  Ratios  above  enumerated, 
the  following  are  sometimes  used. 

The  versine  of  the  angle,  which  equals  1  —  cosine,  that  is, 

vers  a  =  1  —  cos  a. 
The  coversine,  which  is  the  versine  of  the  complement,  that  is, 

covers  a  =  1  —  cos  (90  —  a)  =  1  —  sin  a. 
The  suversine,  which  is  the  versine  of  the  supplement,  that  is, 

suvers  a  =  1  —  cos  (180  —  a)  =  1  +  cos  a. 
Also  the  chord  of  the  angle,  which  is  twice  the  sine  of  half  the 
angle,  that  is, 

.    ft 

chd  ft  =  2  sm  ^ . 

If  we  turn  to  fig.  Art.  7,  we  see  that 

AN  BN'  A'N 

vers  a  =  -jtj  ,    covers  o  =  -r^  ,   suvers  a  =  -^ ; 

AP 

and  if  vlP,  be  joined,  chord  °-  =  -Tq' 
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26.  The  following  notation  is  also  used :  if  the  sine  of  the 
angle  a  is  a,  that  is,  if  s^  a  =  a,  then  the  angle  vrhoso  sine  is  a  is 
written  sin~'o,  that  is,  a  =  8iii~'a ;  and  so  for  the  other  Trigono- 
metrical Katios. 

Also,  since  o  =  8in~'a;     .'.  sin  a  a  a,  cos  a  =  ^1 -a*, 

tana=— r==.     Hence  a  =  8in~'a  =  cos"'  J'l  -  a*  =  tan"'  —n=-^—' 
Ji-a'  ^  Jl-a' 

EXAMPLES.     (A). 

1.  Express  in  the  corresponding  Trigonometrical  Ratios  of 
angles  less  than  90°,  sin 732",  8in2451»,  cos674»,  cos  (-424*), 
tan582«,  tan  (- 1975°),  cot_873»,  cosec565*,  sec  (- 189 2')."" 

Aru.  sin  12°,  -  sin  69',  cos  46°,  cos  64°,  tan  42»,  tan  5°,  -  cot  27», 
-co8ec25',  -sec 88°, 

3 

2.  If  sin  o  =  =  ,  find  cos  a,  sec  a,  tan  o. 

o 

4  13 
Ans.     cosa  =  ^,  sec a=l-r,  tana  =  ^. 

5  4  4 

5 

3.  If  cos  o  =  rr  >  fii^d  sin  a,  cosec  o,  oot  a. 

Aru.     8mo  =  —  I  coaeco  =  1  Yaj  oota^— . 


4 
4.     If  sec  a  =  3  ^  ,  find  tan  a,  sin  a. 


i         *  ,3     .         24 

Ana.     tana  =  3  =  ,8ma=  ^. 


2 

5.  If  tan a=  2  ^  ,  find  sec  a,  sin  a. 

J  „3     .  12 

Ans.     scco  =  2  ^,  8ina  =  YTj. 

6.  If  sina  =  —  ,  find  the  other  Ratios. 

2  1  3 

Aru.  co8a=  ^  ^2,  tano= j  ^2,  cota«  2^2,  seco  =  7  ^2,  oooec a  «3. 
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2 
3 


2 
7.     If  tan  a  =  K ,  find  sec  a,  sin  a,  vers  a. 


.  s/13     .  2  ^/13-3 

^?w.     sec  a  =  '\-  ,  sina  =  - ,,  „  ,  vers  a  =    — ,f« — • 

8.  In  questions  4,  5,  6,  7  find  the  values  of  a  from  the  Tables. 

Ans.     73",  45';  67»,  23';  19«,  28';  33»,  41'. 

Prove  the  truth  of  the  following  equations. 

9.  sin  a  covers  a  (1  +  cosec  a)  =  cos*  a. 

Here  sin  a  covers  a  ( 1  +  cosec  a)  ^ 

,.       .      ^  /I  +  sin  a\     -       .  . 

=  sin  a  (1  -  sm  a)  (  — ; )  =  1  -  sin  a 

'  \    sm  a    / 

^^^  =cos*a.      Q.E.D. 

10.  cos  a  tan  a  +  sin  a  cot  a  =  sin  a  +  cos  a. 

1 1.  cos  a  cosec  a  =  cot  a. 

12.  (l  +  tan'a)co8''a=  1. 

sin  a  sec  a  _  , 

13.  - — 7 =  1. 

tan  a 

1 4.  (cos  a  tan  a)*  +  (sin  a  cot  a)*  =  1. 

cos  a 

/^       15.     —. — "5 —  =  tana. 

/  sin  a  cot  a 

sec'o-l        ,  , 

16.     T-s =sin  a. 

sec  a 

,  „      cosec*  a  —  1  „  . . 

1 7.  — 2 =  cos*  a. 

cosec  a 

1 8.  (sec*  a  —  1)  (cosec*  a  -  1)  =  1. 

1 9.  sec  a  cosec  a  (cos*  a  —  sin*  a)  =  cot  a  —  tan  a. 
sin  a  sec  d       tan  a 


l^     20. 


cos  a  cosec  a      cot  a 


„,        sma  cos  a     •   •   -  .4 

21.     : =  sin  a-sin  a. 

sec  oucosec  a 

22.  sec^  a  +  cosec*  o  =  sec*  o  cosec*  a. 
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23.  cot' o  -  COS*  0=  COS*  o  cot' a. 

24.  cos*  a  -  sin*  a  =  cos*  a  —  sin*  a, 

25.  tan  a  +  cot  a  =  sec  a  cosec  a. 

26.  cos  a  vers  a  (1  +  sec  a)  =  sin*  o. 

27.  8in*a(l -'■7icot*a)  =  co8*a(7i  +  tan*a). 

28.  (sin  a  +  cos  a)  (tan  a  +  cot  a)  =  sec  a  ->-  cosec  a. 

29.  tan(-a)8ec(-a)=     *^"°  ,. 

^      '        ^      '     vers  a  — I 

30.  If  tan(a  +  ^)  =  tan(tf  +  <^),  then  tan  (o  -  5)  =  tan  («^  - /3). 


EXAMPLES.    (B). 
1.     If  tana  =-,  then  sin  o=— 77-5 — 7^ ,  cos  a  =     . .  .,    .  .^ , 


for       sin  a  = 


6 

tana  a 


V(l+tan*a)         /Ci  +  ^V  >/(»"  + 6')' 


1 
C08a  = 


V(l 


+  tan'«)         /(l+^\      v/(«*  +  *'')* 


2.  If  tan  6  =  , ,  find  sin  6,  cos  6, 

1  —  tan  a 

.    -  1  +  tana  1+tana       1    .         ^      .      v 

mn  0  =  -TioTi — I — TTi  = n?  =  -To  (cos  a  +  sm  a), 

^{2(1  + tan*  a)}     8eca.J2     ^2^  " 

-  1  —  tan  a  1 

006  tf  =  -Jfn7^ 1 — f— TT  =  —775  (COS  a  -  Sin  a}. 

^{2(1  +  tan*  a)}      J2  ^  ' 

3.  If  sin  a  =  .3,  shew  that  tan  a  =  -  J2,  cot  a  =  2  J2f 

3 

8eco  =  ^  ^2. 

B.T.  C 
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4.     If  tan  a  = .  3,  find  sin  a,  cos  a,  cosec  a,  vers  o. 

^ns.     l7(10),     ^V(IO),     jm,     ^^^^ 

Prove  the  truth  of  the  following  equations : 
sin  a     cot  a  _  cosec  a 
tan  a  '  cos  a        sec  a 

/  .    >,     1-coso 

6.  (cosec  a  —  cot  a)  =  ■:; . 

^  ''       1  +  cos  a 

„  ^  sina 

7.  cot  a  +  r: =  cosec  a. 

1  +  cos  a 

8.  sec  a  { 1  +  cosec  a  (cos*  a  -  sin  a) }  =  cot  a. 

9.  sin^  a  cos*  /3  -  cos'  a  sin'  /S  =  sin*  a  -  sin*  fi. 

1 0.  cos*  a  cos*  ;8-sin*asiu*/3  =  cos*a-  sin*  (3. 

11.  cot  a  -  sec  a  cosec  a  (1  -  2  sin*  a)  =  tan  a. 

1 2.  cot*  a  -  tan*  a  =  (cos*  a  -  sin*  a)  sec*  a  cosec*  cu 

tan  a  +  tan  B     ,  .       o 

13.  —i -^  =  tanatan^. 

cot  a  +  cot  p 

-  ^  ,   sin*  a  -  cos*  p 

14.  tan  a  tan"  a  -  1  = ^ — rirs"  • 

'^      cos  a  cos  p 

1  -  tan*  a  tan*  /3  _  cos*  a  -  sin*  /3 
■^^'    tan*  a  tan*  (i     ~  sin*  a  sin" /:r ' 

1 6.  sin*  a  tan*  a  +  cos*  a  cot*  a  =  tan*  a  +  cot*  a -I. 

17.  sin*  a  tan  a  +  cos*  a  cot  a  +  2  sin  a  cos  a  =  sec  a  cosec  a. 

18.  sec*  a  +  tan*  a  =  1  +  2  sec*  a  tan*  a. 

19.  cosec  a  (sec  a  -  ])  -  cot  a  (1  -  cos  a)  =  tan  a  -  sin  a. 

2 

20.  Solve  the  equation  sin  6  cos  0  =  g  . 

4 
sin'  6  cos*  ^  =  OK  J 


4 
.♦.  sin*  ^  -  sin*  6  =  -^f 


25 
25 
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.  ,^     1       3      5*3     1       4 

•••^^  =  2*10— ir=5°^5' 

Solve  the  following  equations : 

21.  2  8ine  =  tan^.  Ans.     ^  =  0,  or60*. 

22.  2  8in*e  +  4co8*d  =  3.  Ans.     ^  =  ±45". 

23.  tan^  +  3cote  =  4.  Ans.     tf  =  45",  or  tan"' 3. 

24.  8  sin  5  =  3  cos*  ^.  Ans.     d  =  8in~'|^. 

25.  3  8ind  =  2cos"^.  Ans.     ^»30". 

26.  6cot»d-4cos"0=l.  Ans.     ^  =  *60*. 

27.  sin  d  +  cosec  0  =  2.  Ans.     e  =  90«. 

28.  8ec*^-|8ec^+l=0.  Ans.     6  =  60*. 

29.  sec  5  =  2  tan  0.  Ans.     6  =  90»  or  30\ 

30.  Find  the  values  of  cos  685*,  tan  600»,  cosec  690«. 

31.  Shew  that  sin"'  v  =«  cos"'  -=  =  tan"'  „  =  sec"'  ^  • 

o  0  <5  o 

32.  If  sin  (a  +  a)  =  cos  (x  -  a),  find  x.  Ans.     x  =  45*. 

33.  If  sin  (a  -  a)  =  cos  (a  +  x),  find  x.  Ans.     a;  -  -  45'. 

34.  If  tan  ^  +  cot  d  =  2,  then  sm6  +  coa6  =  j2. 

EXAMPLES.    (C). 

1.  If  cosec  a  =  1.3,  find  sin  a,  ooso,  tana,  ooto,8eca. 
Prove  the  truth  of  the  foUowiiig  equations : 

2.  (sin*a  -  sin'a Bin*)3)  (cos'a -  cos'a  oos* p) 

=  (sin*  y3  -  sin'o  8in*)3)  (cos* /3  -  cos'a  coB*)S). 

C2 
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3.  sec'a  tail* a  (sec*y3  - 1)  (tan*/3  +  1)  =  sec'/S  tan»)3 

(sec*a-l)(tan'a+l). 

4.  sin  o  (1  +  tan  a)  +  cos  o  (1  +  cot  o)  =  sec  a  +  cosec  o. 

q  p 

6.  sm-^^  =  tan-'/;;i-. 

7.  sec*acosec*o  — 2  =  tan'a  +  cot*a. 

8.  sin(^^180''  +  a)=-cosa. 

9.  cos  {(471 +  2)  900*0}  = -cos  a. 

10.  If  sec  ^  tan  ^  =  2^3,  then  ^  =  60*. 

11.  If  tan  6  tan'  <^  =  1,  then  sec  6  =  cosec  ^. 

12.  If  '4^  =  J2,    ^^  =  V3,  then  a  =  45«,  fi  =  30». 

sin  ^     ^   '    tan  /j     ^  '  '^ 

13.  If-^^ii-  +  tan^  =  2,  ^=60». 

1  +  sin  ^  ' 

14.  If  cos  0  =  w  sin  a,  cot<i=         _, 

tan  p 

then  cos  (3  = 


i^(i+n'  cos"  a) ' 

15.  If  cos  a  +  cos  (/S  -  y)  =  0,  then  cos  ;8  +  cos  (a  -  y;  =  0, 

and  cosy  +  cos(a-j8)  =  0. 

tana     tan)3       ,-^ — j — ^^    .  ^     tan  j8 

16.  If  -. — ;:  -  : — y.  =  Jtaxi  a  -  tan  B,  then  cos  6 . 

sin  0      tan  c'  tan  a 

1 7.  If  cos  a  =  cos  /3  cos  y  *  sin  )8  sin  y  cos  a, 
then  cos  )8  =  cos  a  cos  y  =fc  sin  a  sin  y  cos  j8. 

18.  If  tan  j8  =  sec  a  sec  y  +  tail  a  tan  y, 

tan  a  +  tan  B  tan  v     cos  a 

then  -^ — ^ — i-  = . 

tan  y  +  tan  p  tan  a     cos  y 
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19.  Prove  that 

{{x  -  yy  Bin' e  -  y']' cos' d +  {{x-yycoa'e- of  ]' tan' e 
^{x'ain'd  +  y'coa'eY. 

20.  Construct  the  angle  whose  secant  is  \J5-  1). 

21.  Given  a  the  difference  of  the  lengths  of  the  shadows  of  a 
vertical  stick  when  the  sun's  altitude  is  a,  /3,  respectively;  find  the 
length  of  the  stick. 

If  the  length  of  the  stick  is  a  mean  proportional  between  the 
lengths  of  the  shadows,  shew  that  a,  ft  are  complementary. 

22.  The  elevation  of  Cader  Idris  at  a  point  in  the  valley  near 
Dolgelly  is  cot"'  6  ;  at  Ty  Gwyn,  3^  miles  down  the  valley,  it  has 
the  same  elevation ;  at  a  point  half-way  between  its  elevation  ia 

7 
oof*  5.     Its  height  above  the  valley  is      ...  miles. 
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SECTION  III. 


TEIGONOMETEICAIi  EATIOS  OF  THE  SUMS  AND  DIFFERENCES 
OF  ANGLES,  AND  OF  MULTIPLE  ANGLES.  EXPLANATION 
OP  THE  DOUBLE  SIGN  IN  TRIGONOMETRICAL  FORMULA. 

27.  "We  now  proceed  to  determine  the  Trigonometrical  Ratios 
of  the  sum  and  difference  of  any  number  of  angles  in  terms  of 
the  ratios  of  the  simple  angles. 

To  find  the  Ratios  of  (a  +  fi)  in  terms  of  those  of  a  and  ft. 


Let  AOB  be  any  angle  a,  £00  any  angle  ft,  then  AOO  is  (a  +  ^. 
In  00  take  any  point  F,  and  draw  PiV,  FQ  perpendicular  to  OA, 
OB  respectively.  From  Q  draw  QM,  QR  perpendicular  to  OA, 
F^:  then,  since  JiFQ,  RQO  are  each  complementary  to  FQE^ 
therefore  RFQ  =  RQO  =  QOM=  a. 

And  we  have, 

.    ,       „     PiV     Q3f    FR 
^('^^^)=OF'OF'-dF 

_QM    OQ     FR    FQ 
'  OQ  '  OF^  FQ'  OF' 
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PR  PQ     •   o 

therefore  sin  (a  +  )8)  =  sin  o  cos  ^  +  cos  a  sin  /3 ; 

_  OM  OQ  _QR  PQ 
'U^'OF     PQ' OF 

=  cos  a  cos  /?  —  sin  a  sin  /8 ; 

,  .       rt,     sin(a4-fl)      sin  a  cos  fl  +  cos  a  sin /8 

also        tan  (a  +  o)  =  — ) — ^,  = ^ — -. r— 5  ; 

^  COs{a  +  )8)      cos  a  cos  ^  -  sin  a  sin  ff 

divide  numerator  and  denominator  of  this  fi-action  by  cos  a  cos  y3, 

and  we  have, 

^      ,       -,.       tana  +  tanj3 

tan  (a  +  ^)  =  — — ^ ; 

^         '1  -tanatanyS 

this  might  have  been  found  directly  by  geometry  as  in  the  case  of 
the  sine  and  cosine. 

The  sine,  cosine,  and  tangent  being  found  as  above,  we  may 
find  the  secant,  cosecant,  and  cotangent. 

Put  /3  +  y  for  /8  in  the  above  form,  and  we  have 

sin  (a  +  /3  +  y)  =  sin  a  cos  (^  +  y)  +  cos  a  sin  (fi  +  y) 
=  sin  a  (cos  /3  cos  y  —  sin  ^  sin  y)  +  cos  a  (sin  yS  cos  y  +  cos  fi  sin  y) 
=  sina  cos/8  cosy +8in)8  cosa  cosy +siny  cosa  cosyS— sina  sinySsiny.. 

Similarly  the  forms  for  cos  (a  +  yS  +  y),  tan  (a  +  /?  +  y)  may  be 
found ;  and  the  method  may  be  extended  to  the  sum  of  any  number 
of  angles. 

28.  To  find  the  Trigonometrical  Ratios  of  (o  -  yS),  in  terms  of 
those  of  a  and  ft. 

Let  AOB  be  any  angle  a,  BOC  any  angle  yS,  then  AOC  is 
(a-/S).  In  00  take  any  point  P,  and  draw  PN,  PQ  perpen- 
dicular to  Oti,  OB  respectively ;  from  Q  draw  QM  perpendicular 
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to  OA,  and  from  P,  PR  perpendicular  to  QM :  then  PQR=QOA  -a^ 
for  PQR^  QOA  are  each  complementary  to  OQM. 


And  we  have, 


also, 


also 


.    ,       ..     PN    QM     QR 

^(''-^)  =  op  =  op-op 

QM  qQ_QR  PQ 
~OQ'OP     PQ' OP 

=  sin  a  cos  P  —  cos  a  sin  ^ ; 

/       .,     ON     OM     PR 

^^^i^-P)-op-oP^op 

OM  OQ     PR  PQ^ 
~  OQ'OP"" PQ'OP 

=  cos  acos  ^  +  sin  asin^ ; 

.       „       tana  — tan  )8 

tan  (a  -  j8)  =  = — r"^  J 

^      "^^     1  +  tan  a  tan  p 


and  oy  means  of  these  formulae  the  Trigonometrical  Eatios  of 
the  sums  and  differences  of  any  number  of  angles  may  be  cal- 
culated. 


29.  The  figures  in  the  above  proofs  have  been  drawn  so  that 
all  the  angles  are  less  than  90'.  It  is  left  as  practice  to  the 
student  to  adapt  the  proof  to  any  case  whatever,  and  to  satisfy 
himself  that  the  forms  proved  are  true  for  any  angles,  a  logical 
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proof  of  which  he  will  find  in  more  advanced  treatisee  on  the 
subject. 

Assuming  the  form  for  sin  (a  +  ^)  to  be  true  for  any  values  of 
a  and  P,  the  forms  for  the  other  ratios  might  be  deduced  aa 
follows : 

oo8(o  +  ^)  =  8in{90-(a  +  ^)}  =  sin(90  +  a  +  )S)  (Art  15) 

=  sin  (90  +  a)  cos  )3  +  cos  (90  +  a)  sin  /3 
=  cos  a  cos  j3  —  sin  a  sin  yS,  as  before  : 
again,  putting  -  j8  for  /3, 
we  have  8in(a-j8)  =  sinocos(-yS)  +  cosasin(-/S) 

=  sin  a  cos  P  —  cos  a  sin  P ; 
alao  cos  (a  -  /S)  -  cos  o  cos  (-  ^)  -  sin  a  sin  (-  P) 

=  cos  a  cos  yS  +  sin  a  sin  y3 ; 
since  sin  (-  ^  =  -  sin  j3,  and  cos  (-  yS)  =  cos  p.  (Art.  16) 

30.     In  the  forms  for  a  +  /3,  let  o  =  /3, 

then  we  have,  sin  2a  =  2  sin  a  cos  a, 

cos  2a  =  cos*a  —  sin*  a, 

_         2tano 
tan2a=r — -—J-  ; 
1-tana 

which  give  the  Katios  of  the  double  angles  in  terms  of  those  of 
the  single  angles. 

If  we  wish  to  determine  sin  2a,  cos  2a  in  terms  of  sin  a,  or  of 
COS  a  only,  we  have 

sin  2a  =  *  2  sin  a  ^(1  —  siu*  o), 

or  =  *  2  cos  a  ^(1  -  cos*  a), 
cos  2a  =  1  —  2  sin*  a, 

or  =2  cos*  a-  1. 

These  forms  may  be  found  directly  thus  : 

Let  AOC  =  BOC  =  amfike  BCA  perpendicular  to  OC,  and  Blf, 
CT,  to  OA.    Then 

ABN=a,  £C  =  CA,  NT=TA,  £2f=2CT, 
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and  we  have 


.    _      BN    ^   BN  BC    ^ 


also, 


cos  2a  =  ^(1  -  sin* 2a)  =  ^(1  -  4  sin*a  cos' a) 
=  ^(1  -  4  sin^a  +  4  sm*o)  =  1-2  sin*  a, 
or  directly  from  the  figure,  thus, 

_     on  ^    an  ^    ^  an  bc 
'^^^"'^ob^^-ob'^^-^'ab-ob 


or  thus. 


=  1-2  sin*  a, 


_qN_OT    NT  _qT   OC_AT  AC 
'^^^^''~'OB~OB~OB~OC'OB     AC  OA 


=  cos  a  — sm  a  ; 


also 


tan  2a  = 


WT 


BN 

0N~  OT-NT 

2  tan  a 


CT 
^'OT 
AT  CT 
CT'  OT 


1  —  tan*a  * 

31,  The  double  sign  in  the  form  for  sin  2a  may  be  explained 
as  follows  : 

Let  AOP^  be  the  smallest  angle  whose  sine  is  equal  to  sin  a : 
then  we  cannot  tell  whether  the  sin  a,  from  which  we  are  to  de- 
termine sin  2a,  corresponds  to  the  bounding  line  OB^  or  OP^,  and 
theiefore  we  ought  not,  if  our  formulae  have  their  proper  gene- 
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ralitj,  to  be  able  to  tell  whether  sin  2a  corresponds  to  AOQ^  or 
AOQ,  {le.  180' +  A'OQ,). 


Mt 

yQ* 

n 

^^ 

A 

/^       ^^^P* 

A' 

o 

\ 

A 

1 

V 

Q* 

Now  since  AOQ,  =  2  (180»  -  AOP}=  360» -  AOQ^,  therefore  the 
sine  of  AOQ^  must  be  equal  to  the  sine  oi  AOQ^,  and  be  of  opposite 
sign,  in  accordance  with  the  formulae  proved  above.  In  the  same 
way,  if  we  consider  the  negative  angles  bounded  by  OP^  and  OP^ 
we  shall  find  that  our  formulse  must  correspond  to  the  bounding 
lines  OQi,  OQ^,  and  be  correct.  So  also  if  we  suppose  the  re- 
Tolving  line  to  have  completed  any  number  of  revolutions  before 
I'eaching  the  positions  0/'„  OP^. 

Precisely  similar  remarks  will  apply  to  sin  2a  when  determined 
in  terms  of  cos  a. 

The  student  is  also  recommended  to  examine  why  cos  2a,  tan  2a 
have  not  the  double  sign. 

32.     Putting  ^  =  2a  in  the  foi-ma  for  (a  +  fi),  we  have 
sin  3a  =;  sin  a  cos  2a  +  cos  a  sin  2a 

=  sin  a  (1  —  2  sin'a)  +  2  cos'a  sin  a 
^  .  =  sin  a  —  2  sin'a  +  2(1-  sin'o)  sin  a 

=  3sina  — 4Bin*a; 
so  also  cos  3a  a  4  cos'a  -  3  cos  a. 

And  similarly  we  may  find  tlie  Ratios  of  any  multiple  angl& 
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33.    If  in  the  forms  for  sin  2a  we  -write  ^  for  a, 
we  have,                   sin  o  =  2  sin  -  cos  ;r , 
also                                 1  =  cos*  ^  +  sin'  ^ . 
Hence,        *V(1 +sina)=cos^  +  sin5  (A). 

«fc^(l  -  sin  o)  =  cos  5  -  sin  ^  (B). 

These  formulse  are  very  useful ;  the  following,  which  are  deduced 
from  them,  not  so  much  so. 

Adding  and  subtracting  (A)  and  (B),  we  have 

2  cos  ^  =  ±  ^(1  +  sin  a)  *J{1  -  sin  a), 

2sin^  =  ±  J0-+  sin  a)  :f^(1  -  sin  a). 

Each  of  these  expressions  is  capable  of  four  values,  two  and 
two  of  opposite  signs,  according  to  the  signs  of  the  radicals  :  the 
reason  of  which  may  be  explained  in  a  manner  similar  to  that  in 
.Art.  31.  In  choosing  practically  which  of  the  signs  must  be  used 
.in  any  particular  case,  we  must  return  to  the  formulae  (A)  and  (B), 

and  inquire,  what  the  signs  of  cos  - ,  sin  ^  must  be,  and  which  is 

a,      .    tt . 

the  greatest :  we  can  then  determine  whether  cos  5  +  sm  -  is  posi- 

a       .    a  .  .  . 

tive  or  negative,  and  so  also,  whether  cos  jr  —  sm  =  is  positive  or 

negative.    Having  thus  given  their  proper  signs  to  the  radicals,  we 
can  add  and  subtract  the  equations  (A)  and  (B),  and  obtain  the 

proper  values  of  sin  ^ ,  cos  ^ . 

Ex.  Let  a  =  296".  Then  cos  148"  is  negative,  and  numerically 
greater  than  sin  148",  which  is  positive. 

Hence  cos  148"  +  sin  148"  =  -  ^(1  +  sin  296"), 

cos  148"  -  sin  148"  =  -J(l-  sin  296"), 
whence  the  proper  signs  may  be  given  to  cos  148",  sin  1 48*. 
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34,     Writing  ^^  for  a  in  tho  forms  for  cos  2a.  we  obtain , 


cos  a  =  cos'  ^  -  sin*  5  J 


also  co8a  =  2co8*^-l> 


2 


and  therefore  cos  |  =  *  ^  ^Lt|2L«)  , 


a 


and  cos  o  =  1  -  2  sin*  — , 

and  therefore  sin^=*      //lzi21?\ 

which  give  cos  ^,  sin  -  in  terms  of  cos  a. 

"We  may  also  find  tan  ^  in  terms  of  tan  a,  but  the  formula  which 
resiUts  is  of  very  little  use. 

35.     Returning  to  the  formulss  in  Arts.  27,  28, 
sin  (a  +  )3)  =  sin  a  cos  /3  +  cos  a  sin  ^, 
sin  (a  —  /3)  =  sin  a  cos  ^  —  cos  a  sin  /?, 
cos  (a  +  yS)  =  cos  a  cos  /3  —  sin  a  sin  /3, 
cos  (a  —  fi)=  cos  a  cos  P  +  sin  a  sin  /3, 

we  get  by  addition  and  subtraction 

2  sin  a  cos  P  =  sin  (a  +  /S)  +  sin  (o  —  j8), 
2  cos  a  sin  /3  =  sin  (a  +  /8)  -  sin  (a  -  )3), 
2  cos  a  cos  ^  =  cos  (a  +  j8)  +  cos  (a  -  ^), 
2  sin  a  sin  j3  =  COB  (a  -  /3)  -  cos  (a  -I-  ^), 

which  forms  enable  us  when  we  have  the  product  of  two  sines  or 
cosines  to  replace  them  by  the  sum  or  difference  of  two  other  sines 
and  cosines. 
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Again,  in  these  forms  let  a  =  — ^ —  ,   and  ^  ■«  — ^ — ,  then 
a  +  P  =  A,  a-P  =  B  :  substituting  and  transposing,  we  have 

.      .       .     p     o •    ^+^        ^-^ 

sm  ^  +  sm  ^  =  2  sin  — ^—  cos  — ^ — , 

sm  il  -  sm  jS  =  2  cos  — ^ —  sm  — ^^ —  , 

.  „    „       A  +  £       A-B 

cos  -4  +  COS  B  =  2  cos — -r—  cos  — ^ — , 

* 
cos-o  — cos  J  =3sm — -^ —  sm  — -^ — ; 

these  forms  enable  us  to  pass  from  the  sum  or  difference  of  two 
sines  or  cosines,  to  the  product  of  two  other  sinea  or  cosines. 

35.     his.     The  following  applications  of  the  formulae  proved 
in  this  section  are  very  important. 

(1)  sin  (a  +  P)  sin  (a  -  )8) 

=  (sin  a  cos  ft  +  cos  a  sin  /8)  (sin  a  cos  fi  —  cos  a  sin  j8) 

=  sin'  a  cos*^  —  cos*a  sra'yS 

=  sin'  a  (1  -  sin'^S)  -  (1  -  sin' a)  sin'yS 

=  sin'  a  —  sin*)8. 

(2)  Similarly  cos  (a  +  ^)  cos  (a  -  (3)  =  cos'  a  —  sin'yS. 

/ox     ^      /AKo     m     tan45"±tan^      l±tan^ 

(3)  tan(45»^e)=^-^^^^^=^-^^. 

(4)  To  find  sin  18\  \ 

Let  e  =  18«,  then  5d  =  90«, 
.-.  2^  =  90" -3^,         \ 
.-.  sin  2^=  cos  3^, 
.*.  2sin0cos0=4oos'0-3co8^, 
.-.  2sine  =  4cos*^-3 
=  l-4sin*^, 
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...     Bind       1       1        1         5 
•••^^■'-2--'l6=4^r6=T6' 

.-.   Bin  5=    — T^* 

...  8inl8»«.i^, 
4 

since  it  must  be  positiv&      The  other  value  of  sin  6  corresponds  to 
the  value  $  =  —  54*,  since  in  that  case  also  sin  26  =  cos  36. 

(5)     Let  sin"*  x  =  6,    sin"'  y  =  <l>,    then  sin  5  =  a;, 
cos^  =  ^{l-x^,  8in^=y,   cob <f>  =  ^{1  - y^ ; 
.'.  aui(9  +  it>)  =  Xs/(l-t/^  +  y  ^/(l-a:'); 
.*.  sin"'  X  +  sin"'  i/  =  6+<t>  =  sin"'  {x  ^{l-y*)  +  i/  J(l  -  a*)} ; 
80  also      COS"'  X  +  cos"'  y  =  cos"'  {xy  —  J{1  -  x*)  J{1  -  y*)}, 


and  tan"'  x  +  tan"'  y  =  tan"'  ^ — —. 

l-xy 


EXAMPLES.     (A). 

1.     Find  the  sine  of  15*. 
sin  15"  =  sin  (45»  -  30«)  =  sin  45*  cos  30»  -  cos  45'  pin  SO* 


1^3       1      1_V3-1 

Arts,    sin  15'  = 


^^2  •   2 '      V2  *  2  "     2^2  • 

s/3-1 


2^2- 
Apply  the  formuire  in  Art.  27,  to  prove  the  following. 

2.  cosl5»  =  sin75"  =  ^^^. 

3.  sinlS'^cosTS'rr^^^^. 

4.  cotl5»-tan75»=2  +  ^3. 

5.  tanl5'=cot75»  =  2-V3. 
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6.     K  sin  a  =  q ,  sin  P  =  -z,  then  sin  (o  +  /3)  =  —  J^  ■  , 
o  O  ID 


/       ox     4J5-6 
cos(a  +  /3)=    ^^^      . 


7.  If  sma  =  J,  co3/8  =  ^,  then  sm  (a  +  j3)  = =— — , 

cos(a  +  /3)  =  ^    ^^^... 

8.  If  sin  a  =  y^ ,  sin  ^  =  -  ,  then  sin  (45«  +  a  +  j8)  =  ^-5^. 

9.  Prove  the  values  found  in  questions  2,  3,  4,  5  by  means 

of  Art.  28. 

3  3  8  —  3/5 

10.  If  8ino  =  rr,  8in^  =  ^,  then  8in(o-j8)  =  — rK~* 

11.  If  sina=q,  then  sin  2a  =  — ^^ ,  cos 2a  =  jT . 


12.     Given  sin  18»  =  ^'^     "  shew  that  sin  36'=^' 


^^^  shew  that  sin  36»-     /^-^ 
cos36«  =  ^,sin72-./lip2?. 


Prove  the  formulae 

13.  1  -  ^  sin  2a  tan  a  =  cos*  a. 

14.  sin  4a  =  4  COS  2a  COS  a  sin  o. 

15.  sin  8a  =  8  cos  4a  cos  2a  COS  a  sin  a. 

16.  sLn(a  +  2/?)  =  suia-2  sin  a  sin*^  +  2  cos  a  sin  )8  cos  yS. 

17.  sin(a  +  2y8)  =  suia+2sin/8cos(a+.)3). 

18.  sin(a-2yS)  =  sina-2sin^cos(a-;8). 

19.  cos(a  +  2^)  =  2cos/8cos(a  +  /8)-cosa. 

20.  cos  o  ±  sin  a  =  ^1  ±  sin  2a. 

2 1.  cos*a  —  sin*a  -  cos  2o. 
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■        •  •      1     3   .  ,  „      5  +  3  COS  4a 
22.     cos  a  +  sin'a  =1-7  sin*  2a  = 


23.     oos'a  -  sin'a  =  cos  2a 


4 8 

7  +  cos  4a> 


(7  +  cos  4a\ 
8       )' 


cos  3a -sin  So 

24.    : =  1  -  2  sin  2o. 

cos  a  +  sm  a 

_-      cos  3a  +  sin  3a  «  •    o 

25.     ; =  1  +  2  sm  2a. 

cosa  — sma 

2  6.     cos  6a  =  cos'Sa  -  8in*3a  =  cos  2a  (2  COS  4a  —  1 ) . 

27.     cosec'a  —  sec'a  =  4  cos  2o  cosec*2a. 

_o      cosec  2a  —  cot  2o     ,     , 

2b.     jf —^  =  tan' a. 

cosec  2a  +  oot  2a 

Oft       .    o  2  tan  a  +  sec  a 

29.     sin  2a  +  cos  a  = 


30.     cot*o-tan"o  = 


1  +  tan*  a 
8  cos  2a 
1  —  cos  4a ' 


„.       cosa  — cos  3a     ,       - 

ol.     -: — :i ; =tan2a. 

sin  3a  -  sin  a 

32.  By  means  of  Art.  33,  find  8in75«,  co8  75»,  giving  the 
proper  signs  to  the  radicals  involved. 

33.  In  Art.  33,  give  the  proper  signs  to  the  radicals,  (1)  when 
a  lies  between  180«  and  270";  (2)  when  a  lies  between  225"  and 
315»j  (3)  when  o  lies  between  360o  and  450".      . 


34. 


,       .  1  +  tan ;: 

1  +&ma_  2 

cos  a         ,      ,      a ' 
1-tan^ 


35.     i:i!l^-tan(45«-|). 


36. 


cosa  \ 

1  +  sec  a  2  tan  a 


1  +C08eca 


(l+tan^^) 


37.     tan  2  +  2  sin*  „  cot  a  =  sin  a. 
a  T. 
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38.  By  means  of  Art.  34,  find  sin  22  J",  cos  22  J*. 

39.  Shew  that  Bin  9'  =  \/^~'^'^tV!, 

O 

»  o 

40.  Find  expressions  for  sin  27",  sin  63*. 

Apply  the  formulae  in  Art.  35,  to  prove  the  following, 

41.  2  sin  a  cos  3a  =  sin  4a  —  sin  2a. 
42i     2  sin  a  sin  3a  =  cos  2a  —  cos  4a, 

43.  2  sin  2a  cos  a  =  sin  3a  +  sin  a. 

44.  2  cos  a  cos  2a  =  cos  3a  +  cos  a.  •   • 

45.  cos  3a  cos  4a  =  -  cos  7a  +  ^  cos  a. 

46.  4  sin  a  sin  2a  sin  3a  =  sin  2a  +  sin  4o  —  sin  6a. 

47.  4  cos  a  cos  2a  cos  3a  =  1  +  cos  2a  +  cos  4a  +  cos  %a. 

48.  4  cos  a  cos  2a  sin  3a  =  sin  2a  +  sin  4a  +  sin  6a. 

49.  8  sin  a  sin  2a  sin  3a  sin  4a  =  1  -  cos  6a  -  cos  8a  +  cos  lOo. 

_rt        .  .     J,        ,.    ,     3a         a 

50.  sin  a  +  sm  2a  -  2  sin  -^  cos  ^  . 

51.  sin  3a  —  sin  a  =  2  cos  2a  sin  a. 

52.  cos  2a  +  cos  3a  =  2  cos  —  cos  ^ . 

53.  cos  3a  —  cos  4a  =  2  sin  —  sin  -^  . 

-, ,         .3a       .  7a         a 

54.  Sin  -t;-+  sin  2a  =  2  sin  -7-  cos  -  . 

2  4  4 

ec         •     o  •     °-      n        7a    .     5a 

55.  sm  3a  —  sm  ^  =  2  cos  -7-  Sin  -7-  . 

z  4  4 

66.     sin  o  +  cos  o  =  2  sin  45"  cos  (45"  -  a). 
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57.  COS  a  -  sin  a  =  J2  sin  (45*  -  a). 

58.  cos  a  4- cos  2a  +  cos  3a  B  4  cos  ^  cos  a  cos -^  —  1. 

59.  4  cos  a  cos  (120 -a)  cos  (120  + a)  =  cos  3a. 

60.  cos  9a  +  3  cos  7a  +  3  cos  5a  +  cos  3a  =  8  cos*  a  cos  Co. 

61.  If  tan  ^  =  2  -  ^3,  fiud  a.  Am.   a  =  30*. 

5  1 

62.  If  COS  35  cos  d==^,    then  sin  0  = -j^ . 

18  ^6 


63.     K  2  sin  5  sin  36*  =  1,   then  sin  $ 


/o  +  s/5 
~V      10     * 


EXAMPLES.     (B). 

1.  Find  the  Trigonometrical  Ratios  of  81*,  52^". 

2.  Find  the  Trigonometrical  Ratios  of  7^",  106». 

3.  If  a  +  ^  +  y=180», 

tan  a  +  tan  /8  +  tan  y  =  tan  a  tan  ^  tan  y ; 

we  have  tan  (a  +  /9)  =  tan  ( 1 80"  -  y), 

tan  a  +  tan  3 

or  - — -— ^  =  -tany, 

1  -  tan  a  tan  fi  ' 

or  tan  a  +  tan  )8  +  tan  y  =  tan  a  tan  /3  tan  y,     q.  e.  d. 

Prove  the  formulae, 

i      X      /       om     tan  o  +  2  tan  fl  -  tan  o  tan'fl 

4.  tan  (a  +  2B)  =  -r — ^ ^-—„ j-^^ . 

^         ^'        l-2tanatan^-tan*j8 

_      tan  3a  _   3  —  tan*  a 
tan  a       1  —  3  tan'a  ' 

6.  cos  4a  =  8  cos*  o  — 8  cos' a +  1. 

7.  cos  (a  +  p)  sin  (a  -  j8)  =  sin  o  cos  o  -  sin  /?  cos  /?. 

8.  sin  (o  -  ^)  sin  y  +  sin  (j8  -  y)  sin  a  +  sin  (y  -  a)  sin  )3  =  0. 

9.  sin  (a  +  /3)  cos  a  —  cos  (a  •*■  /S)  sin  a  =  sin  ^. 

d2 
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10.  COS  a  +  cos  (a  +  2)8)  =  2  COS  (o  +  /8)  cos  p. 

11.  COS  j3  cos  (2a  +  /?)  =  cos'  (a  +  )3)  -  sin'  a. 

8in(a  +  ^)  sin  (g-^)  ^  tan'a- tau'^. 
cos  a  cos  p 

1 3.  sin  (45"  +  «)  =  70  (^^"^  a  +  cos  a)  =  cos  (450  -  a). 

14.  sin  (60»  +  a)  =  ^  (sin  o  +  ^3  cos  a)  =  cos  (30"  -  a). 

15.  sin  (30»  +  a)  +  sin  (30»  -  a)  =  cos  a. 

,,        sec  ^  sec  <i 

16.  Bec{e^4>)  =  ^^^^eun<i>' 

l-tan(450-^) 
^'-     l  +  tan(45«-&) 

1 8.  cos'  (a  -  /8)  -  sin'  (a  +  ^)  =  cos  2o  cos  2/3. 

19.  sin'24»-sin'6»  =  *!^^^-. 

20.  (sin  e  -  sin  <^)'  +  (cos  6  -  cos  <|>)'  =  2  vers  {d  -  <^). 

21.  cos  (30  -  a)  -  cos  (30  +  a)  =  sin  a, 

22.  cot  a  +  tan  a  =  2  cosec  2a. 

23.  cot  a  -  tan  a  =  2  cot  2o. 

sec  a  —  1  2  a 

24.     -^=tan'-. 

sec  a  +  1  4 

sin  a  +  sin  3a 

25. K-  =  tan  2a. 

cos  a  +  cos  oa 

26.  tan  a  +  sec  a  =  tan  ^45"  +  ^  j  • 

27.  2  (1  -  cot  2a  tan  a)  =  sec'  a. 

1  +  sin  a      I  f^       .      o\ 

28.  .j =K    l+tan^j. 

1  +  cos  a      J  \  ^/ 

1  +sin  a     ,      «  /iRo  ,  °-\ 

29.  :r^—. —  =tan'(45<»+Q). 
l-sma  \  -i/ 

Bin  a  +  sm  2a  a 

30.     9-  =  <^ot9- 

oos  a  —  COS  2tt  -s 
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31.  taxi  6  -  tan  ^  =  tan -^  Bee  6. 

--      2 sin  2a -sin  4a     ,  , 

32.  -ir^-^ ^-j- +l=8ec*a. 

2  sm  2a  +  sin  4a 

33.  cos*  (5  +  <^)  +  cos*  {B-^)-  cos  1Q  cos  2<^  ^  1. 

34.  cot*  a  —  tan*  a  =  4  cosec  2a  cot  2a. 

35.  sin  a  tan  a  +  cos  a  cot  a  =  (sin  a  +  cos  a)(2  cosec  2o  -  1 ). 

_-      cos  Tia  —  cos  (n  +  2)  a     ,       ,        -. 

36.  —. — ; jr; — ^ — : — ^^tan(ra+l)a. 

Bin  (n  +  2)  a  -  sm  wa  ^ 

37.  8iii*d  +  2co8a8in'^co8»d  +  co8*5=l-r8in|8in2ej  . 

38.  sin  iQ  tan'^  +  4tan'  ^  +  2  sin  40  tan*0  -  4  tan  0  +  sin  40  =  0. 

Oft      cos  3a  -  2  cos  a  ,  2  cos  2a  -  3 

olJ.     — : — ^r—. —  tan  a  = 


sin  3a  +  2  sin  a  2  cos  2a  +  3  * 

a  .a 


tan5  +  cot5  +  2     8in*f45»  +  ^) 
40.     = 1-  ^  ^' 


tan|+cot^-2     sin*(45»-^) 

41.  coso  +  co8(a+120»)  +  co8(o-120'')  =  0. 

42.  cos*  a  +  cos*  (a +  120')  + cos*  (a- 120")  =  |. 

.o         •     o  o  /of       ,30-450        .    ,3a-45«) 

43.  Bm3o  +  co8  3a  =  ^2<co8  ^ sin  x — >. 

44.  l  +  2(tana-tan)3)*+2{tana-cot(a  +  ^)}* 

+  2  {tan /?  -  cot  (a  + /3)}*  =  tan*  a  +  tan*  j8  +  cot*  (a  +  j3). 

Solve  the  equations : 

450 

45.  008  0 +  008  70  =  cos  40.  Ana.    0  =  20«,  or -^j- . 

46.  COB  0-008  30  =  sin  20.  Ans.    0  =  0,  or  30*. 

47.  ooB  40  +  cos  20  =  cos  0.  Ans.    0  =  20",  or  90«. 

48.  sin 52; cos  3x  =  sin 9a; cos 7x.  Ans.    z=0,  or  7^", 
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49.  COS  2a;  +  sin  a  =  1.  Ans.    a;  =  0,  or  30*. 

50.  4  cot  2^  =  cot"  ^  -  tan*  ^.  Ana.    6  =  0,  or  i5\ 
61.    cosec^  =  2cos2^  +  4cos»d.  Am.    d  =  W. 

52.  sin  aj  +  ,^3  cos  x  =  J2.  Ans.    a;  =  1 5®,  or  75^ 

53.  -X-  +  -^  =  4.  Ans.    x  =  SO'. 
sin  X     cos  X 

54.  3  (sin*  e  -  cos*  e)  +  4  cos*  e  =  cos"  25.  Ans.    $  =  0. 

55.  sin  9a;  +  sin  5a:  +  2  sin'  x=l.              Ans.  a  »  45",  or  2^' 

56.  cos  40  +  cos  26  +  cos  0  =  0.                  Ans.  6  =  90",  or  40". 

57.  cos  aa;  cos  6x  =  cos  (a  +  c)  a;  cos  (6  +  c)  a;. 

.  -        180»  180« 

Ans.    x  =  0,  or  ,  or ; . 

c  a+o+c 

„-,_-/••  •         •     /         \   x-L       J.  sin  a  sin  y 

58.  If  sin  a;  =  sm  a  sm  (x  +  y),  then  tan  x  =  = -. — . 

1- sin  a  cosy 

59.  If  taniS  =  — -. — ; ^,  then  cot  a,  cotJS,  cotv  are  in  a.  p. 

'^       sm(a  +  y)  '        "^  ' 

60.  If  sin  j3  =  »i  sin  (2a  +  i8),  then  tan  (a  +  ;3)  =  z tan  a. 

61.  Ifcot0=/,  then  asind  — 6cos0  =  O; 

,  a  cos  6  —  h  sin  6  _  a'  —  6* 
a  cos  0  +  6  sin  d ""  a' +  6* ' 

.  sina      .  0  sin)8 

62.  Ifsina;  =  -: — ,  sin(90"-a;)=-r— ^  , 

siny  ^  '     siny 

then  cos'a  +  cos'yS  +  sin*y  =  2. 


63. 


4f¥6       ^-6     a  +  b 
If  a  cos  <f>=b  cos  6,  then  cot  — ^r—  cot  — 5—  = . . 


64.  If  tan  ^  =  sec  a  sec  y  +  tan  a  tan  y,  then  cos  2/3  is  negative. 

65.  If  tan  (a +0)  cot  a  =  tan  03  + <^)  cot  yS, 

then  sin  (2a  +  6)  cosec  5  =  sin  (2/8  +  <^)  cosec  ^. 

66.  If  cos  d  =  tan  ft  cot  y,  cot  6  =  sin  ^  cot  a, 

then  cos  y  =  cos  a  00s  ^. 
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67.  li  a  nn  a  +  xcoa  $=*b  +  xtaja.  ft  Bux$, 
and  a  cos  a  -  X  sin  d  =  X  tan  j3  COB  d, 

then  tang=^^»^-'^)-^»^^^. 
a  sin  (yS  -  a)  +  6  cos  )3 

68.  If  tan  (<^  +  a),  tan  <f>,  tan  (<f>  +  (3)  are  in  A.  p.  so  also  are 
cot  a,  tau^,  cot/3. 

Prore  the  formulae, 

69.  sin-' I  +  sin-' I  =  90*. 

5  5 

70.  cot-' a -cot-' 6  =  cot-' 4^. 

71.  vers  ' =  180'  -  vers  ' . 

a  a 

72.  taa-|.oot-'|  =  cot-l|. 

73.  tan-'?  +  taii-'l+taii-'i=tan-'5. 

74.  45.-3tan-|-tau-l=tan-^4-^. 

4  5  16 

75.  Bin-'  =  +8in-'=-5  +  8in-'7r3=90«. 

76.  tan-'-^--tan-'-=tan-'T-  ^ 


X-l  X  X*  -x+l 


nT      1.      /  '  -I              -1    \     WW*  +  J(l  -  m")  (1  -  n*) 
77.    tan  (sin  ' m  +  cos  ' n)  =  —    ^^    ^\ ' . 

M  ^1  -  m*  —  m  ^l  —V 
If  tan-»  -  -  tan-'  J—  =  30*,  then  a;  =  - 1  ^^273. 

3/  2B  "f"  id 


78. 


7.9.    Ktan-^*taa-'?±l  =  45',theo»  =  .-|3. 
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EXAMPLES.     (C). 
Prove  the  formulae, 

-      cos  a  +  sin  a     ,      « 

1.     ; —  =  tan  2a  +  sec  2a. 

cos  a  —  sm.  a 

„      sin  a  +  sin  (a  +  ^)  +  sin  (a  +  20)  _.       ,       „. 
cosa  +  cos(a  +  /3)  +  cos(a  +  2)S)"     ^^""^^ 

3.     16  cosec*  da  —  4  sec'  2a  —  sec*  a  cosec*  a. 

sin  a  +  sin  2a 


1  +  cos  a  +  cos  2a 


=  tan  a. 


_      cos  (a +  45*)  o      X      o 

5.     ) j^'  =  sec  2a  -  tan  2a. 

cos  (a -450) 

^      ,    .    e  .    180-^  .    180  +  ^      .    /, 

6.  4  sin  "5  sin 5 —  sm 5 —  =  sin  0. 

00  O  ' 

tan  a  +  sec  a       .       / ,  -«     a\  ,      o 

7.     =  tan  I  45"  +  ^  )  tan  -  . 

cot  a  +  cosec  a  \  2/         2 

sin  (a  +  fi+v)'  ^       ^^^  ^         ^^       „ 

8.     ^^ -pi — -^  =  tsn  a  +  tan  a  +  tan  y  —  tan  a  tan  B  tan  v. 

cos  a  cos  p  cos  y  '  ' 

.  4tana  — 4tan^a 

9.  tan  4a  = 


1  —  6  tan*a  +  tan*a  * 

10.  tan  (30' +  a)  tan  (30"- a)  =  1^^^!^. 

^  '         ^  ^2  cos  2a  4-  1 

sin'2a-4sin*a        ,      . 

11.  -v-Tii J— r-B j  =  tan*o. 

sin  2a  +  4  sin  a  —  4 

,„      „  180°  + a  180»-a  ,.„-,       . 

12.  2  vers  — jr vers ^ =  vers  (1  oO"  -  a). 

13.  tan  a  tan  (a  -  yS)  (cot  a  +  tan  )8)  =  tan  a  -  tan  )8. 
1  +  cosec' a  tan'^  _  1  +  cot'a  sin*^ 

1  +  cosec'yS  tan'^  "  1  +  cot'^  sin'^  * 

15.  sin'/8  +  sin*  (a  -  /8)  +  2  sin  /S  sin  (a  -  /?)  cos  a  =  sin'o. 

sin*a  -  sin*i8  .      ,       ^v 

16.  -. 7-^ 5  =  tan(a  +  y3). 

sin  a  cos  a  —  sin  j8  cos  p 
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17.     1  +  tan  a  tan  —  =  sec  a. 

la    (.in --±^.00.11^)  (sin iZ_^oo»lZ^ 

=  sin  o  +  cos  /S. 

19.  cos*  (a  -  ^  +  cos'd  -  2  cos  (a-  5)  cos  ^  cos  a  =  sin* a. 

20.  tan  (45'  +  g)  -  tan  (45"  -e)J  ^"^  ^^  'T  ^^) . 

sin  20 

21.  tan|cot|(90»-e)cot^(90»+^)  =  tanA 


22. 


.       .            .      l-tan*|tan(45»  +  c^) 
tan  0  -  cos  ^ 2        ^  ^' 

tan  A  +  cos  d       .     ,6     .      ,.-.     .     ' 
^  tan' ^- tan  (45'+^) 


3  1 

23.  (costf  +  sin^"  =  2  i'^'^ ^  +  sin  ^)  -  ^(cos 3^-  sin  39). 

24.  64  sin*^  cos*^  =  3  sin  ^  +  3  sin  3d  -  sin  5d  -  sin  70. 

--      cos  (45*  +  a)  -  cos  (45' +  3a)    ^ 

25.     TT^i ( 7j^^ — o-\  =  tan  a. 

cos  (45*  -  a)  +  cos  (45'  -  3a) 

3 

26.  cos  Z6  an' 6  +  sin  3d  cos'd  =  y  sin  4d. 

4 

27.  sin  3d  sin* $  +  cos  3d  cos' d  =  cos*  2d. 

(sec  d  sec  <^  +  tan  d  tan  <^)*  —  (tan  d  sec  </i  +  sec  d  tan  <^)* 
2(1+  tan'd  tan»  -  sec*d  sec'*/) 
'•  sec  2d  sec  2<f> 

~  sec'dsec*^ 

29.  (sec  d  +  cosec  d  +  sec  d  cosec  d)  n-tan*-j  n-tan'-jj 

/     d  e\     ,0 

=  f  sec^  +  cosec  ^ j sec  7 . 

30.  tan  d  +  tan  (d  +  60")  +  tan  (d  -  60")  =  3  tan  3d. 

31.  (2  +  sin2d)8in(d-45*)+(2-8in2d)8in(d+45')=2^3sin*d 

32.  tan-^..in-.-^  =  t«.-.^J. 


58  PLANE  TRIGONOilETRY. 

Solve  the  equations, 

33.  5  tan .r  =  tan 3a;.  Ans,     tana;-*     /  =  ,  or  0. 

34.  4  sin ^ sin  (d -a)  =2  cos  a -1.  Ans.     0  =  30+-. 

35.  90«  +  sin-' a;  =  tan-' %  Am.     <e  »=  J '^  ^  ~  ^ . 

36.  tan-*  2a;  +  tan"*  3a5  =  45".  ^?w.     aj  =  - 1,  or  J  . 

o 

37.  tan-'^^  +  tan-»"^^=30*.  Ans.    x  =  aj2j3. 

38.  tan-' 3a;  +  2  tan-' 7a;  =  45*.  "  Ans.     x=jp:. 


39.     tan-'  ax  +  tan"*  -  =  45». 


ilrw.     a;  =  — ^^ ^ — ^ 

2a 


a;-l 
40.     tan-'  (a;  + 1)  ^2  -  tan"'  — ^  =  cot-'  4  ^2 . 


41.     cos-'  X  +  cos-'  (1  -  a;)  =  cos-'  (-  x).  Ans.    a; «  0,  or  -  . 


Ans.     a;  =  6,  or  —  2. 
1 
2 


42.  3  tan-' « =  tan-'  5«.  iin«.     <  =  0,  or  *  -^„  . 

43.  cos-' X  +  cos-'  (1  -  a;)  =  cos" '  J{x  -  x'). 

Ans.     x  =  0,  or^,  or  1. 

44.  tan"' =  -  tan-' r  =  tan"'  a. 

x-l  x+l 


8.      X=       /-  . 

45.     tan  (a  +  a;)  tan  (a  -  a;)  =  ^^ — ^-^^^^^-^.  Ans.    a;  =  30'. 

^        '        ^        ''1  +  2  cos  2a 


Ans. 
1-2  cos  2a 


46.    cos-'  \^  +  tan-'  .r^  =  240». 
1+ar  l-ar 


Ans.    X  =  ^3,  or  -  -To  . 
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47.  {cot  (m  +  n)  a  +  1 }  COS  2ma  =  {cot  (m  +  n)  a  - 1}  cos  2na. 

Ana.    a  = . 

tn-n 

48.  sec (180 -a) cos (90  + a)  cos (180 -a) 

=  tan  (90 -a)  sin  (270  + a). 
Ans.    o  =  *  45*. 

60° 


49.    cos  7M  +  COB  (n  -  2)  a  =  cos  a.         Ans.    o  =  90',  or 


6  6 

50.  cosec*  H  -  sec' ^  -  2^3  cosec*  ^.  Ans.    ^=30^. 

51.  tan.6~co66=2j2co&d&va.6. 

Am.    tf  =  15»,  or  75»,  or  135». 

52.  4  cos  5  cos  2d  =  1.  Ans.     d  =  1 20°,  or  36",  or  108". 
63.    sm«aj+cos*»  =  |.     Am.    a:  =  45°,  or  siu"' VSMZ?  . 

54.  tan  (a +  ^  tan  (a -6)  =  tan*  2a -tan"  2a 

A  a     ^  1        _,/  —  C08  2o  \ 

Am.    e*  =  *  a,  or  -  cos  '( r: -r-  ) . 

2          Videos  2a/ 

55.  8ec•|secd(cot•|-cot'^)  =  8A-cot•5?^. 

Am.    ^  =  60°. 

66.  tan  &  +  coi  0  =  2  cosec  o  (^1  +  sin  o  +  ^l-sina). 

Am.    d  =  ^,or46*-?. 
4  4 

67.  8in(3x+a)  +  cos(3«-a)  =  co8(45°  +  a;). 

^  Am.    X  =  45°,  or  ^  sin"'  -  {sec  (45°  -  o)  -  2}. 

M  11  1 


J\-s^e-l     ^l+sin^-l     Bind* 

iln*.    fl-0,  180»,  or  60». 
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59.  sin  (tan"' a)  +  tan  (sin"' jc)  =  ma;. 

Ana.    x  =  -(m*-m'-2'k2j2m'  +  lf. 
.       -  m^  -»  / 

60.  If  tan)3  +  cot)3  =  2sec2a,  thena  +  /3  =  45°. 

61.  If  tan  {$  +  a)  tan  (0  -  )8)  =  tan*  6, 

^■u       t      na     2sinosin/8 

then  tan  26  =  — : — -, ^^  . 

sin  (a  —  p) 

62.  If  tan  2a  =  2  tan  /?,  and  tan  y  =  tan'  a, 

shew  that  p-y  =  a. 

63.  Shew  that  tan"'  '^  +  tan"'  ^  +  tan"'  =  +  tan"'  g  =  45". 

64.  Find  tan  (a  +  )8  +  y)  in  terms  of  tan  a,  tan  ^,  tan  y ;  and 
thence  shew  that  if  a  +  /8  +  y  =  1 80", 

tan  a  +  tan  j8  +  tan  y  =  tan  a  tan  jS  tan  y, 

65.  If  tan  (a  +  0)  =  n  tan  (a  -  6),  then  sin  2^  = :;-  sin  2a. 

^  71+1 

66.  If  sin  25  =  tan ^,  then  chd  6  =  j2-  J2. 

67.  If  sin 0  +. sin <^  =  m,    cos 5  +  cos ^  =  w,  ^'.  • 
then  wsin^  +  TOCosS  =^ —  =  msin0  +  wcos0. 

68.  If  tan'e=-,  then-^+-r^  =  (aU6^)* 

a  cos  5     sin  0     ^  ' 

69.  Find  cos(a  +  /8  +  y),  and  if  a  +  ^  +  y=180',  shew  that 
cot  a  +  cot  yS  +  cot  y  =  cot  a  cot  ^  cot  y  +  cosec  a  cosec  ft  cosec  y. 

If  a  +  )8  +  y  =  180«,  then 

.    n     •         t      °-      P      y 

70.  sin  a  +  sin  /8  +  sin  y  =  4  cos  ^  cos  ^  cos  ^ . 

71.  cos  a  +  cos  /8  +  cos  y  =  4  sin  ^  sin  ^  sin  I  +  1. 

a     B  y  a         B        y 

72.  cot  ^  +  cot  ^  +  cot  I  =  cot  2  cot  ^  cot  ^ . 

73.  cos'l +cosV^  +  cos*|  =  2ri  +  8in|sin^sin|j. 
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tan  a      tan  B     tan  a     tan  y     tan  S     tan  y 

74.    + —  + -i -+  + 

tan  /3     tan  a      tan  y     tan  a     tan  y      tan  a 

=  8ecasec/?8ec'y-2. 

75.  tan^45»-^^tan(45»-^tan(45»-|^ 

2  cos  jj  cos  vr  cos  ^- 
^        ^        ^ 


(^COS-+COS2+C08|j 

76.  sin  2a  +  sin  2^  +  sin  2y  =  4  sin  a  sin  ft  sin  y. 

77.  cos  2a  +  COS  2)3  +  cos  2-/  +  4  cos  a  cos  /3  cos  y  +  1  =  0. . 

78.  co8*a  +  cos*/8  +  cos*y  +  2cosacos)Scosy=  1. 

a  B  y      .         a  +  B        B -^  y         o  +  y 

79.  oos^  +  coSiT +C0S  '  =4co8 — r-^cos^ — r-^  cos — r-^. 

2  2  2  4  4  4 

.  .    n  J         3a         3fl        3y 

80.  sin  3a  +  sin  3j3  +  sin  3y  =  -  4  cos  -^  cos  -jj-  cos  -„- . 

^  li  Ji 

rn  -8  •    SO        •   «        o        *»        jS        y  3a        3fl        3y 

81.  am  a  +  Bm^  +  8in'y  =  3cos^cos^rCOs^+cos-j7-cos-^co8-;-  . 

^        ^        Z  Z  'i  "Z 

82.  Ifco8"'-  =  2sin-'?^,  thenaa:  +  2y  =  o*. 

a  a 

83.  If  cot(o-y)-cot  (a- 5)  =  cot  (a  +  y)  -  cot  (a  +  5), 
then  sin  (a  -  y)  sin  {6  -  a)  =  sin  (a  +  y)  sin  {6  +  a). 

84.  If  tan*  x  =  tan  (a  -  x)  tan  (a  +  x\  then  sin  2a  =  ^2 .  sin  a. 

85.  If8in(o-/3)  =  i  sin(a  +  /S), 

,  .       «v     1/m— 1      .«     wi  +  1 

them 


oot(a  +  ^)  =  l(^^cot)8-^i^tan^). 

r-       «      cosa  +  cosjS       ^.       X      ^     X      » X     /8 

86.  Ifcos^  =  :i ^„,  then  tan  5  =  tan  jr  tan  ^. 

l+cosacosj8  2  2        2 

87.  If  cot  5  =  w  cot  (a -6), 

then  ^  =  s\a  — 8itt~M rsinajL 

21  \w  + 1         /J 
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*         /l  +  «.     /3    ^,  „      e  +  cosa 

88.  Tftan^  =  A/T tan  ^ ,  then  cos  fl  =  , . 

89.  If  ^^^^  =  cos  2/?,  then  tan  (45''-0)=tan*fl cot(45»-o). 

COS(0-a)  ^  /  I  \  ' 

90.  If  2  cot/?=cota+cot  y,  then  cot(j8-a)+cot(^  -  y)  =  2cot/?. 

91.  If  cot'^  -  tan*^  =  2  ^3 .  sec  2$,  then  sin  2d  =  *  (^3  -  1). 

92.  If  cos  6  cot  0  =  cos  dj  cot  <^, , 

^  +  ^,     sin(d,  +  «^,)        d,-d 
then  cot  — ^  =  -^4- — -^  tan  -J^— . 
2        sin  {<j>-<fi^)  2 

93.  If  a  +  /3  + 7  =  180",  then 

cot  ma  cot  myS  +  cot  wa  cot  my  +  cot  m/8  cot  7»y  =»  1, 
where  m  is  any  integer. 

94.  If      cosd  +  cos(d-/?)  =  cos(d-a)+cos(d  +  a-/8), 

then  each  member  of  the  equation  is  equal  to  cos  0+cos  {6— a},  or  0. 

95.  If  tan  (45"  +  6)  tan  (45"  +  <f>)  tan  (45"  + 1/^)  =  1, 

then  sin  29  sin  2<f>  sin  2^  +  sin  26  +  sin  2<f}  +  sin  2^  =  0. 

96.  If  a  +  /8  +  y=60'',  then 

l  +  2cos(a+j8-y)  +  2cos(o+y-)8)  +  2cos()8+y-a)=8cosacosj8cosy. 

97.  If  d  +  <^  =  240",  and  vers  0  =  4  vers  <^, 

then  tan  ^  =  —  ^ ,  or  oo ,  and  tan  h  =  —  k  >  or  -/o  • 

98.  sin  (a  -  ^)  +  sin  (/8  -  y)  +  sin  (y  -  a) 

.    .    a-B    .    P-y    .    y-a     . 
+  4  sm  — jr^  sm  — jr-^  sm  ^-^—  =  0. 

99.  sin  (a  +  j8)  sin  (/?  +  y)  -  sin  a  sin  y  =  sin  (a  +  /8  +  y)  sin  /3. 

100.  4  cos  (a  +  /3  +  y)  cos  (a  +  yS  -  y)  cos  (a  -  ^  +  y)  cos  (a  -  ^  -  y) 
=  cos*  2a  +  cos*  2/3  +  cos*  2y  +  2  cos  2a  cos  2)8  cos  2y  - 1. 

101.  cos  2  (a  +  )8  +  y)  sin  3  (a  +  /?)  +  cos  (y  -  o)  sin  (y  -  fi) 
=  Bin2  (a+73  +  y)cos  3(a  +  )8)  -  sin  (y  -  a)  cos  (y  - /S). 
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102.  8m(^-^-./rjco8-^-8m^-y-,^jco3-^ 

=  Bin  ■   -     (cos  ^  +  cos  ^  +  cos  i/'). 

1 03.  tan-'  JcoaOi?  +  n cos"'  (tan* 30")  =  (w  +  s) cos"'  1 . 

104.  (2"  cosec  2"a)*  +  (2"  sec  2"a)«  =  (2"* '  coeec  2"*'a)*. 

lAc      ox     -if    /a-f>    .      a)  _,  fft  +  ooosaj) 

105.  2  tan  M  \/ r .  tan  ^  V  -  cos  '{ , } . 

( V   a  +  6  2)  (a  +  ocosxj 

106.  cot  {6  +  tan-'  (tan'd)}  =  2  cot  26. 

107.  3tan->l-.tan-'i-ftan-l-45«  =  tan-2^. 

108.  tan-'^  +  tan-'|  +  tan-'~  +  tan-'i  =  45». 

^^^*         .135*         ,2250  315»     17 

109.        cos"  -jr-  +  cos'  — jr—  +  cos'  -^  +  cos'— jr— =    r-^  . 
J  J  .a  J  lb 

HA      Ti?  .    d  —  a  .    6  +  a 

110.  If  »  =  r8in— ^,  y  =  rBin— g- , 

then  X*  —  2xy  cos  a  +  y'  =  r*  sin*  a. 

111.  If  cos  6  =  cot^  cot  y,  cos  <^  =  cot  a  cot  y,  cos  ^  =  cota  cot  ^ 
and  6  +  <f>  +  \j/  =  180',  then  cos'a  +  cos'/S  +  cos'y  =  1. 

Solve  the  equations : 

,,-      X        <fi  +  d     y    .    <i>+6  <f>-6     x'     y'     . 

112.  -008-^  +f  8m-^--r— =  C08-^-5— ,    -,  +  ^5  =  1. 
a  2        0  2  2        a'     b 

J         x  =  aco»6,       35  =  a  cos  A, 
Ans.  »    •    /I   or         ,    •     , 

y  =  6 sin  &,        y  =  bsm<p. 

a;  =  *l, 

y=60'.  —     y^-2- 


8in-'x  +  8in-'y  =  120«,  ^         '«  =  *; 

COS    «-cos    y=60\  t/m^- 

114.     If  a,  j8,  y  are  the  angles  of  a  triangle,  and 


Bin  a 


2  sin  y 
then  the  triangle  is  isosceles. 
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115.  An  object  6  feet  high,  placed  on  the  top  of  a  tower, 
subtends  an  angle  tan~*  .015  at  a  place  whose  horizontal  distance 
from  the  foot  of  the  tower  is  100  feet :  find  the  height  of  the 
tower.  -A-na.     170  feet  nearly. 

116.  A  person  observes  the  angle  subtended  by  a  tower  and 
its  spire  to  be  the  same ;  he  knows  the  height  h  of  the  tower,  and 
his  distance  a  from  it.     The  height  of  the  spire  is 

a  —h 

117.  A  person  at  distance  of  20  yards  from  the  nearer  of  two 
towers  in  the  same  straight  line  w-^h  him,  and  10  yards  apart, 
observes  them  to  subtend  the  same  angle.  Passing  the  nearer 
tower  a  certain  distance,  he  observes  them  again  subtend  the  same 
angle,  the  complement  of  the  former.  The  heights  of  the  towers 
are  6  ,^5,  4  J5  yards  respectively. 

118.  A  person  at  distance  a  from  a  tower,  observes  the 
elevation  a  of  the  tower,  and  of  the  top  of  the  flagstaff  (90°  — a)  ; 
the  height  of  flagstaff  is  2a  cot  2a. 

If  the  distance  from  the  tower  is  unknown,  and  on  receding 

c  feet  the  elevation  of  tower  is  - ;  then  the  height  of  flagstaff  is 
c  cosec  a  cos  2a. 

119.  From  each  of  two  stations  in  the  same  horizontal  plane 
at  distance  £>  from  each  other,  a  pillar  on  a  hill  in  the  same  ver- 
tical plane  with  the  stations  is  observed  to  subtend  the  same 
angle  at  each  of  the  two  stations,  and  the  elevations  of  the  top 
of  the  pillar  are  c,  e'  at  the  two  stations  respectively.     The  height 

of  pillar  is 

D  cos  (f '  +  c) 

sin  [i  —  e)    * 

120.  The  length  of  the  shado-v^  of  a  tower,  height  h,  is  observ- 
ed twice  in  the  same  day  to  be  a,  6,  and  the  difference  of  the 
altitude  of  the  sun  on  the  two  occasions  was  a,  shew  that 

h'  +{a  —  b)h  cot  a  +  aft  =  0  ; 
and  explain  the  two  values  of  h  obtained  from  this  equation. 
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SECTION  IV. 

BELATIONS  BETWEEN  THE  SIDES  AND  ANGLES  OP  A  TBI 
ANGLE.  THE  RADU  OF  THE  CIRCUMSCRIBED  AND  INSCRIBED 
CIRCLES. 

36.  We  now  proceed  to  establish  some  important  relations 
between  the  sides  and  the  Trigonometrical  Ratios  of  the  angles  of 
a  triangle. 


S     a  c 


Let  ABC  be  a  triangle,  from  A  draw  AB  perpendicular  to  BO 
or  BG  produced :  then  denoting  the  angles  of  the  triangle  by  a,  ^,  y, 
and  the  sides  opposite  to  them  by  o,  6,  c  respectively,  we  have 

.    ^     AD  ,-         .    „ 

Bin  p  =■  -r-o ,  or  AD  =  c  sm  ^ ; 

AD 
sin  y  =  sin  ACD  =  j-^  >  or  AD  =  6  sin  y. 

Hence  c  sin  j8  =  6  sin  y, 

sin  B     sin  v 

or  — ^  = '- . 

6  0 

Similarly,  by  dropping  a  perpendicular  from  B  on  AC,  we  have, 

sin  a  _  sin  y 

J  ^.       ,  sin  a      sin  B     sin  y 

and  therefore  e  — r^  = '-  . 

a  b  e 

&T.  S 
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37.  Again  we  have 

BD  =  ABco^P        =ccoap, 

CD  =  AC  cos  ACD  =  b  cos  y,  if  -y  is  acute ; 

=  —  b  cos  y,  if  y  is  obtuse. 
But  a  =  BG  =  BD  +  CD  in  the  first  case, 

=  BD  —  CD  in  second  case ; 
and  therefore  in  both  cases, 

a  =  ccos  {3  +  h  cos  y. 
This  may  be  derived  from  the  forms  in  the  preceding  Article 
as  follows ; 
since  a=  180- (/3  +  y), 

c  sin  a  =  c  sin  (j8  +  y)  =  c  sin  (3  cos  y  +  c  cos  ^  sin  y, 
or  a  sin  y  =  b  sin  y  cos  y  +  c  cos  )S  sin  y ; 

and  therefore  a  =  6  cos  y  +  c  cos  ^, 

as  before. 

Similar  forms  may  be  proved  for  each  of  the  other  sides  of  the 
triangle. 

38.  Again  (a  -  6  cos  y)*  =  (c  cos /?)* ; 

.-.  a'—  2ab cos y  +  6* cos' y  =  c'  —  c* sin* j8 
=  c*-b^  sin*  y ; 
.'.  c*  =  o'  +  6*  -  2ah  cos  y, 
and  so  for  the  other  sides.     This  may  also  be  put  in  the  form 

^^y=       'lab       • 
This  formula  may  be  obtained  geometrically  as  follows. 
By  Euclid,  ii.  13,  ii  ACB  is  acute, 

AB'  =  BC'  +  AC  -  2BC.  CD ; 
and  by  Euclid,  ii.  12,  if  ACB  is  obtuse, 

AB' ~BG'+AC'+  2BC .  CD. 
In  first  case  CD  =  b  cos  y,  in  second  case  CD  =  —  b  cos  y. 
Hence  in  both  cases 

c'  -  a'  t-  b'  -  2'ih  cos  y. 


RELATIONS  BETWEEN  THE  SIDES  AND  ANGLES.  G7 

39.     From  the  forms  in  the  last  Article,  we  haye 
,  ,     o'+6*-c*     c'-la-hy 

1  _  cog  V  =  1  —  = i^ — 

'  2ab  2a6        ' 

o  •  tY     (c-a  +  b)(c  +  a-b) 

Let  2«  =  a  +  6  +  c, 

and  therefore    s-a=  — » —  ,  and  so  for  «  -  i,  *  -  c 

A    J        V  •  t  y      (s-a)(8-b) 

And  we  nave  sin  k  = -r . 

2  ao 

.     .      ,                 (a  +  6)*  -  c*     (a  +  b+c)(a  +  b-c) 
Again.   l-.co8y  =  V_^i__.V 2A_ /. 

,7     » (»  -  c) 
••^°^2  =  -V-- 

Soalso  i^'lJlZp^, 

2         » (»  -  c) 

And        sin"  y  =  4  Bin*  5  cos*  ^  =  4 -^ ^-^-ni * 

2 

or  sin  y  =  -7  ,y{«  (»  -  a)  («  -  J)  («  -  c)}. 

Similar  forms  may  be  proved  for  the  other  angles. 
From  these  forms  the  formulse  of  Art.  36  may  bo  directly 
deduced. 

40.  To  find  the  area  of  a  triangle.  The  area  of  a  triangle  is 
equal  to  the  rectangle  contained  by  half  the  base,  and  the  perpen- 
dicular upon  the  base  from  the  opposite  angle,  that  is, 

area  ABC  =  ^BC  .  AD  =  ^absmy; 

this  gives  the  area  in  terms  of  two  sides  and  the  included  angle. 
Substituting  for  sin  y  from  the  preceding  Article,  we  have 
area  ^5(7  =  ^{«  («  -  a)  (»  -  6)  («  -  c)}  j 
which  is  in  terms  of  the  sides  only. 

This  expression  is  frequently  denoted  by  S. 

e2 


68  PLANE  TRIGONOMETRY. 

41.     To  ^nd  the  radiiis  of  the  circumscribed  circle. 


Let  ABC  be  a  triangle,  BE  the  diameter  of  the  circumscribed 
circle.  Thea  angle  BEG  =  BAG  =  a;  and  BGE  is  a  right  angle, 
and  "we  have 

BG      .  ^_,       a 

Jj-t/  SID  a 

which  gives  R  in  terms  of  one  side  and  the  angle  opposite  to  it,  R 
being  the  radius  of  the  circle. 

Substituting  for  sin  a  in  terms  of  the  sides  we  find 
J,     ahc 

These  results  may  also  be  obtained  from  the  construction  for 
finding  the  centre  of  the  circumscribed  circle  given  in  Euclid,  TV.  5. 

For  BG  being  bisected  in  D,  and  0  being  the  centre,  angle 
BOG  =  twice  the  angle  at  circumference 

=  2a ; 
and  therefore  BOD  =  a,    BD  =  „  , 

and  ^-jSsina,  as  before. 


THE  INSCRIBED  CmCLE. 
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42.     To  find  the  radtiis  of  the  inscribed  circle. 
Let  0  be  the  centre  of  the  inscribed  circle ;  OA',  OB',  OC  per- 
pendicular to  the  sides  and  equal  to  r.     Then  the  area  of  triangle 


BOG  is  \ray  and  so  also  for  triangles  BOA,  CO  A, 
triangle  ABC  equals  the  s\un  of  these  triangles. 


But  area  of 


or 


5  ro  +  5  »^  +  5 »«  =  area  of  ^5C« 

Ji  £  £ 

s 

.* .  r  —  -  . 

8 


S; 


To  find  the  radii  of  the  escribed  circles,  that  is,  of  the  circles 
which  touch  one  side,  and  the  other  two  sides  produced.  Let  0* 
be  centre  of  the  circle  touching  BC 
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Then  (yA'  =  O'B'  =  O'C = r« 

imd  AABC  «  A5ii  (T  +  ACJC/  -  Ai?C(7, 

o     1  1    7.     1 


OP  r„  = 


so  also  n  =  T  ,  Te  =■ 


8-a 

S         _    S 

6,  7*0  — 
fi  — C 


EXAMPLEa    (A). 

Prove  the  formulae  : 

sin  a  +  sin  /8  _  a  +  6 
sinjS        ~     b     ' 

-      sin  a  +  sin  /8  _  a  +  J 
sin  a  —  sin  j8     a  —  b' 


1. 


3. 


sin  a  +  sin  ^  —  sin  y     a+b  —  e 
sin  a  —  sin  ft  +  sin  y     a  —  6  +  c. 


.      sin  a  —  sin  B     sin  y 

4.    —!-  = ' , 

a  —  b  e 

,       b  sin"  ^ 
a+c- J  2 


5. 

6.     cos  y  = 


4c  a  +  6  —  c ' 

sin'a  +  8in')8  -  sin'y 


2  sin  a  sin  )8 

7.  a  + 6 +  c  =  (a  + 6)  cosy +  (a  +  c)  cos /3  +  (6  +  c)  cos  a. 

8.  (a  +  6)  (l-cosy)=c(c08a+cosyS). 

^      sina  +  sinfl         siny  .y 

9.  ^  = —  =  cot  ^  . 

cos  a  +  cos  p      1  —  cos  y     J 

10.  c  (1  -  cos'yS  -  cos'a)  =  cos  y  (a  cos  a  +  6  cos  /^ 

11.  Ifa  =  6,  shewthattt:?j3. 
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12.  If  c  cos/?K(cosy,  shev  that  the  triangle  is  isosceles  (6=c). 

13.  If  a  sec  ^  =  2c,  the  triangle  is  isosceles  (b  a  e). 

1 4.  If  the  triangle  is  isosceles,  (a  s  5),  o  b  2a  sin  ^ . 

15.  If  c  =  2a8in^,    then  the  triangle  is  either  isosceles,  or 

c  =  J  a  (a  —  6). 

1 6.  If  («  —  a){s  —  b)=  ab,  the  triangle  is  impossible 

17.  If  » («  —  c)  =  -„  ,  one  angle  is  a  right  angle. 

18.  The  area  of  a  triangle  whose  sides  are  4,  5,  7  inches 
respectively,  is  4^  square  inches. 

19.  Two  sides  of  a  triangle  are  8  and  10  inches,  and  the 
included  angle  is  30**;  the  area  is  20  square  inches. 

20.  The  sides  of  a  triangle  are  in  A.  p.  and  their  common 
difference  is  2  inches.  If  the  area  is  3^15  square  inches,  find  the 
sides.  Ans.     4,  6,  8  inches. 

21.  If  the  area  of  a  triangle  is  equal  to  84  square  inches,  and 
two  of  its  sides  are  15  and  13  inches,  find  the  third  side. 

Ant.     14  inches. 

22.  The  sides  of  a  triangle  are  3,  7,  8  j  compare  the  radii  of 
the  inscribed  and  circumscribed  circles.  Ans.     H  :r  =  7  :  2. 

23.  If  the  area  of  a  triangle  ia  ^ab,  then  the  angle  y  is  a  right 


angle. 

Tf  ff  = 

2 


24.     Ifi?  =  |,theny=90'. 


25.  If  r  =  «-c,  then  o*  +  6'  =  c*. 

26.  Shew  that  r,+  r»  =  coot  ^. 

1  4 

27.  Ifr,=r»=5r«  then«  =  ^a. 
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28.  If  r„  +  n  =  r.,  then  c=^^±*^?^^p5±?. 

o 

ooi:«y  aS      a  +  b+C 

29.  6  cos'  -^  +  c  coB*^  = ji . 

30.  (6-c)cos^  =  a8in^^. 

31  -^1         -^     g-« 

6  c  6c    ' 

32.  cot5  +  cot^  =  -. 

i  2      r 

33.  r  =  « tan  ^  tan  ^  tan  ^ . 

^        J         J 

a    1-cos/S  fi        a 

34.  T-Tj =tan^cot^. 

o    1  —  cos  a  2         2 

QK  sing  a    .    )3   .    y 

cot  -  +  cot  ^ 

36.  ^+£Zf^  +  f5^^  =  0. 

»•«  n  J-o 

37.  i(a  +  c)  sin  ^  =  6  cos  — ^ , 

38.  If  sin  a,  sin^,  siny  are  in  A.P.,  then  tan  ^  tan  h^  =  «  • 

39.  -45C  is  an  isosceles  right-angled  triangle,  one  of  whose 
base  angles  B  is  trisected  by  the  lines  BD,  BE.     Shew  that 

AD:DE:EG=JZx2  -.JZ-l. 

40.  Ti  AD  is  the  perpendicular  from  A  on  the  side  BC  of  a 
triangle  ABC,  and  i)^,  i)i^  are  drawn  perpendicular  to  AB^  AG 
respectively,  shew  that  EF  xR  =  area  of  triangle  ABC. 
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EXAMPLES.    (B). 

Prove  the  following  relations  between  the  aides  and  angles  of 
a  triangle. 

1.  o*  +  6*  +  c*  =  2a6  cos  y  +  2ac  cos  )3  +  26c  cos  a. 

2.  a  (6  cos  y  -  c  cos  /3)  =  6*  -  c*. 

3.  cosa  +  oosfl  =  2 sin^  . 

ftsiny 

4.  tan  a  = r — '—  . 

•^     o-ocosy 


6.     cot  a  —  cot  3  =  —f—. — . 
'^     oo  sin- 


6.  a*  sin  2^3  +  6'  sin  2a  =  2ab  sin  y. 

y 

7.  JB  =  ^(a  +  6+c)sec5  sec  ^  sec|.. 

„       1       ,a      1       ,/3      1       ,y      (a  +  b  +  cY 

8.  -  cos*  ^  +  r  cos*  ^  +  -  COS*{  =  .    r  . 

a        2     6         2     c        2  4<i6o 

n         ,       X       "x        /3  2(J 

9.  l-tan^tan^  = r — . 

2        2     a+6+o 

vers  a  _a  +  c  —  b  a 
versjS"  6  +  c-o'6* 

jj      ootf  +  ooti  ^^ 


a  if  +  o  —  a' 

oot-2 


12.     2Rr=     "^ 


o  +  6  +  c' 


13.  4 if  sm  ;j  Bin  ^  sm  ^  =  r. 

J       J        ^ 

14.  rjr^^rjr,-^r^,  =  e. 
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15.  a  cos  o  +  6  cos  ^  +  c  cos  y  =  iB  sin  a  sin  ^  sin  y. 

16.  W5=^«. 

17.  r,ri,r,  =  r8'. 

18.  r^  +  r^  +  re  — r  =  4-ff. 

19.  sin(^-y)^y-c« 

sin  a  a*     ' 

20.  cot  J  -  cosec  |  :  cot  ^  +  cot  |  =  6  +  c  -  a  :  2a. 

Prove  the  following  expressions  for  the  area  of  a  triangle. 

21.  (rrj'^r^)K 

22.  jffr  (sin  a  +  sin /?  +  sin  y). 

--      a*  —  6' sin  a  sin  ^ 
~2~  sin(a-^)  • 

„.  2a5c  a        /8        V 

24.     — -^ cos  ^  cos  ^  cos  ^ . 

a+l+c       2        2       2 

_-        2s*  sin  a  sin  ^  sin  y 
(sin  a  +  sin  )8  +  sin  y)*  * 

26.  «'f-2!i^::r)H.cota|.      • 

4  (,     sina  j 

27.  «(«  —  a)  tan-. 

28.  ^  ^a*6c  cos  j8  cos  y  +  fi'oc  cos  a  cos  y  +  c*ab  cos  a  cos  fi. 

29.  i  ^2a*6  V  (sin  2a  +  sin  2)3  +  sin  2y). 

30.  The  areas  of  all  triangles  described  about  the  same  circle 
vary  as  their  perimeters. 
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31.  If  a*,  6*,  o'  bo  in  a.  p.,  then 

sin  3^      fa*  -  c'\* 

32.  If  a,  &,  c  be  in  A.  p.,  then  will  r^  r,,  r,  be  in  h.  p. 

33.  Shew  that  R,  r  have  a  common  measure  if  a,  5,  o  have 
one. 

34.  The  distances  between  the  centres  of  the  inscribed  and  the 
centres  of  the  escribed  circles  are 


4^  sin  ^  ,  4^  sin  ^ ,  45  sin  ^  , 

i  A  A 


respectively. 


35.     If  p^  Pi,  p,  be  the  perpendiculars  from  the  angles  on  the 
opposite  sides,  then 

8«V 


PaPtPc  = 


abc 


36.  If  2  be  the  length  of  the  line  bisecting  the  angle  a,  then 

.     IJbcs  .{a  —  a) 

I  = r . 

0-¥C 

37.  If  the  perpendiculars  from  the  angles  of  a  triangle  ABC 
on  the  opposite  sides  meet  in  0,  then 

AO 
tana=-g^, 

and        A  0  :  BO  :  CO  =  sin  a  tan  a  :  sin  /3  tan  ^  :  sin  y  tan  y, 

38.  If  tan  a,  tan  P,  tan  y  are  in  a.  p.,  then 

o*  +  c*  =  6*(a*  +  c'). 

39.  If  a,  b,  c  be  the  sides  of  a  triangle  inscribed  in  a  circle 
radius  E,  then 

Sr  (o*  +  6*  +  c*  -  2a*b*  -  2a  V  -  2b'c')  +  o*6V  =  0. 


76  PLANE  TRIGONOMETBY. 

EXAMPLES.    (C). 

In  any  triangle,  prove  that 

1.  cota  +  cotjS  +  coty= j™ , 

2.  6'sin2y-26csin08-y)-c'8in2)8=O. 

3.  6*cos2y  +  26ccos(/8-y)+c'cos2jS  =  a*. 

4.  {b'  -  c')  cot  a  +  (c»  -  a*)  cot  yS  +  (a*  -  b')  cot  y  =  0. 

..      .      ax)8^y*,„/lll\ 

5.  tan  K  +  tan  ^  +  tan-^  +-  =  4iK-+r+-). 

2  2  2     r  \a     b      cj 

6.  »  =  r  (cot^  +  cot^+cotlj  =jB(sina  +  sinj3  +  siny). 

7.  a*  tan')8  -  2a6  tan  j8  sin  y  +  6'  =  6*  cos'y  sec*^. 

8.  4:r*«  =  c^c  (cos  a  +  cos  /8  +  cos  y  - 1 ). 

9. =  tan  s- tan-. 

r«     n  2  2  . 

a    iS-y     iS    a  — y     y    o  — )8 
cos  ^  cos !-—     cos  ^  cos  — 2"^  cos  I  cos  ^— 

10.   7 =       ,    . 

o+c        a  +  c  a+  0 

12      «'sin(^-y)  ^  6'sin(y-a)  ^  c"  sin  (a  -  ^)  ^  ^^ 
sin  a  sin/8  siny 

',    13.     (a  +  6  +  c)  (cos  a  +  cos ^  + cosy)  .  J 

=  2a  cos*  1  +  26  cos'|  +  2c  cos*  | , 


ft         io         v 

14.     S  =  8*  tan  ^  tan  ^  tan  ^ . 


IK      a      .    a   .    /3  . 
16.    <5  =  am  ^  sin  ^  sin 
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2  (sin  a     sinjS     sinyj 


16.  The  distance  of  the  foot  of  the  perpendicular  from  the 

6*  -  c* 
angle  A  on  the  side  a,  from  the  middle  point  of  a,  is  —^ — . 

17.  If  cot  a,  cot)3,   coty  are  in  arithmetical  progression,  so 
also  are  a*,  6*,  c*. 

18.  If  p„,  />4, ;?,  be  the  perpendiculars  fiom  the  angles  on  the 
opposite  sides,  then 

1111 

—  +—  +  —  =  -. 
P.     Pt     P,     *• 

.    n  •                o  sm  ^  sm  ir 
1ft      ai.       i.1,  i.  asin/Ssmy  ^ 2         2 

19.  Shew  that  r=—. :^—r- — '- —  =  ■ 

sin  a  +  sm  a  +  sin  y  a 

^  '  cos  - 


Oft      ov       j.1.  i.  a  am  ^  sin  y  2 

20.     Shew  that  r.  =  -: — y^ r^- ^ —  =  — — 

sm/0  +  8iny-8ina 


a  cos  -  cos  - 


cos^ 

21.  Shew  that  r,-^ri  +  r,  =  2R  (cos? |  +  cos* ^  +  cos*  H . 

22.  If  y  be  a  right  angle, 

cos(2a-j8)  =  T(3c»-4a*). 

23.  The  perpendicular  from  C  on  the  q)po8ite  side  AB  \a 

ah      a  sin  a  4-  5  sin  )3  +  c  sin  y 
.  2  *  o6  cos  y  +  ac  cos  fi  +  bc  cos  a  * 

24.  Ifo  :/8:y=2:  3:4,  then  ^^  =  oos5. 

25.  The  length  of  the  line  drawn  bisecting  the  angle  a,  and 

^.      ^,      ...     26c         a 
meeting  the  side  a  is  . —  *^°^  o  • 
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26.  In  any  triangle  the  perpendicular  from  the  angle  A  on 

i.1.      •  J     »/^  •            1  J.    **  sin  y  ±  c*  sin  P 
the  side  ^C7  is  equal  to '-. — . 

27.  If  A'B'C  be  the  triangle  formed  by  joining  the  feet  of 
the  perpendiculars  from  the  angles  A,  B,  C  on  the  opposite  sides, 
then^C'  =  i28in2a. 

28.  If  a'6V  be  the  sides  of  the  triangle  A'B'C,  then 

(^     h'     (/_a«  +  6'  +  c' 
^,  +  53  +  p  2ab^' 

and  a'  +  b  +c=-^3. 

29.  If  a',  b',  c'  be  in  A.  p.,  then  a  sec  a,  bsec^,  csecy  are 
in  H.  p. 

30.  If  tan  ^  tan  ^  = =- ,  then 

2        2     n+1 

a      ,       B     ,       y         sin  a  2       n  —  cos  a 

tan  ^  +  tan  ^  +  tan  ^  = + ^  . — : . 

2  2  2»  —  cosa/i  +  1      sina 

31.  The  distance  between  the  centres  of  the  escribed  circles 
touching  the  sides  a,  6  is 

2c  J^ 

32.  If  8,  s'  be  the  semi-perimeters  of  two  triangles,    and 

r.  =  r'  :  then :  — 7—  is  the  ratio  of  the  radii  of  the  inscribed 

8         s 

circles. 

sin)8  b 


33.     Prove  that  -7 


sin  (a  —  )8)      a  cos  (d—  b  cos  a. 

34.  If  jo,  q,  r  be  the  perpendiculars  from  the  angles  upon  the 

p*     be 
opposite  sides  a,  b,  c,  respectively ;  then  —  =  — . 

35.  The  distance  of  the  points  of  contact  of  the  inscribed 
drcle  with  the  sides  AB,  AC  from  the  angle  A  are  «  -  a. 


""■-"=  v/(^")- 
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36.  If  a,  6,  0  be  in  arithmetical  progression,  then 

37.  If  the  sides  of  a  triangle  are  in  arithmetical  progression, 
then  the  cotangents  of  the  half  angles  are  in  arithmetical  pro- 
gression. 

38.  In  a  right-ai^led  triangle  (y  the  right  angle), 

2 

39.  If  0  be  the  centre  of  the  circles  inscribed  in  a  triangle 
ABC,  and  Ji^  R^,  R^  the  radii  of  the  circles  circumscribed  about 
the  triangles  BOC,  AOC,  AOB,  respectively,  then 

R^        R^         Rg 
.    a  ~  TjS^"^' 
«^2     "^2     "^2 

40.  Shew  also  that  the  distance  of  the  chords  common  to 
these  circles  and  the  inscribed  circle  are  distant  from  0, 

I*        i>        n^ 
IR^    27?/    2R; 
respectively. 

41.  If  0  be  the  centre  and  D,  E,  F  the  points  of  contact  of 
the  circle  inscribed  in  a  triangle  ABC,  then 

OA.OB.  OC{AF+  BD  +  CF)  =  4R.  AF.  BD  .  CE. 

42.  If  0  be  the  centre  of  the  inscribed  circle  of  a  triangle 
ABC,  and  0^  0^  0,  the  centres  of  the  escribed  circles,  shew  that 

AO      BO      CO 
AO^^BO^^CO' 

43.  If  R^,  R^,  R^  be  the  radii  of  the  circles  circumscribed 
about  AEF,  BDF,  CDE,  (Ex.  41)  respectively,  then 

ai?/  +  6;?/  +  ci?/  =  ^. 

44.  If  ilZ>  be  drawn  through  0  the  centre  of  the  inscribed 
circle  then  the  radii  of  the  circles  circumscribing  ADB,  ADC  are 


together  equal  to  2R  cos  ^ 
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45.  If  Pa,  p„  be  the  radii  of  circles  passing  through  A  and 
touching  the  side  £C  of  the  triangle  ABC  in  the  points  B,  (7,  then 
oj}^  =  iB*,  and  the  radius  of  circle  touching  BC  in  its  middle  point 

is 

2  (6'  +  c')  -  a' 

86  sin  y 

46.  If  A'B'C  be  points  in  the  sides  BC,  AC,  AB  of  a  triangle 
such  that 

BA'  =  \a,  CB!  =  \h,AC'  =  \c; 

S 
then  the  area  of  the  triangle  A'B'C  is  ^ . 

47.  An  isosceles  triangle  is  described  about  two  circles  (radii 
r,  r')  which  touch  each  other,  so  that  its  equal  sides  touch  both 
the  circles,  and  its  base  the  larger  circle;  shew  that  its  base  is 

/T  T  +  T         It 

2r    I  -J,  and  its  sides  are  r . -> .    / -7 • 

48.  If  0  be  the  centre  of  the  circumscribed  circle,  and  r^  r,,  r^ 
the  radii  of  the  circles  circumscribed  about  COB,  AOC,  BOA 
respectively,  then 

r^  cos  a  =  r^  cos  fi  =  r^  cos  y. 

49.  If  J)  be  any  point  in  the  sides  BG  of  a  triangle  ABC, 
and  if  k  be  the  harmonic  mean  between  the  radii  of  the  circles 
described  about  the  triangles  ABB,  ADC,  then 

AB      .    .      . 
—r-  =  sin  p  +  sin  y. 

50.  ABC  is  an  isosceles  triangle  {AB  =  AC):  on  BC  as  dia- 
meter a  circle  is  described  meeting  AB,  AC  in  B,  E ;  BC,  EB 

intersect  in  0.     Shew  that  area  ABOC=^  a'  cot  a. 

51.  A  tangent  drawn  from  a  point  outside  a  circle  (radius  r) 
makes  an  angle  26  with  the  diameter  through  that  point.  Shew 
that  the  distance  of  the  point  from  the  circle  is 

r(l-tang)' 
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52.  If  sides  BA,  CA  of  a  triangle  be  produced  to  D,  E  bo  that 
AD-AEy  and  the  area  of  the  triangle  ADE  equals  the  area  of 
the  triangle  ABC:  shew  that  the  radius  of  the  circle  inscribed 
in  DAE  is  equal  to 


Jbc  fl+sm  I j 


53.  If  lines  be  di-awn  bisecting  the  angles  of  a  parallelogram, 

the  area  of  the  rectangle  formed  by  these  lines  equals  ^  (a  —h)'  sin  a, 

where  a,  b  are  the  sides  of  the  parallelogram,  and  a  the  angle 
between  them. 

54.  If  a  triangle  have  sides,  which  vary  inversely  as  the 
Harmonic  means  of  the  radii  of  the  escribed  circles  taken  two 
and  two,  it  is  similar  to  the  original  triangle. 

55.  Find  the  length  of  the  line  bisecting  the  triangle  ABC  and 
making  equal  angles  with  the  sides  AB,  AC,  and  find  the  condition 
that  the  problem  is  possible. 

Ans.    length  =  J'2.8-b.a-c,  and  one  side  must 
not  be  greater  than  twice  the  other. 

56.  Three  circles  (radii  r,,  r,,  rj  touch  one  another :  shew 
that  the  radius  of  the  circle  passing  through  the  three  points 
of  contact  is 


x/ 


r.  +  r.  +  r. 


Also  if  a,  &,  c  be  the  chords  joining  the  points  of  contact  of 
the  three  circles,  then 


abc     \r      rj  \r,     rj  \r,     rj ' 


B.T. 
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SECTION  V. 

SOLUTION  OP  TRIANGLES.    FOUR  CASES.    THEIR  TREATMENT 
IN  EUCLID.   APPLICATION. 

43.  Every  triangle  has  six  parts,  three  angles  and  three 
sides ;  these  parts  are  not  independent  of  each  other,  for  the  three 
angles  are  always  equal  to  two  right  angles,  that  is,  we  always  have 

o  +  /8  +  y  =  180'' I. 

Also  between  the  sides  and  angles  two  other  relations  independent 
of  each  other  can  be  proved  to  exist.  Take  for  instance  the  rela- 
tions proved  in  Art.  36, 

sin  a      sin  P  ^^ 

a  b  '     "  . 

sin  a  _  sin  y  --- 

a  c 

From  I.  II.  III.  all  other  relations  between  the  sides  and 
angles  may  be  deduced.  If  we  had  taken  any  other  two  of  the 
relations  proved  in  the  last  section  which  are  independent  of  each 
other,  we  could  with  equation  I.  have  deduced  all  the  rest. 

Hence  sLace  we  have  three  and  only  three  independent  equa- 
tions amongst  the  six  parts  of  a  triangle,  if  three  parts  are  given, 
we  are  enabled  to  determine  the  other  three.  Also  three  parts  at 
least  must  be  given ;  but  if  more  were,  we  should  find  one  or  more 
equations  between  them  to  express  the  condition  that  these  parts 
may  belong  to  the  same  triangle. 

We  may  observe  also,  that  the  three  given  parts  must  not  all 
be  angles  ;  for  by  equation  I.  if  we  know  two  angles  we  also  know 
the  other,  and  so  having  three  angles  given  would  really  amount 
to  knowing  only  two  parts ;  one  part  then  at  least  must  be  a  side. 
Also  we  must  not  have  two  sides  given  us  less  than  the  thii"d 
side,  nor  such  as  to  make  the  sines  and  cosines  involved  in  our 
formulae  greater  than  unity.     (See  Art.  46.) 

The  process  of  finding  the  other  parts  of  a  triangle,  when  three 
of  them  are  known,  is  called  solving  the  triangle. 
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44.  In  solving  triangles  we  shall  find  four  distinct  cases  pre- 
sent themselves. 

Case  I.     When  the  three  sides  are  given. 

Case.  II.     When  two  sides  and  an  angle  opposite  to  one  of 
them  are  given. 

Case  III.     When  two  sides  and  the  included  angle  are  given. 

Case  IV.     When  two  angles  and  a  side  are  given. 
We  shall  treat  each  of  these  in  order. 

45.  Case  I.  Let  a,  b,  c  he  given ;  to  find  a,  ^,  y,  we  have, 
Art  38, 

a'+c'-b' 

cos^  = , 

2ac 

a'+b'-c' 

these  e<iuation3  completely  determine  the  angles  a,  P,  y,  but  are 
not  used  because  they  are  not  adapted  for  logarithmic  computa- 
tion, as  will  be  shewn  hereafter  (Art  61).  In  practice  we  use  the 
forms  derived  from  them  in  Art.  39. 

46.  Case  II.     Let  a,  b,  a  be  known :  to  find  c,  P,  y: 

we  have  sin  B  =  -  sin  a, 

a 

from  which  we  find  ^ :  we  then  know 

y=180-(a  +  ^), 

which  gives  y :  and  we  then  know  c  &t>m  the  equation 

sin  y 
c—  a— — '-. 
sin  a 

This  case  presents  a  peculiarity  which  we  will  now  point  out 

Let  the  angle  BAC  =  a  ;  AC  =  b;  CE,  any  line  drawn  from  C, 
equal  to  a.  With  centre  G  and  distance  CE  describe  a  circle 
cutting  AB  in  B,  5':  join  C/?,  CB;  draw  CD  perpendicular  to  AB. 

F'i 
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JSCE <GD,  the  circle  will  not  cut  AB  &^  all,  and  there  will 
be  no  triangle  with  the  parts  proposed,  that  is,  there  is  no  solution. 

If  CE>GD  and  <  (74,  two  triangles  will  be  formed,  CAB, 
GAB'y  each  having  the  angle  CAB  =  a,  the  sides  CA  =  b  and  CB 
or  CB'  equal  to  a  :  that  is  to  say,  there  are  two  solutions  of  the 
triangle. 

If  CE>CA,  then  the  circle  will  meet  AB  va.  points  -B,,  B^. 
Now  CAB^  is  not  a  solution,  inasmuch  as  the  angle  CAB  or  a  is 
not  a  part  of  it,  but  CAB^  or  180°  —  a  instead.  Hence  in  this  case 
there  is  only  one  solution  CAB^. 

Now  let  us  examine  how  these  cases  are  indicated  by  the 

Trigonometrical  formulae.     "We  have  sin  yS  = . 

a 

Now  (7Z)  =  6sLna,  CE=a,  and  if  CE<.CD,  sin/?  is  greater 

than  unity,  which  is  impossible,  and  therefore  there  can  be  no 

solution  in  this  case. 

If  CE>CD  and<(7il,  then  sinyS  is  possible,  and  6>aand 
therefore  /8>  a.  Now  two  values  ^  and  180  -)8  will  satisfy  the 
equation 

Sin  B  =  -  sin  o, 
a 

and  since  /8  may  beveither  greater  or  less  than  90*  both  these 

values  will  give  solutions  of  the  triangle. 

liCE>CA,h<  a,  and  therefore  ^  <  a  and  )8  must  be  less  than 

90*;  and  only  the  smaller  of  the  values  /3  and  180  -^  will  give  a 

solution  of  the  triangle. 
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From  the  fact  that  when  b>a  there  are  two  solutions  of  the 
tnangle,  this  case  is  called  the  ambiguous  case. 

When  a  is  obtuse,  ^  must  be  acute,  and  a>b,  and  there  is  no 
ambiguity. 

47.     Case  IIL     Let  a,  6,  y  be  known :  to  find  c,  a,  )3  we  have 

c*  =  a*  +  6*  -  2ab  cos  y ; 

this  gives  the  side  c  :  we  can  find  a  and  fi  from  the  formulss 

a   . 
sm  a  =  -  sin  y, 
c        ' 

.    „     b  . 
sin  p  =  -  sin  v. 

c       ' 

In  determining  a,  )3  in  this  manner  we  should  have  to  consider 
the  order  of  magnitude  of  a,  P,  y  from  knowing  that  of  a,b,c; 
and  so  determine  whether  a  or  180  —  a,  y3  or  180  —  /3  are  the  tiiie 
solutions.     No  ambiguity  will  really  present  itself. 

The  following  method  will  avoid  this  difficulty  as  well  as  be 
better  adapted  for  logarithms,  as  will  be  shewn  hereafter. 


Since 


sm  a 


sin/S     6' 


.  sma-sm/S     a-b 

we  have  -; ; — ^  = , 

sma  +  amp     a  +  b 

2  8m — »-cos 


or 


2  2         a-b 


o        a-/8    .     a  +  P      a  +  b* 
2  COS     ^     sm  — ~ 


a-P     a-b ^      a+B 

Now  ^=w-i; 

o-^     a-b     ^y 

.:  t&n-~-= rcoti. 

2        a  +  b       2 
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This  equation  will  give  — ~  ,  and  since  a  +  j8  is  known  we  can 

find  a  and  p. 

The  side  c  will  then  be  found  from  the  equation 

siny 
c  =  a  — — - . 
sma 

48.  Case  IV.  First,  let  a,  p,  y  be  given ;  to  find  6,  c,  a. 
We  have 

a-180''-(^  +  y}, 

which  gives  o,  arid  then  b,  c  are  determined  from  the  equations 

,        sin  fl 

sin  a 

sin-y 
c  =  a— — -. 
sm.a 

Secondly,  let  a,  a,  /3  be  given ;  to  find  b,  c,  y.     We  have 
y=180»-(a  +  )8), 
and  then  b,  c  are  found  as  before. 

49.  It  will  perhaps  be  of  advantage  to  the  student  to  com- 
pare these  cases  with  the  corresponding  propositions  in  Euclid. 

Euclid  (i.  8)  proves  that  if  two  triangles  have  their  sides  equal, 
they  have  their  angles  equal ;  in  other  words,  that  if  three  sides 
of  a  triangle  are  fixed,  then  the  angles  cannot  vary ;  this  agrees 
with  Case  I. 

Euclid  (I.  4)  in  the  same  way  agrees  with  Case  III.,  and  (i.  26) 
with  the  two  parts  of  Case  IV. 

Case  II.  we  have  already  considered  geometrically,  but  the 
student  would  do  well  to  compare  it  with  Euclid,  vi.  7. 

50.  We  give  the  following  as  an  example  of  the  application 
of  the  rules  in  this  section  to  practical  purposes. 

Let  it  be  required  to  find  the  distance  between  the  summits 
P,  Q  of  two  inaccessible  mountains.  At  A  let  the  observer 
measure  the  angles  PAB  =  a,  QA£  =  a,  PAQ  =  y;  at  J?  let  him 
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measure  PBA  =  P,  QBA  =  ft',  and  also  let  him  measure  the  dis- 
tance AB  =  a.  Let  AP  =  x,  AQ  =  y.  Then  he  would  proceed 
with  his  calculations  as  follows  : 

,-.  sinB  sin  B' 

Ar  =x=a-. — -- — >.  ,  y  =  a 


8in(a  +  /8)'^         sin(a'  +  )3^' 
wliich  give  x  and  y.     PQ  is  then  known  from  the  equation 
PQ*  =  x'  +  1/'  -  2x1/  cos  y. 

EXAMPLES.     (A). 

1.  If  a  =  2,  6  =  3,  c  =  4  ;  solve  the  triangle. 

Ans.     a  =  28».  57' ;  /3  =  46*.  34' ;  y  =  104*.  29'. 

2.  If  a  =  4,  6  =  5,  c  =  6  ;  solve  the  triangle. 

Ans.    a=  4r.  36';  iS  =  55".  46' j  y  =  82«.  38'. 

3.  If  a  =  3,  6  =  7,  c  =  5 ;  solve  the  triangle. 

Ans.     a  =  21«.47',  i8=120*,  y=S8M3'. 

4.  If  o  =  5,  6  =  6,  c  =  7  ;  solve  the  triangle. 

Ana.     a  =  44*.  25',  ft  =  57*.  7',  y  =  78«.  28'. 

5.  Ifa=ll,  6  =  15,  y  =  78''.28';  solve  the  triangle. 

Ans.     c  =  16-7332  nearly,  a  -  40*.  6',  ^  =  61*.  26'. 

6.  If  a  =  9,  6  - 10,  y  =  60*,  find  c.  Ans.     c  =  9-539. 

7.  If  0=21,6=15  J2,  y  =  45* ;  solve  the  triangle. 

Ans.     c  =  16-1554,  a  =  66*.  48',  /8  =  68».  12'. 

8.  If  a  =  68*.  1 3',  /8  =  45*.  35',  a  -  25  ;  find  6. 

Ans.     6=19-2  nearly. 
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9.  If  a  =  60",  6  =  20,  c  =  10 ;  solve  the  triangle. 

Am.    ^  =  90',  y  =  30»,  a  =  17-32. 

10.  If  a  =  38*.  13',  yS  =  2r.  47',  c  =  77 ;  solve  the  triangle. 

Ans.    a  =55,  6=33,  y=  120'. 

11.  If  iS  =  30",  7  =  45«,  a  =  7  ;  solve  the  triangle. 

Ans.     a=105«,  6  =  3-62,  c  =  5-12. 

12.  If  6  =  c7 ^2,  c  =  (^3  +  1)  c?,  a  =  45  ;  solve  the  triangle. 

Ans.     a  =  2d,/3  =  30°,  y  =  105". 

13.  Having  given  the  Enes  p,  q,  r  drawn  from  the  angles 
A,  B,  C  of  a  triangle  to  bisect  the  opposite  sides,  shew  that 

If  y  is  a  right  angle,  shew  that  p'  +  q'  =  5r'. 

14.  A  lake  is  .bounded  by  a  vertical  cliff  whose  height  is 
equal  to  the  breadth  of  the  lake  (a)  :  from  a  balloon  above  the 
lake  they  subtend  the  same  angle  a.  Shew  that  the  height  of 
the  balloon  is 

„— .  —  (sin  a  +  cos  a). 
2  Sin  a  ^  ' 

15.  The  courses  of  two  ships  are  N.,  and  E.,  and  theii-  rates 
of  sailing  are  as  1  :  ^2.  The  bearing  of  the  former  to  the  latter 
was  E.N.E.,  but  after  the  latter  had  sailed  4  miles,  it- was  N.W. 
What  was  the  original  distance  of  the  ships  1        

Ans.     2  J20-UJ2  miles. 

16.  If  in  a  triangle  ABC,  AD,  BE,  CF  axe  drawn  perpen- 
dicular to  the  sides  from  the  opposite  angles,  and  a  new  triangle 
is  formed  whose  sides  are  AD,  BE,  CF,  shew  that  the  cosine  of 

xhe  angle  opposite  to  AD  is ^-jr •  where  a,  b,  c  are  the 

sides  of  ABC. 

17.  If  in  a  triangle,  whose  sides  are  a,  h,  c,  the  lines  drawn 
fix)m  the  angles  to  bisect  the  opposite  sides  are  />,,  p,,  p^  then 
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EXAMPLES.     (B). 

1.  Ka  =  3,  6  =  6,  a  =  2r.47';  findc. 

Ana.     c  =  7,  or  2*28  nearly. 

2.  If  <i  =  5,  6  =  6,  a  =  32*.  53' ;  solve  the  triangle. 

Ans.    )3=  40».  39'  or  139».  21';  y=  106*.  28'  or  7*.  4G'; 

c=  8-8  or  1-245. 

3.  In  the  ambiguous  case,  if  a,  a,  6  be  given,  shevr  that  the 
two  values  y,  y  of  the-  third  angle  may  be  found  from  the  equa- 
tions 

y  +  y' =  1 80' -  2a,  cos  ^^^^  =  -  sin  a. 
2         a 

4.  If  c,  c  be  the  two  values  of  the  third  side  in  the  last 
question,  then  c  +  c'  =  26  cos  a,  c  ~  c'  =  2a  cos  p. 

Shew  also  that  (c  -  c')*  +  (c  +  c')*  tan*  a  =  4a*. 

Also  cc  =  6*  —  a*. 

c' 

5.  In  tlie  ambiguous  case  if  a  +  6  =  2<r,  shew  that  a  ~  6  =  q. 

A 

6.  In  the  ambiguous  case  if  sin  a  =  ^ ,  shew  that  the  angle 
between  the  two  positions  of  a  is  120*. 

7.  In  tlxe  ambiguous  case  \£  k,  k  be  the  areas  of  the  two 
triangles  formed,  shew  that 

;t+^'  =  ^sin2o,        ivfc'  =  ^6*(6*-a*)8in*ou 

8.  The  sides  of  a  triangle  are  in  A.  p.  and  its  area  :  the  ai'ea 
of  an  equilateral  triangle  of  the  same  perimeter  =  3  :  5  ;  shew  that 
its  sides  are  as  3  :  5  :  7  and  one  of  its  angles  is  120*. 

9.  If  cos  V  =  -^r—. — ^ ,  and  sin* a  =  sin*i8  +  sin*  y,  find  the  angles. 

'     2  sin  p  I-  I 

Am.     O-90*,  i3  =  y=45*. 
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10.  K  AB  he  drawn  bisecting  the  angle   4  of  a  triangle, 
and  /8,  ADC  =  S,  DC  =  d,  be  known,  solve  the  triangle. 

11.  If  a  triangle  be  formed  whose  sides  are  a  +  b,  a  +  c,  b  +  c 
respectively,  and  y'  is  the  angle  opposite  to  a  +  6,  then 


sm  -^  =  sin  ^  sin  ^  cosec 


(a  +  D  cosec  (^  +  0. 


12.  If  a,  rt,  6  +  c  are  known,  shew  that  /3  and  y  may  be  found 
from  the  equation 

B—y     b+c    .    a 

13.  Given  a,  )8,  and  a  +  b;  solve  the  triangle. 

14.  Given  the  perimeter  28,  the  area  aS',  and  the  angle  a  of  a 
triangle,  find  the  side  a. 

Ans.     a  =  8  —  cot  r-. . 
8  2 

15.  The  angles  of  a  triangle  are  as  3,  4,  5,  and  the  least  side 
is  a  ;  find  all  the  sides. 

^ns.     1^6,  |(v/3  +  l). 

16.  Given  the  vertical  angle,  the  base,  and  the  difference  of 
the  two  sides  of  the  triangle ;  find  the  other  angles. 

17.  A  straight  line  of  length  p  bisects  the  angle  BAC,  and 
divides  the  side  £C  into  parts  m,  n.     Shew  that 

p*=r.bc  —  mn. 

18.  If  perpendiculars  be  drawn  from  the  angles  of  a  triangle 
upon  the  opposite  sides,  and  the  feet  of  these  perpendiculars  be 
joined  to  form  a  new  triangle,  its  sides  are  a  cos  a,  b  cos  fi,  c  cos  y 
respectively.  \ 

19.  Find  the  height  of  a^  cloud  by  observing  its  elevation  o, 

and  its  depression  ^  when  seen  by  reflection  in  a  lake  from  a 

station  at  a  height  h  above  the  surface  of  the  lake 

■^  .  -,      ,  n     11     .    -  sin  (a  +  fl) 

An8.     Height  above  the  lake  is  h  —. — 75 :  • 

*  sm  ()8  -  a) 
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20.  ABf  CD  are  two  towers  in  the  same  horizontal  plane. 
The  height  of  AS  is  A,  the  elevation  of  Z)  at  ^  is  a,  at  ^  is  /3. 

.     ,    .  ,       »  « »v  .    't  sin  a  cos  B 
Shew  that  the  height  of  CI)  is  —r—. ^r-  ; 

,    ,     ,.  .-,.   Aco8ocos)3 

and  the  distance  At  is  — : — ; ^r- . 

Bin  (a  —  p) 

21.  Two  ships  are  lying  at  anchor  at  a  known  distance  from 
each  other  :  find  by  observations  made  on  board  the  two  ships  the 
distance  from  either  of  them  of  an  object  on  the  shore. 

22.  Find  c  in  the  equation 

b*  +  c'-  2bc  cos  a  =  o*, 
and  shew  that  the  ambiguous  case  is  involved  in  the  result. 

23.  From  the  top  -4  of  a  tower  AB  (height  h)  the  angles  of 
depression  of  two  objects  C,  2),  in  the  horizontal  plane  with  the 
foot  of  the  tower  are  observed  to  be  45" -a,  45°  + a  respectively, 
and  the  angle  subtended  by  CD  is  2a :  shew  that  CD  =  2A  tan  2a, 
and  iACD  =  ib*-a. 


EXAMPLES.     (C.) 

1.  In  any  triangle  tan  ( s  +  /^)  =  — i  ^'"^  h  • 

2.  A  circle  of  radius  r  is  inscribed  in  a  sector  of  a  circle  of 
radius  a,  the  chord  of  the  sector  being  equal  to  2c ;  shew  that 

1      1      1 
-  =  -+-. 
r     a     0 

3.  Two  inaccessible  objects  C,  D  are  observed  from   two 
stations  A,  B  id.  the  same  plane  with  them,  so  that 

CAD=:a  =  CBD,  BAD  =  13,  ABC^y,  AB  =  e: 

shew  that  CD  =  -:—, ^ r . 

Bin  (a  +  p  +  y) 
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4.  In  the  ambiguous  case  if  c,  c'  be  the  ambiguous  sides  and 
$  the  angle  between  the  two  positions  of  a,  then 

-  (c*  -  c')  sin  2a 

tan  "  ^  t; } 7~5  ToT  JJ~  • 

2  cc  -  (c  +  c  )  cos  2a 

5.  In  the  ambiguous  case  (a,  b,  a  given),  if  one  triangle  be  n 
times  the  other,  then 


a         1        r 


«."  +  1  —  2n  cos  2a. 


6.  A,  B,  G,  D  are  four  trees  in  a  straight  row,  such  that  AB, 
BC,  CD  subtend  equal  angles  at  a  point  P.  If  AB  =  40  ft , 
i?C=  20  ft.,  CD  =  60  ft.,  find  PA,  PB,  PC,  PD. 

Ans.    P^  =  24^5ft.     Pi?  =  8^10  ft.     PC=12^5ft. 

Pi>  =  24^10  ft. 

7.  In  what  direction  must  a  road  be  carried  up  a  hill,  whose 
inclination  to  the  horizon  is  a,  in  order  that  the  ascent  may  be  1 
in  w  1        Ans.   An  angle  cosec"'  (n  sin  a)  with  the  base  of  the  hill. 

8.  Two  towers  (heights  a,  h)  stand  on  a  horizontal  plane  at  a 
distance  c  from  each  other :  if  ^  be  the  angle  subtended  by  the 

tower  (a)  at  the  top  of  the  other,  then  cot  6  — . 

^  ac 

9.  A  tower  AB  stands  on  an  inclined  plane ;  at  a  point  C  on 
the  plane  the  tower  is  observed  to  subtend  an  angle  a;  and  on 
proceeding  to  a  point  D  in  the  line  A  C,  so  that  CD  =  CA,  it  sub- 
tends an  angle  /?.  If  <^  be  the  angle  between  the  tower  and  the 
•line  AG,  then  cot  ^  =  cot  /3  —  2  cot  a. 

10.  A  person  in  the  valley  between  two  hills  observes  the 
altitude  a  of  one  of  them.  He  then  ascends  the  other  through  a 
vertical  height  a,  and  finds  the  angle  of  depression  of  his  former 
station  fi,  and  the  altitude  of  the  hiU  (a  —  p).     The  height  of  the 

observed  hill  is  a   .  „  _  . 
sin^yS 

11.  A  tower  situated  on  a  horizontal  plane  leans  towards  the 
north  :  at  two  points  due  south  and  distant  a,  b  respectively  from 
the  foot  of  the  tower,  the  altitudes  of  the  tower  are  observed  to  be 
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.          b  —  ci 
a,  B  respectively :  the  vertical  height  of  the  tower  la , 

and  its  inclination  to  the  horizon  is  tan"'  t — r 7-5 . 

0  cot  a  — a  cot  p 

12.  A  quadrilateral  figure  is  inscribed  in  a  semicircle  (dia- 
meter a),  and  the  sides  drawn  from  the  extremities  of  the  diameter 
are  inclined  to  each  other  at  an  angle  a.  Shew  that  the  side  of 
the  quadrilateral  opposite  to  the  diameter  is  equal  to  a  cos  a. 

13.  A  person  at  A  observes  the  elevation  a  of  the  snmmit  C 
of  a  mountain  :  he  then  proceeds  up  a  slope  (inclination  y)  directlv 
towards  the  summit  to  jB  ;  at  ^  the  elevation  of  the  mountain  is 
P  :  if  A£  =  a,  shew  that  the  height  of  the  mountain  is 

a  sin  a  sin  (/?-y)  cosec  (fi  -  a). 

14.  A  person  observes  two  telegraph  posts  in  the  same  line, 
which  is  at  right  angles  to  the  road  on  which  he  is  walking.  After 
walking  a  yards  the  nearer  post  is  in  a  straight  line  with  a  church ; 
after  6  more  yards  the  further  post  and  church  are  in  the  same 
line,  and  the  two  posts  subtend  the  same  angle  as  they  did  at  his 
first  station.  If  the  distance  of  the  nearer  post  from  the  first  sta- 
tion ia  l,  shew  that  the  distance  of  the  church  is  = — jr-^  • 

*  -  2a 
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SECTION  VI. 

LOGAEITHMS.  THEIR  USE.  ADVANTAGE  OF  LOGARITHMS  TO 
BASE  10.  ARRANGEMENT  OF  THE  TABLES.  LOGARITHMS 
OF  THE  TRIGONOMETRICAL  RATIOS. 

51.  We  have  established  in  the  preceding  sections  certain 
relations  between  the  sides  and  angles  of  triangles  by  means  of 
which  when  we  know  certain  parts  of  a  triangle,  we  are 
enabled  to  calculate  the  rest :  and  our  examples  have  illustrated 
the  way  in  which  these  relations  may  be  applied  to  calculate  the 
heights  and  distances  of  objects  which  cannot  be  directly  measured. 
In  most  practical  cases  these  methods  would  involve  tedious 
numerical  calculations,  and  it  becomes  a  matter  of  great  import- 
ance to  shorten  them.  This  is  done  by  means  of  what  are  called 
logarithms,  as  we  shall  now  proceed  to  explain. 

52.  In  the  equation  iV=  a",  where  N,  a,  x  are  any  quantities 
satisfying  this  relation,  a  is  called  the  base,  and  x  the  logarithm  of 
the  number  N  to  the  base  a.  This  relation  is  also  thus  expressed, 
X  =  log„  K 

Hence  we  obtain  the  following  definition.  The  logarithm  of 
a  number  to  a  given  base,  is  the  index  of  the  power  to  which  the 
base  must  be  raised  in  order  to  be  equal  to  the  given  number. 

53.  In  the  equation  iV=a%  let  a  be  some  constant  quantity 
greater  than  unity :  then  as  x  gradually  increases,  iV  gradually 
increases ; 

when  x  =  0,  iV=  1 ;       when  x=l,  N=a; 

when  x  =  2,  iV=  a*;  and  when  aj  =  oo  ,  N'=  oo  . 
As  a;  increases  from  0  to  1,  iV  increases  from  1  to  a;  and 
whatever  value  x  may  have  between  0  and  1,  there  must  be  some 
corresponding  value  of  iV  between  1  and  a.  And  generally, 
whatever  positive  value  be  given  to  x,  there  must  be  some  corre- 
sponding value  of  N  between  1  and  infinity.  And  if  we  give 
X  all  possible  values  between  0  and  oo ,  the  corresponding  values 
of  X  will  comprise  all  possible  values  between  1  and  oo  . 
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Again,  if  x  receive  all  jx>8sible  values  from  0  to  —  oo ,  iV"  must 

Ttjceive  all  firactional  values  between  — r.  and  -^ ,  that  is,  between 

1  and  0. 

Hence,  by  giving  x  all  values  from  -  go  to  +  oo  ,  ^  will  have 
all  values  from  0  to  oo ,  that  is,  all  positive  values. 

And  conversely,  whatever  positive  value  iV  may  have,  there 
must  be  some  real  value  of  x,  such  that  a*  =  N. 

If  a  be  less  than  unity,  let  o  =  t,  then  a*^h~'=N',  and  by 

giving  X  all  values  from  +  oo  to  —  oo  ,  we  give  h~*  all  values  from 
0  to  00 ,  and  therefore  o*  or  N  all  values  from  0  to  oo  . 

If  a  =  1,  all  real  powers  of  a  are  equal  to  unity,  and  we  cannot 
make  a*  =  N. 

If  a  is  negative,  the  values  of  o*  are  sometimes  positive,  some- 
times negative,  sometimes  impossible,  and  so  we  cannot  always 
make  it  equal  to  A''.  So  also  if  ^  is  negative  we  cannot  always 
tind  X,  such  that  a*  =  N. 

Hence  we  conclude,  that  if  a  is  any  positive  quantity  other 
than  luiity,  we  can  always  find  a  quantity  N  equal  to  o*  whatever 
real  quantity  x  may  bo,  and  wo  can  always  find  a  value  of  ic,  such 
that  a*  =  N,  whatever  [wsitive  quantity  N  may  be. 

Now  in  order  to  make  logarithms  of  any  practical  advantage, 
we  must  have  the  logarithms  of  all  numbers  up  to  a  certain 
magnitude,  calculated  to  a  given  base,  arranged  in  tables ;  such  an 
arrangement  is  called  a  table  of  logarithms,  and  the  series  of 
numbers  and  theii*  corresponding  logarithms  is  called  a  system 
of  logarithms.  Hence  wo  see  that  the  base  of  oiu:  system  of 
logai'ithms  must  be  positive,  and  the  logarithms  of  negative  num- 
bers must  be  excluded. 

We  shall  assume  in  the  present  treatise  that  the  logarithms 
of  all  numbers  to  any  positive  base  other  than  unity  can  be  cal- 
culated to  any  degree  of  accuracy,  and  arranged  in  tables.  Tho 
use  of  such  tables  is  all  that  falls  within  our  province. 
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64.     Let  X,  y  be  the  logarithms  of  the  same  number  N  to  the 
bases  a,  b  respectively.     Then 

a:=log<,iy,     y  =  logjiV; 
and  we  have 

X 


^oSi,N-=r—;Aog,N. 


J_ 

log„6 

Hence  if  we  know  the  logarithm  of  any  number  JV  to  base  a, 
and  also  the  logarithm  of  b  to  the  same  base  a,  we  can  find  the 
logarithm  of  iV  to  the  base   b,  by  multiplying  logaiV  by  the 

fraction  , z .     This  multiplier  is  called  the  modulv^   of  the 

loga* 

system  whose  base  is  6  to  the  system  whose  base  is  a,  because  by 

means  of  it  we  can  reduce  a  system  of  logarithms  with  base  o,  to 

a  system  with  base  b. 

To  prove  that  log,,  b  x  logj,  a  =  1. 
Lot  X  =  loga  6,     y  =  logj,  a, 

then  a*=b,     h'^a, 

.'.  a*"  =  («*)"=  J"  =  a, 
.-.  xy  =  \; 
or  log„6xlog6a=l, 

which  was  to  be  proved. 

55.  To  find  the  logarithm  of  a  product  or  quotient;  of  a 
power  or  root. 

Let  x  =  \og^M,    y  =  \o»^N', 

then  Jf=a*     iV=a», 

.-.  log,  {MJ!f)  =  x  +  y  =  log,  Jf  +  log,  N; 
similarly     log,  {MNP. . .)  =  log^  if  +  log^  N  •*■  log,  F  +  ... 
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Again,  v=:i  =  «'"'. 


•••  log-  \-^j  =  a  -  y  =  log,  if  -  log.  IT, 
Again,  since  M  =  a', 

.'.  logai/'''  =  ra!  =  rlogaif. 
This  is  true  whether  r  be  whole  or  fractional, 

.-.  I0&,  71^==  log, Mr  =  1  log,  M. 

It  is  on  these  properties  that  the  great  utility  of  logarithms 
depends — for  the  logarithm  of  the  product  of  two  numbers,  we 
here  see,  is  equal  to  the  sum  of  the  logarithms  of  the  numbers, 
and  so  a  process  of  multiplication  is  reduced  to  one  of  simple 
addition.  And  in  the  same  way  we  facilitate  the  operations*  of 
dirision,  involution,  and  evolution,  by  reducing  them  to  subtraction, 
multiplication,  and  division  respectively. 

Ex.     To  find  the  value  of  ^7  985683. 
We  find  from  the  tables  that 

logio  7985683  =  6-9023122, 

.-.  log„  77985683  =  ^:£^1^  ^  -4313945  ; 

but  from  the  tables  we  have 

•4313945  =  log,o  2-700191, 
.-.  ^7985683  =  2700191. 

56,  Let  the  logarithm  of  any  number  N  to  base  10  be  n  -t-  d^ 
where  n  is  some  integer,  positive,  or  negative,  or  zero ;  and  d  a 
decimal  fraction ;  then 

logio  iV=n  +  rf, 

and  log„  10" N  =  log^  10"  +  logi, N=m  +  n  +  d. 

B.  T.  Q 
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Hence  we  see  that  the  logarithms  of  iV  and  1 0"  iV  to  base  10  have 
the  same  decimal  part,  whatever  integer  m  is,  positive  or  negative. 
And  if'  we  have  a  system  of  logarithms  calculated  to  base  10,  the 
same  decimal  pari;  of  the  logarithm  wiU  correspond  to  all  numbers 
which  differ  from  each  other  only  in  the  position  of  the  decimal 
point,  or  which  can  be  derived  from  each  other  by  multiplying  or 
dividing  by  any  power  of  10.  Numbers  of  this  kind  are  said  to 
have  the  same  significant  digits.  It  is  from  this  property  that  10 
is  chosen  as  the  base  of  the  system  of  logarithms  in  common  use ; 
and  for  the  future  we  shall  speak  of  the  logarithm  of  a  number  to 
the  base  10,  as  simply  the  logarithm  of  the  number,  and  we  shall 
leave  out  the  suflix  in  writing  it ;  thus  by  log  K  we  shall  mean 
logioiV^. 

57.  The  integral  part  of  a  logarithm  is  called  its  characteristic, 
the  decimal  part  its  mantissa.  We  have  shewn  that  all  numbers 
having  the  same  significant  digits  have  the  same  mantissse,  we 
now  proceed  to  shew  how  the  characteristic  may  be  determined  in 
any  particular  case  by  simple  inspection. 

Let  iV  be  a  number  which  has  one  digit  before  the  decimal 
point,  that  is  to  say,  some  number  between  1  and  10  :  then  log  N 
must  He  between  0  and  1,  and  is  therefore  some  decimal. 

Let  logiV=c?, 

then  10*"'  iV  is  a  number  which  has  n  figures  before  the  decimal 
point,  and  its  logarithm  is  (n  —  1)  +  d.  Hence  we  see  that  if  a 
number  has  n  figures  before  the  decimal  point,  its  characteristic 
is(»i-l), 

N 
Again,  ^ttc^i  has  n  cyphers  after  the  decimal  point,  before  the 

first  significant  digit,  and  its  logarithm  is  —  (w  +  1)  +  d.  Hence,  if 
there  are  n  cyphers  after  the  decimal  point,  the  characteristic  is 
-(n  +  l). 

This  last  case  requires  some  explanation  : 

-(»i+l)+t/  =  -7i-(l-c?)  =  -w-c^=-(n  +  er), 
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where  d'=\—d  and  is  some  decimal.  Here  the  logarithm  is 
negative,   and  the  integral  part  -  n :   also  the  mantissa  et  of 

log  .-rr^,  is  not  the  same  as  d  the  mantissa  of  log  y,  which  seems 

to  contradict  what  was  before  observed  :  but  it  is  found  more  con- 
venient to  consider  all  numbers  as  having  logarithms  with  positive 
mantissjB,  and  it  is  with  this  convention  that  we  say  that  log^ 

y 
Ai\{{  log       1  have  the  same  mantissee,  and  that  the  characteristic 

of  the  latter  is  —  (n+ 1).  "Without  this  convention  we  should  l»e 
obliged  to  have  two  tables,  one  for  numbers  greater,  and  the  other 
for  numbers  less  than  unity. 

Ex.  log  5-4952  = -7399835 ; 

.-.  log  5495-2  =  3-7399835, 

and  log -0054952  =  3-7399835, 

the  -  sign  placed  above  the  3  in  the  last  case  signifying  that  the 
cliaracteristic  alone  is  negative. 

Thus  3-7399835  and  -  37399835  are  different :  in  &ct 
3-7399835  =  -  3  +  -7399835  »  -  2-26001 65. 

58.  In  the  tables  in  common  use  the  mantissee  of  the  log- 
arithms of  all  numbers  from  1  to  100000,  calculated  to  seven 
decimal  places,  are  arranged  in  order.  Thus  when  we  have  any 
number  containing  only  five  significant  digits  we  find  the  mantissa 
of  its  logarithm  directly  from  the  tables,  and  prefix  the  character- 
istic by  inspection ;  and  if  we  have  a  logarithm,  we  can  find  the 
logarithm  nearest  to  it  in  the  tables,  and  so  find  the  corresponding 
number  correctly  to  five  significant  digits. 

Numbers  of  more  than  five  digits  must  be  taken  from  the 
tables  by  the  use  of  proportional  parts,  for  an  explanation  of 
which  the  student  is  referred  to  Section  IX.  in  this  treatise.  We 
will  only  observe  that  in  determining  the  side  of  a  triangle  of 
about  a  mile  in  length  to  five  digits,  the  error  cannot  exceed  one 
inch ;  a  degree  of  accuracy  which  is  fully  equal  to  that  of  the 
ordinary  instruments  for  surveying. 

g2 
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59.  Since  the  Trigonometrical  Ratios  of  angles  less  than 
90°  are  real  positive  quantities,  they  also  can  have  logarithms,  just 
in  the  same  way  as  other  quantities.  The  logarithms  of  the  sines, 
cosines,  tangents,  cotangents,  secants,  cosecants  of  all  angles  are 
arranged  in  ordinary  tables  at  intervals  of  one  minute.  In  some 
tables  they  are  given  for  every  second.  They  are  calculated  to 
seven  decimal  places  as  for  common  numbers ;  but  since  they  are 
mostly  negative  10  is  added  to  them,  to  make  them  positive:  hence 
the  tabular  logarithm  of  any  Trigonometrical  Katio  of  an  angle  is 
equal  to  its  real  logarithm  increased  by  10.     Thus 

X  sin  a  =  log  sin  a  +  10, 

where  Zsina  stands  for  the  tabular  logarithm,  and  log  sin  a  for 
the  real  logarithm  of  sin  a ;  and  so  also  for  the  other  Katios.  , 

60.  Also  since  sin  a  =  cos  (90  —  a),  therefore 

log  sin  a  =  log  cos  (90  —  a). 

Hence  if  we  have  the  log-sines  of  all  angles  from  0°  to  45*,  we 
also  have  the  log-cosines  of  all  angles  from  90*  to  45° :  and  if  we 
have  the  log-cosines  of  all  angles  from  0°  to  45°,  we  have  also  the 
log-sines  of  all  angles  from  90°  to  45°.  Hence  a  complete  table  of 
log-sines  and  log-cosines  from  0°  to  45°  is  also  a  complete  table 
to  90°.  This  is  taken  advantage  of  in  the  arrangement  of  the 
tables.  The  column  headed  sines  and  counted  downwards  from 
the  top  of  the  page  is  headed  cosines  at  the  bottom  of  the  page 
and  counted  upwards,  as  may  be  best  understood  by  inspecting 
the  tables.  The  same  arrangement  applies  to  the  tangents  and 
cotangents,  the  secants  and  cosecants. 


EXAMPLES.     (A). 

1.  Shew  that  log  2  +  log  3  +  log  5  =  log  30. 

2.  Shew  that  log  8  -I-  log  25  =  2  -i-  log  2. 

144 

3.  Shew  that  log  ^^  =  6  log  2  +  2  log  3  -  log  7  - 1. 
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4.  Shew  that  log  sin  30" --log  2;  log  cos  30«=  ^  log  3  -  log  2 ; 

log  sin  45' a  —  ;r  log  2. 

5.  What  will  be  the  characteristics  of  the  logarithms  of  the 
following  numbers,  2750,  27-564,  283257,  -000042? 

6.  Find  the  value  of  ^30901-7.  Ans.    7-90672. 

7.  Find  the  value  of  (3727593)*.  Am.    425-1787. 

8.  Find  the  value  of  (401-3116)*,  and  verify  the  result  by 
arithmetic.  Ans.    11. 

9.  Find  the  volume  of  a  cube  whose  edges  are   7-39148 
inches.  Ans.    403-826  cubic  inches. 

10.  Find  the  volume  of  a  rectangular  parallelopiped  whose 
edges  are  4-23665,  7-39148,  3-652281  inches  respectively. 

Ant.    114-3716  cubic  inches. 

11.  How  many  figures  will  2**  contain?  Ana.  13. 

1 2.  Given  log  2  find  log  .  /  ^ .  Am.    '29 1 6. 

13.  What  is  the  characteristic  of  476  to  base  8  ?         Ans.    2. 

14.  What  is  the  characteristic  of  -0156  to  base  3  1    Am.   -  4. 

EXAMPLES.    (B). 

1.  Find  the  logarithms  of 

309-017,    -0000309017,    309017000. 

2.  Find  the  logarithms  of  all  numbers  from  1  to  10. 

3.  Find  the  logarithms  of  the  Trigonometrical  Ratios  of  30* 
and  45*. 

/2 

4.  Find  the  logarithms  of  12,    ^/(45),  ^. 

Am.     1-0791812,  -8266062,  1-9914746. 

5.  Find  the  value  of  ^^^^.  Am.  -739148. 
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6.  Find  the  value  of  Kiy.  Am.    1-69408. 

7.  Find  the  value  of  (0035)'.  Ans.    -445813. 

8.  K  20' =  100,  find  a;.  Am.    1-537... 

9.  If  7'=  2,  find  a^  Am.    -356... 

10.  Find  the  value  of  log  ^  in  terms  of  log  25. 

o  • 

3 

Am.    ^  (log  25 -2). 

11.  Given  log  2,  find  log  -00016,  log (-OOOOie)'. 

Am.    4-20412,  T-4671244 

1 2.  Find  the  number  of  cyphers  between  the  decimal  point 

and  the  first  significant  digit  of  ^ .  Ans.    27. 

13.  Find  L  sin  36°,  L  tan  18". 

Am.    9-7692187,   9-5117760. 

EXAMPLES.     (C). 

1.  Find  the  value  of  M".  Am.    -000000423665. 

2.  Find  the  value  of  (  tLV.  Ans.    -000003727593. 


"f  (iro> 


3.  Find  the  value  of  sin  18°;  and  shew  that  the  value  found 
above  (page  47)  is  equal  to  it. 

4.  If  a*  =  c*.  find  the  fraction  - . 

z 

6.     Shew  that  log,  x  :  logj  x  =  log^  b  :  logg  a. 
6.     Transform  V(3sina)  =  iy(^), 

-     V((:-s^)"}-7(^0- 

into  equations  between  the  tabular  logarithms  of  the  quantities 
involved. 
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7.  Aasuming  that  log  250  and  log  256  differ  by  0103,  shew 
that  log  2-: -30103. 

8.  Find  the  logarithm  of  9  to  base  3  ^3,  and  of  1 25  to  base 

Ans.    1-3,   3-6. 

9.  Given  log,,  2,  logio  3,  find  log  16  to  base  15. 

Aius.     1-023832. 

10.  Given  logio 2,  logi, 3,  find  log, 3240.  Ans.    502244. 

11.  Find  log -.7^.  Ans.    T-9796043. 

12.  Given  log  2,  log  3,  find  log  10-6.  Ans.    10280287. 

13.  Given  log  6  =  a,  log  15  =  6,  find  log  8,  log  9. 

3 
Ans.    log8  =  ^(a-6+l),  log9  =  a  +  6-l. 

14.  If  a  series  of  numbers  are  in  a.  p.,  shew  that  their  log- 
arithms are  in  A.  P. 

15.  If  X,  y  are  the  logarithms  of  two  numbers  M,  iT,  shew 
that  \o^jMN=  s  («  +  y).  Henc©  shew  that  1-5  is  the  logarithm 
of  31-622... 

16.  Shew  (from  last  question)  that  sc  + -^^ is    the   log- 

fNy- 
arithm  of  M{  7> ]*• 

17.  If  in  last  question  N=M+  1,  a  number  of  5  digits,  and 

-Tf)*=  M-it  —  istrue  to 
four  decimal  places. 

18.  If  log  48753  =  4-6880013,  log  48754  =  4-6880103,  shew 
that  log  487537  =  5-6880076. 

19.  Prove  that  if  the  bases  of  different  systems  of  logarithms 
increase  in  o.  p.  their  moduli  to  any  baso  decrease  in  h.  p. 
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SECTION  VIL 

APPLICATION  OF  LOGARITHMS  TO  THE  SOLUTION  OP 
TRIANGLES.    ILLUSTRATION. 

61.  We  have  seen  that  when  we  know  the  logarithms  of  any 
numbers  we  can  at  once  find  the  logarithm  of  their  product  and 
quotient,  but  that  we  cannot  apply  logarithms  directly  to  the 
determination  of  the  sum  or  difierence  of  numbers.  Hence  in 
calculating  any  parts  of  a  triangle  from  the  others  by  logarithms 
we  must  use  the  formulae  which  connect  the  parts  by  means  of 
factors  only ;  if  we  wish  to  use  a  formula  involving  terms  we  must 
first  transform  it  into  the  form  of  a  product. 

Thus  in  calculating  a  from  the  formulae 
cos  a  = ^ , , 

we  cannot  apply  logarithms  directly,  but  if  we  transform  this  equa- 
tion to 

a  I  [s  .8  —  a\ 

logarithms  become  immediately  applicable. 

We  may  observe  by  the  way,  that  in  using  the  first  equation 
we  should  have  to  perform  four  operations  in  multipHcatiou  and 
one  in  division ;  in  using  the  latter  we  should  have  to  look  out 
five  logarithms.  If  a,  b,  c  were  simple  numbers  the  fii^st  opera- 
tion would  probably  give  the  least  trouble,  but  as  in  practice  they 
are  generally  quantities  of  five  or  six  digits,  the  latter  is  much  the 
shorter. 

62.  In  most  cases  of  solution  of  triangles  the  formulae  to  be 
employed  are  in  the  form  of  products  :  the  case  which  ofiers  most 
difficulty  is  when  two  sides  are  given  and  the  included  angle ; 
this  we  accordingly  proceed  to  discuss. 
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Let  Of  b,  y  he  given ;  it  is  required  to  find  the  other  angles 
a,  P,  and  the  side  c. 

Since  tan  ■"     = r  cot  ^ ,    Art.  47, 

2        a+b       2  * 

we  have 

o 

log  tan  =  log  (a  -  6)  -  log  (a  +  6)  +  log  cot  ^ , 

(supposing  o  >  6)  which  gives  — jj— ;   -        is  already  known,  and 

therefore  we  can  easily  determine  a  and  fi. 

Having  found  a  and  yS  we  can  find  c  from  the  equation 

siny 

c  =  a- — - 

sin  a 

or  log  c  =  log  a  +  log  sin  y  —  log  sin  a. 

63.  It  sometimes  happens  that  in  solving  this  triangle  we 
may  know  log  a,  log  5,  but  not  a  and  b,  and  it  becomes  an  object 
to  save  the  trouble  of  looking  them  out  in  the  tables. 

.      a-p     a-b      .y 

Ian  — jp-  = 1  cot  ^ 

2        a+b       2 

a 

Let  -  =  tan  <^,  an  assumption  which  is  always  allowable,  since 

the  tangent  of  an  angle  may  have  any  value ; 

^,  .a-/81-tan^^y 

then  tan— H^  =  = — - — -^  cot  ' 

2         1  +  tan  0        2 

=  tan  (45"  -  <^)  cot  | .     See  Art.  35  bis,  3. 

Now  log  tan  «^  =  log  6  -  log  a, 

and  is  known  at  once,  and  therefore  ^  may  be  found  from  the 
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a 

tables ;  thus  we  know  45*  —  (ft,  and  can  detennine  — ^  from  the 
equation 

log  tan  ^-jr-^  =  log  tan  (45"  -  ^)  +  log  cot  ^ . 

This  method  requires  four  logarithms  to  be  looked  out;  if  we 
had  found  a  and  h  first  and  proceeded  by  the  former  method  we 
should  have  had  to  look  out  log  a,  log  6,  log  {a  +  6),  log  (a  —  6), 

log  cot  \ ,  log  tan     _    ;  in  all  six  logarithms  instead  of  four. 

In  these  formulae  we  have  used  the  natural  logarithms  and  not 
the  tabular  logarithms  of  the  Trigonometrical  Ratios  :  we  must  in 

all  cases  substitute  L  tan  —  -  — 10  for  log  tan  — ~ ,  and  similarly 
Z  Z 

for  the  others. 

63.     his.     In  the  last  article  we  found  an  angle  ^  from  the 

relation  tan  <f>=  -,  and  by  its  help  calculated  the  value  of  — ^  : 
Oi  Z 

now  the  value  of  ^  itself  was  not  required,  but  was  only  used  as  a 

a—  R 
means  of  determining  — ~ .     Angles  employed  in  this  manner 

z 

are  called  subsidiary  angles.  As  another  example  of  their  use, 
suppose  we  wish  to  find  the  cube  root  of  a"  —  ah*,  where  a  and  h 
ai*e  numbers  containing  five  or  six  digits,  and  the  arithmetical 
process  would  be  very  tedious.     We  proceed  as  follows : 


J{a>  b,  let  sin  «i  =  - ,  which  is  always  possible,  then  ^  is  de- 
a 

termined  from  the  equation 

log  sin  <^  =  log  6  -  log  a, 
and  ^a'  -  ab*  =  a  (cos  <^)^, 

or  log  ^a'  -  ab*  =  log  o  +  ^  log  cos  0, 
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which  gives  the  required  cube  root.  By  this  method  we  shoiild 
have  to  look  out  live  logarithms  (two  of  which,  log  sin  <f>,  log  cos  <f> 
would  be  in  the  same  page)  instead  of  performing  four  tedious 
operations  in  multiplication  and  one  in  cube  root.  It  is  left  to 
the  student  to  examine  the  modifications  necessary  when  b>a. 

64.     "We  will  illustrate,  the  use  of  the  method  of  Art.  63  by 
the  example  in  Art  50. 

Let  o=37».  30', 

a=28«.40', 
/S  =  45«.25', 
fi'  =  75«.  36', 
y=16<'.28', 
o»  375 -98  yards. 
Also  let  zAPQ  =  P,  zAQP  =  Q. 

Then  our  calculations  will  be  as  follows  : 

log  X  =  log  a  +  Z  sin  )9  -  Z  sin  (a  +  /S) 

=  log  375-98  +  Z  sin  45».  25'  -  Z  sin  82».  55' 
=  2-5751647  +  98526204  -  9-9966727 
=  2-4311124. 

Again,  observing  that 

log  sin  (o'  +  /T)  =  log  sin  {180»  -  {a  +  fi')), 
we  have 

log  y  =  log  a  4-  Z  sin  yS'  -  Z  sin  (a'  +  ^ 

=  2-5751647  +  9-9861369-9-9863952 
=  2-5749064. 

Now  Ztan^^  =  Ztan(45^-<^)  +  Zcot|-10, 

where  log  tan  ^  =  log  a;  -  log  y 

=  --1437940, 
and  therefore  Z  tan  ^  =  9  8562060 

-Ztan35.4r. 


108 

PLANE  TRIGONOMETRY. 

Hence 

45»-<^  =  9M9'» 

and 

X  tan  ^^=9-2149894+] 

=  100545325 

=  L  tan  48».35'. 

Hence 

i'_§»97M0', 

i'  +  e  =  163».32'; 

.-.  ^  =  33\11'. 

Now 

sin^    * 

.'.  log PQ  =  Zsiny-Zsin$  +  log os 

=  9-4524879  -  9-7382412  +  2-4311124 
=  2-1453591 
=  log  139-75. 
And  therefore  PQ  =  139-75  yards,  the  distance  required. 

EXAMPLES.     (A). 

1.  Adapt  the  formulae  for  the  solution  of  Case  I,  Art.  46, 
to  tabular  logarithms. 

2.  Adapt  the  formulae  for  the  solutions  of  Cases  11,  III,  IV, 
to  tabular  logarithms. 

3.  If  a  =  22,  6  =  23,  c  =  25,  then  /3  =  58».  10'.  43". 

4.  If  a  =  230,  6  =  240,  c  =  12,  then  /3  =  U5\  37'.  35". 

5.  If  a  =  23,  ft  =  18',  y  =  23».  42'.  43", 

then  6  =  10-68185,        c=13-9009. 

6.  If  6  =  159-0643,  /8  =  62».  6'.  51",  y  =  53«.  27'.  20", 

then  a  =162-335,        c  =  144-58. 

7.  If  a  -  6  =  4013-116,  a  +  6  =  7906-72,  y  =  36», 

then  a  =  129».  22'.  26"-8,        yS  =  14».  37'.  33"-2. 
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8.  If  o  =  2820-9385,  6=  U30-8485,  y=  157».  27'.  40", 

then  a  =  U».  59'.  49"-03,  ft  =  V.  32'.  30"'97. 

9.  If  log  a  =  3-2978321,  log  6  =  4-0135140,  y=36«.  52'.  12", 

then  /8=  135*.  21'.  29"-59,        a  =  ^\  46'.  18"-41. 

10.  Find  the  value  of  ^(1 6233-5)*  -  (10G81  •85)*  by  means 
of  a  subsidiaiy  angle.  Ans,     12223-9. 


EXAMPLES.     (B). 

1 .  If  the  sides  of  a  triangle  are  32,  40,  66,  find  the  greatest 
angle.  Ana.     132«.34'.34". 

2.  The  sides  a,  &,  c  of  a  triangle  are  in  the  ratio  4,  5,  6  ;  find 
/8.  Ans.    /8=  55*.  46'.  18". 

3.  If  a  =  45S  a=  14000,  h  =  15906-43,  find  the  other  angles. 

Ans.     p  =  53».  27'.  20",  y  =  8P.  32'.  40", 
or  /3  =  126".  32'. 40",  y  =  8«.  27'.  20". 

4.  Two  sides  of  a  triangle  are  to  each  other  as  9  :  7,  and  the 
included  angle  is  64**.  12';  find  the  other  angles. 

Ans,    69".  10'.  10",  46\  37'.  50". 

5.  If  a  =  230. 42'.  43",  j8  =  18»,  a  =  207,  find  b. 

Ans.     6-1590643. 

6.  If  a  =  60',  ft  =  57*.  53'.  9",  c  =  3727593,  find  a. 

Ans.     a  =  3652-28. 

7.  If  log  o,  log  b  are  given,  find  log  (a  +  6)  by  means  of  a 
subsidiary  angle. 

Find  also  log  (a  -  b),  where  a>b. 

8.  Shew  how  to  find  the  value  of  the  following  expressions  by 
means  of  subsidiary  angles : 

Jia'^b*),  a^J{a*-b\  J{a-^b)^  J{a-b). 

9.  Solve  by  means  of  a  subsidiary  angle 

sin  X  —  a  vers  x  =  b. 
Ans.     sin  (x  +  ^=  (a +  6)  cos 5,  where  tan  e« a 
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EXAMPLES.     (0). 

1.  H  two  sides  of  a  triangle  are  70,  35,  feet  respectively,  and 
the  included  angle  is  36*.  52'.  12",  find  the  remaining  angles. 

Ans.     1 1 6».  33'.  54",  26*.  33'.  54". 

2.  If  the  angles  of  a  triangle  be  in  arithmetical  progression, 
and  the  greatest  side  is  to  the  least  in  the  ratio  5  :  4,  find  the 
angles.  Am.     70°.  53'.  36",  49».  6'.  24". 

3.  One  angle  of  a  triangle  is  60*,  and  the  ratio  of  the  side 
opposite  to  it  to  the  difference  of  the  sides  containing  it,  is 
9  ^3  :  2 ;  find  the  remaining  angles. 

Am.     66*.  22'.  45",  53*.  37'.  15". 

4.  If  x'  =  a'  +  b*  +  ah,  shew  that  subsidiary  angles  may  be 
used  to  determine  x  from  x  =  J  {oh)  sec  ^,  where 

.     h 
tan  d  =  - . 
a 

and  tau'^  =  2  cosec(2^). 

5.  If  a,  6,  y  be  given,  shew  that 

X      o      26    .      y      ,,     .  2asec2<;^.      y      - 

tan  B  = f  tan  ^  cos  <£»,   tan  a  = r— ^  tan  ^  cos  <i, 

'^     a  —  h        2  a-b  2 

where  tan<i=»/ jtan^. 

V  a  —  h        2 

6.  If 

sin  ^  y  1  +  tan^a  tan'/3  +  cos  6  J\-  tan*a  tan*/?  =  tan  a  +  tan  /?, 
find  ^  in  a  form  adapted  to  logarithmic  computation. 

Ana.     sin  (5  +  A)  = —7^^ — ^^ ^-^.  where  cos2d)  =  tan*atan*fl. 

^       ^'     J2.  cos  a  cos  p  ^  ^ 


Ill 


SECTION  VIII. 

CmCULAR  MEASUKE.    POLYGONS  INSCBIBED,  AND  CIRCUM. 
SCRIBED  ABOUT  A  CIRCLE.    AREA  OF  A  CIRCLE. 

65.  There  is  another  system  of  measuring  angles  besides  that 
by  degrees  or  grades,  which  on  account  of  its  importance  in  all  the 
higher  branches  of  mathematics,  it  will  be  necessary  to  consider 
ill  this  treatise. 

We  must  premise  the  following  propositions. 

The  ratio  of  the  circumference  of  a  circle  to  its  diameter  is  the 
same  for  all  circles. 

To  prove  this,  we  shall  assume,  what  is  proved  by  Newton  and 
appears  almost  self-evident,  that  if  in  a  curved  figure  a  polygon  be 
inscribed,  and  the  number  of  sides  of  the  polygon  be  increased  and 
the  magnitude  of  each  side  diminished  without  limit,  the  perimeter 
of  the  polygon  becomes  more  and  more  nearly  equal  to  that  of  the 
curvilinear  figure,  and  is  ultimately  equal  to  it. 


Let  ABCD,  abed  bo  two  circles  whose  centres  are  0,  o  :  and  in 
A  BCD  let  a  polygon  ABCD...  be  inscribed  ;  in  abed  let  a  similar 
polygon  abed...  be  inscribed,  then  we  have 

AB  :  AO^ab 
BC:AO  =  bc 
CD  :AO  =  cd: 


ao, 
ao. 
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B-ence  AB  +  BC+ CD +  ....  :  AO  =  ab  +  bc  +  cd+ ....  :  ao,  or 
Perimeter  of  polygon  A  BOB...  :  AO  =  Per.  of  poL  ai>cd  :  ao.  Now 
this  proportion  is  true  however  many  sides  the  polygons  have ;  let 
their  number  be  increased,  and  the  magnitudes  of  each  of  them 
diminished  indefinitely ;  then  the  perimeters  of  the  polygons  be- 
come the  circumferences  of  the  circles,  and  we  have 

circumference  ABCD  :  ilO  =  circum.  abed  :  ao, 
or  the  ratio  of  the  circumference  of  a  circle  to  its  diameter  is  the 
same  for  all  circles. 

This  ratio  is  generally  denoted  by  the  symbol  ir ;  so  that  if  r 

be  the  radius  of  a  circle,  and  2r  its  diameter,  its  circumference  is 

2irr.      The  value  of  ir  has  been  calculated,  and  is  found  to  be 

22 
3-14159...  or  the  fraction  —  nearly. 

66.  We  must  next  prove  that  the  angle  subtended  at  the 
centre  of  any  circle  by  an  arc  equal  to  the  radius  of  the  circle  is  of 
invariable  magnitude. 

Let  AOP  (fig.  Art.  7)  be  an  angle  at  the  centre  of  the  circle 
ABA!B',  such  that  the  arc  AP  is  equal  to  the  radius  AO  :  then, 
since  angles  at  the  centre  of  a  circle  are  as  the  arcs  on  which  they 
stand  (Euclid,  vi.  33), 

angle  AOP arc  AP r_ 

4  right  angles     circumference  ABA'Bf     2irr ' 

(since  arc  AP  =  radius,  and  circumference  —  27rr), 

,      .  -  _     4  right  angles     2  right  angles 
or  angle  AOP  = ^ = . 

Now  TT  being  invariable,  and  this  expression  independent  of  r,  the 
angle  AOP  is  the  same  whatever  be  the  size  of  the  circle. 

Hence  it  appears  that  this  angle  is  a  proper  standard  by  which 
to  measure  other  angles.  If  this  angle  be  taken  for  unity,  any 
other  angle  which  is  6  times  as  great  wiU  be  represented  by  $. 
$  is  called  the  circular  measure  of  the  angle. 

67.  To  shew  that  6,  the  circular  measure  of  an  angle,  is  equal 
to  the  arc  subtended  by  that  angle,  divided  by  the  radius. 
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Let  AOP  be  the  acngle  whose  arc  JP- radius  AO,  AOP^  any 
other  angle  whose  circular  measure  is  $,  then 

.  _  angle  AOP^     arc  AP^  _     are 
angle  AOP     arc  AP      radius ' 

Since  the  arc  subtended  by  four  right  angles  is  2trr,  the  cir- 

27rr 
cular  measure  of  f.-ur  right  angles  is      -  =  2ir.     Hence  the  measure 

of  a  right  angle  is  ^ 

G8.  To  pass  from  circular  measure  to  degi'ees  and  grades  and 
vice  versfi,  we  have,  as  in  Art.  5, 

:?.-_£  _?? 

90  ~  100"  IT  * 

To  find  the  number  of  degrees  in  the  unit  of  circular  measure, 
put  ^  =  1  in  this  equation,  tlien  we  have 

„     180«        180»        «..„„^., 
^  =  -^  =  3^14159  =  ^'  •29^'^- 

69.  It  is  usual  to  represent  angles  when  degrees  are  used  by 
the  Koman  letters  A,  B,  C,...,  when  circular  measure  is  used, 
by  the  Greek  letters  a,  ^,  y,...6,  (p,...  We  have  used  the  latter 
throughout  this  treatise,  even  when  the  student  had  no  idea  of 
circular  measure.  Our  reasons  for  so  doing  are  mentioned  in  the 
preface  :  whilst  we  are  merely  dealing  with  the  relations  amongst 
the  Trigonometrical  Katies  of  various  angles,  it  is  of  no  con- 
sequence what  measure  we  employ ;  but  when  we  trace  rela- 
tions between  the  angles  themselves  and  their  Trigonometrical 
Ratios,  we  must  always  use  circular  measure  as  in  the  following 
article. 

70.  To  shew  that   —3—,  — 2—   are   equal  to  unity,  when 

e=o. 

B.  T.  H 
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Let  i.  AOB  =  i.  AOB  =  6,  and  draw  BCB"  perpendicular  to  OA^ 
and  let  BAB  be  the  arc  of  a  circle  whose  centre  is  0  :  draw  BD^ 
ED  to  touch  this  arc  at  i?,  B'. 


Then 


Hence,  since 
and 

we  have 
and 


^  BAB'  _  BA 
^"^   OA    ~  OA' 
^      .    BD     BD 


sin^  = 


BC     BC 


OB     OA' 

BD  +  J)B'>  axe  BAE, 
BB'<  arc  BAB', 
tan  6>  6, 
aiD.6<0 ; 


Hence  tan  6,  6,  sin  6  are  in  descending  order  of  magnitude ;  hence 
sin  6     sin  0     sin  6 
tan^'   ~~e~'   sin^'    " 


or 


-    sin^ 
cos^,  -J-  ,     I 


are  in  ascending  order  of  magnitude.     But  when  6  =  0,  Qoa6=  1» 
therefore  also  —^—  must  in  this  case  equal  unity. 


Also 


tan^ 


1      sing 
cos^*    $ 


=1  when  0  =  0. 


REGULAR    POLYGONS. 
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71.     To  find  the  perimeters  and   areas  of  regular  polygons 
circumscribed  about,  and  inscribed  in  a  given  circle. 


Let  AB,  ab  he  sides  of  regular  polygons  of  n  sides  circtun- 
scribed  about  and  inscribed  in  a  circle  whose  centre  is  0  and 
radius  r. 


Then 


n 


.-.  £aOB  = 


Then 


AB=2aB^2rt&n 


l)erimeter  of  circumscribed  polygon  =  n.AB 


=  27irtan 


ai-e-a  of  circumscribed  polygon 


=  n.aB.  (?a  =  nr*tan-  . 
n 


Again,  perimeter  of  the  inscribed  polygon  =  2nr  sin  - . 


Area  of  inscribed  polygon  =  n .  A  aOb  =  n .  ^aO .  hO  sin  aOh 

2rt 


=  |nr*sin' 


H3 
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72.  To  find  tike  area  of  a  circle. 

This  equals  the  area  of  the  inscribed  polygon  when  the  number 
of  sides  is  made  infinite. 

Let  —  =6,  then  n  =  -^  ,  and  when  w  =  oo  ,  ^  =  0. 
w  o 

The  area  of  polygon  becomes 

^  r  sin  0  =  tit'  —^  , 

when  0=.O,    'J^=l; 

hence,  the  area  of  the  circle  =  tit*. 

The  volume  of  the  cylinder  is  the  area  of  its  base,  midtiplied  by 
its  height. 

73.  Referring  the  student  to  Art.  22,  we  will  investigate  a 
general  expression  for  all  the  angles  which  satisfy  the  relation 


Let  AOP^  (fig.  Art.  7)  or  a  be  the  smallest  angle  whose  sine 
is  equal  to  a,  then  all  the  values  of  6  are  bounded  either  by  OP^, 
or  0P„,  that  is,  6  is  equal  to  a,  or  (tt  —  a)  taken  positively,  or  these 
angles  increased  or  diminished  by  any  multiple  of  27r ;  or  again,  $ 
is  equal  to  -  (tt  +  a),  -  (2ir  -  a)  taken  negatively,  or  these  angles 
increased  or  diminished  by  any  multiple  of  27r.  Hence  all  the 
values  of  6  are  included  in  the  forms  2mr  +  a,  2nrr  +  (tt  —  a), 
2w7r-(7r  +  a),  2w7r  -  (27r  -  a),  where  n  is  any  integer  positive  or 
negative. 

Now  when  the  coeflUcient  of  tt  in  these  forms  is  even  (as  in 
the  first  and  fourth),  a  has  the  positive  sign,  and  when  odd  (as  in 
the  second  and  third)  the  negative  sign  before  it.  Hence  the 
form  mir  +  ( —  l)"**!^  where  m  is  any  integer  positive  or  negative, 
includes  all  these  forms,  since  when  m  is  even  (-  1)"  is  positive, 
and  when  m  is  odd  (  -  1)"  is  negative;  hence  6  =  rmr  +  (  -  l)*a. 

74.     To  find  all  the  values  of  6  which  satisfy  the  equation 
cos  Q  =  a. 
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Let  AOP^  or  a  be  tlie  smallest  of  these  values.  Then  all  the 
values  of  6  must  be  bounded  either  by  OP^  or  OP^,  that  is,  in 
the  positive  direction  they  will  be  a  and  (27r  —  a),  and  these  angles 
increased  or  diminished  by  any  multiple  of  2ir ;  and  in  the  negative 
direction  they  will  be  —a,  and  —  (27r  — a),  and  these  angles  in- 
creased or  diminished  by  any  multiple  of  2ir.  Hence  all  the 
values  of  6  are  included  in  the  forms  2nir  +  a,  2nir  +  (2Tr  —  a), 
2n7r  — a,  2nir— (2jr-o).  Observing  in  these  forms  that  the 
coefficients  of  w  are  all  even,  whilst  a  is  either  positive  or  negative, 
we  find  as  the  general  value  of  $,  that  6  =  2mir  *  a,  when  m  ia  any 
integer  positive  or  negative. 

75.     To  find  all  the  values  of  0  which  satisfy  the  equation 

tan  6  =  a. 

In  the  same  way  as  in  the  last  two  Articles,  we  may  shew  that 
all  the  values  in  the  positive  direction  are  included  in  the  forms 
2nir  +  a,  2mr  +  (tt  +  a),  and  those  in  the  negative  direction  in  the 
forms  2»7r  —  (ir  —  a),  2mr  —  (27r  —  a) ;  since  in  these  forms  a  is 
always  positive,  all  the  values  of  6  are  included  in  the  form 

0  =  mv  +  a. 

It  is  not  necessary  in  these  cases  that  a  should  be  the  smallest 
value  of  6. 

T6.     By  the  help  of  these  forms  we  may  explain  the  double 

Q 

value  of  sin  5  when  expressed  in  terms  of  cos  ^  (see  Art.  34). 

Let  a  be  one  value  of  6  which  satisfies  the  equation,  cos  6  =  a, 

then  $  =  2nv  *  a,  and  -  =  njr  *  - . 

6 
Now  if  the  value  found  for  -  is  as  general  as  the  value  of  6  or 

008" 'a  from  which  it  is  derived,  sin  ^  must  contain  all  the  values 


of  sin  f  nir*^j. 
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■kT  ■     /  "\       •  °-  •     '^  .    a       .  . 

Now  sin  ( TMT  *  ^  j  =  sin  WIT  cos  ^  *  cos  wtt  sm  -  =  ±  sin  ^ ,   (since 

sin  jiTT  =  0 ;  cos mr=  +  l  or  —  1,  as  w  is  even  or  odd). 

Hence  sin  -  must  have  two  values,  equal  and  of  opposite  signs. 

Similarly  we  may  shew  that  cos  ^  when  expressed  in  terms  of 


cos  6  will  have  two  values,  «*«  cos  ^ . 


2 

2' 


77.  The  four  values  of  sin  ^  when  expressed  in  terms  of  sin  6 
(Art.  33)  may  be  thus  explained. 

Let  a  be  one  value  of  Q  which  satisfies  the  equation,  sin  5  =  a  : 
then  ^  =  WTT  +  ( -  l)"a,  and  ^  «=  ^  ■*"  ( ~  •^)"  9  • 

Now  sm  ( -2-  +  ( - 1)"  2  j =sui  -g-  cos  (- 1)"  2  +  cos  y  sm  (-1)"  -^. 

If  n  be  even,  sin  —  =  0,  cos  —  =  *  1,  sin  ( -  1)^  =  sm  s '  ^ 

.6  .a 

therefore  sin  ^  =  «»=  sin  ^ . 

If  w  be  odd,  sin  -^  =  *  1,  cos  (  -  1)  5  =  cos  ^  ,  cos  ^  =  0,  and 

.6  a 

therefore  sin  ^  =  *  cos  ^  . 

6 
Hence  sin  „  will  have  four  values,  two  and  two  of  opposite 

2 

sign. 

Similarly  cos  ^  =  cos -5- cos  (- 1)  ^-sm-^- sm  (- 1)  ^ 

=  i  cos  ^ ,  when  n  is  even, 

=  *  sin  ^ ,  when  n  is  odd. 


EXPLANATION   OP  MXH^TIPLE  VALUES.  11.9 

Similar  generalizations  apply  to  all  the  formulie  proved  in 
Chapters  IL  and  III. 

Q 

78.     Example,     sin^  will  have  three  values  when  expressed 
in  terms  of  sin  6  from  the  cubic  equation 

6  6 

4  sin'  ^  -38in^  +  sin^  =  0,  (see  Art.  32). 

This  will  also  appear  as  follows : 
6 


must  contain  all  the  values  of  sin  (-^  +  (  ~  1)"  6  )  • 
Now  n  is  of  the  form  3m  or  3wt  *  1. 


sin  3 


Let  n  =  3m,  then 
sin  3  =  sin  fmir  +  (  -  1)*"  -  j  =  cos  mjT sin  ( -  1)*"  ^  =  sin  ^  , 

whether  m  be  even  or  odd. 
Let  n  =  3m  a  1,  then 
0 


sm 


cos  mv  sin 


whether  m  be  even  or  odd. 

A 

Hence  sin  ^  has  3  values, 
o 


sin 


a       .    /t      a\         .    /ir      a\ 


Q 

From  the  form  of  the  equation  for  determining  sin  ^  >  "w^©  seo 

o 

that  the  sum  of  these  values  must  equal  zero,  and  their  product 

sin  a ;  which  results  may  be  easily  verified. 
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EXAMPLES.     (A). 

In    the  following  examples  the  value  of  ir  is  supposed  to 

,     22 
be  -^  . 

1.  Find  the  number  of  degrees  in  an  angle  of  a  regular 
hexagon.  Ans.     120*. 

2.  Find  the  number  of  degrees  in  an  angle  of  a  regular 
pentagon.  Ans.     108*. 

3.  Find  the  number  of  degrees  in  an  angle  of  a  polygon  of 
n  sides. 

Ans.     !i-^.180». 
n 

4.  How  many  sides  has  a  polygon,  whose  angles  are  135"? 

Ans.     8. 

5.  If  the  area  of  the  circumscribed  polygon  equals  four  times 
the  area  of  the  inscribed  polygon,  find  the  number  of  sides. 

Ans.     3. 

6.  Find  the  circular  measure  of  35',  35'.  Ans.     'Gl,  '55. 

7.  Find  the  degrees  &c.  in  an  angle  whose  circular  measure 
is  1-21.  Ans.     69».  18'. 

8.  The  number  of  sides  of  one  polygon  is  four  times  that  of 
another,  and  the  angles  of  the  first  one-half  as  large  again  as  those 
of  the  second.     How  many  sides  have  they  ?  Ans.     20,  5. 

9.  Find  the  number  of  grades  in  the  unit  of  circular  measure. 

Ans.     63''662. 

10.  A  tree  is  12  feet  round,  what  is  the  width  of  the  largest 
plank  which  can  be  cut  from  it  1  An^.     3  feet  Q/j  inches. 

11.  A  tree  is  18  feet  in  circumference,  what  is  the  thickness 
of  the  greatest  square  plank  which  can  be  cut  from  it  1 

Ans.     4  feet  nearly. 
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12.  A  circle  of  three  inches  diameter  is  cut  out  of  a  circle  of 
5  inches  diameter ;  shew  that  the  area  of  the  remainder  is  equal 
to  a  circle  of  4  inches  diameter. 

13.  How  many  cubic  feet  of  timber  are  there  in  a  tree 
16  feet  in  circumference  and  22  feet  in  height  1  Ans.     448. 

14.  A  round  tower  is  42  feet  high  :  its  wall  is  3  feet  thick, 
and  its  interior  24  feet  in  diameter.  How  many  bricks  9  inches 
long,  4  J  inches  wide,  and  3  inches  thick,  were  required  to  build  it  t 

Ans.     152064. 

15.  Thi-ee  equal  circles,  radii  r,  are  placed  in  contact;  find 
the  area  between  them. 


Ans.     (J^-I)^' 


Find  the  general  values  of  5  in  the  equations 

16.  cos  7d  +  cos  ^  =  0.  Ans.     6  =  — ^ — tt,  or  — g — ir. 

17.  sinTd-sintf  =8in3tf.  Ans.     ^=^~?»  ^"^  o"  *  12  * 

2»nr  *  5 

18.  8in^  =  co8»i5.  Ans.     0=. 


71  ±  1 


19.     cos5  +  cos3d  =  s. 


Ans.     d  =  2(mr*'^j,  2ftir*-,  2wrr*-^. 

20.  tan35*tand  =  0.  Ans.     6  =  mr  or  rnr '^^ . 

4 

21.  tan*5  =  o*.  Ans.     0  =  nir^teLa~'a. 

22.  Bin«2^-sin'5  =  8in*^.  Ans.     ^=  f***^*  ^)»- 

no       •  1/1  cos  3^         ,-sin35     m 

23.  sin'^  — 5—  +  cos*^  — 5—  =  —  . 

Ans.     (?  =  7{n7r  +  (-l)"8in"'f»}. 
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EXAMPLES.     (B). 
1.     Find  the  circular  measure  of  tt  grades.  Ans. 


200* 


2.  At  what  distance  ftom  the   eye   will   a   shilling   whose 

diameter  is  -91  inches  exactly  hide  the  moon  whose   diameter 

is  30' 12"?  ^  4095 

Ant.     -_-      feet. 
IoItt 

3.  The  radius  of  a  circle  is  r;   find  the  length  of  an  arc 

which  subtends  A"  at  the  centra  vrA 

Am.    j^. 

4.  The  radius  of  the  Earth  being  4000  miles,  what  is  the 
length  of  r  of  the  meridian  1  Am.     69|^  miles. 

5.  How  far  does  a  person  at  the  equator  travel  in  a  second 
by  reason  of  the  Earth's  rotation  about  its  axis? 

Ans.     512  yards  nearly. 

6.  The  diameter  of  the  Earth's  orbit  about  the  Sun  being 
192,000,000  miles,  how  far  in  space  does  the  Earth  travel  in 
one  second?  Ans.     19  miles  nearly. 

7.  The  greatest  square  possible  is  cut  out  of  a  circle  whose 
radius  is  r,  the  area  of  the  remainder  is  (ir  —  2)  r*. 

8.  The  area  of  a  square  inscribed  in  a  circle  :  the  area  of  an 
equilateral  triangle  inscribed  in  the  same  circle,  as  8  :  3^3. 

9.  If  a,,  ttj,  ttg  be  respectively  the  sides  of  a  regular  pentagon, 
hexagon,  and  decagon  inscribed  in  a  circle,  then 

10.  The  area  of  inscribed  polygon  of  m  sides  :  area  of  circum- 
scribed polygon  of  n  sides  =  m  cos  —  :  w,  if  the  sides  of  the  two 

m 

polygons  are  equal. 
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11.  A   circular  sector  whose  angle  is  0  is   formed  into  a 

a 

right  cone.     Shew  that  the  vertical  angle  of  the  cone  is  sin"'  ^-  . 

12.  A  regular  hexagon  is  inscribed  in  a  circle  (radius  r),  and 
its  angular  points  are  joined  two  and  two  so  as  to  fonn  another 

hexagon ;  shew  that  the  area  of  this  latter  is  —^- . 

13.  In  a  sector  of  a  circle  (angle  2a,  radius  r)  an  equilateral 
triangle  is  inscribed  so  that  one  angle  is  at  the  middle  point  of  the 
arc  of  the  sector;  shew  that  the  sides  of  the  triangle  are  each 

equal  to  — 77,  . 

^  cot  a  +  ^3 

14.  If  2  (sin  26  +  sin  20)  =  1  =  2  sin  (5  +  <t>),  find  $  and  0. 

Aru,.     e  =  -  +  (-l)-_*6,0  =  -2-  +  (-l)-Y2-'6- 

15.  Ifsing  +  oo8g<     "^J^    ,  find  the  limits  of  0. 

Ans,     $  must  not  lie  between  2nir  +  -x  and  2n-K  +  -  . 

o  3 

16.  If  tan  (ir  cot  ^  =  cot  (w  tan  0),  then 

^      -     2H+l*74'»*  +  4n-15 
tan  0  = 5L_ ^ 

where  n  is  any  integer  positive  or  negative. 

17.  If  tand  +  tanm^  +  tanw^  =  tanOtanmdtann^,  then 
6  —  — r- ,  where  r  is  any  int«rer. 

18.  Find  the  least  values  of  «^  and  Q  which  satisfy  the  equa- 
tions 

cos  (5  +  3«^)  =  sin  (2Q  +  <^),  sin  (<^  +  3d) «  cos  2  (d  +  «^). 

Ans.     0  =  <f>  =  -^, 
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1 9.  If  sin'  ^  tan  0  +  cos*  ^  cot  ^  =  -  cosec  26,  then 

20.  tan  (n  cot  6)  -  cot  (n  tan  $),  then 

2    ^     ^''    (2r  +  l)7r' 
where  m,  r  are  any  integers. 


EXAMPLES.     (C). 

1.  Find  the  length  of  an  arc  subtending  an  angle  of  60"  in  a 
circle  whose  radius  is  105  feet.  Ans.     110  feet 

2.  If  the  length  of  an  arc  of  60*  is  11  feet,  then  the  radius 
of  the  circle  is  10  feet  6  inches. 

3.  If  a  right  angle  were  divided  into  80  parts,  and  each  of 
these  into  80,  find  the  number  of  the  latter  parts  contained  in  an 

angle  whose  circular  measure  is  '001. 

Ans.     4^^. 

4.  Shew  that  -r— : — -  =  i,  when  6=0. 

6  am6     ^ 

5.  Shew  that  —. =  —  ,  when  6=0. 

Bin.m6     m 

6.  A  circular  flat  object  at  distance  a  subtends  an  angle  of 

ttV 
30',  its  area  is  -^^qTs  very  nearly. 

7.  If  a  be  the  angle  whose  arc  is  r,  and  radius  r,,  and  a  the 
angle  whose  arc  is  r^  and  radius  r,,  then 


^0" 


8.     If  i?,  r  be  radii  of  circles  circumscribed  about  and  in- 
scribed in  a  regular  polygon  whose  side  is  2a,  then 

H'-r'^a'. 
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9.  The  Earth's  radius  being  R  and  the  height  of  a  tower  h ; 
find  how  far  an  object  at  sea  must  be  from  the  foot  of  the  tower 
80  as  just  to  be  visible  from  the  top. 

Ans.     RcobT^-ji — ;. 
R  +  h 
It 

If  A  be  80  small  that  ^  may  be  neglected,  shew  that  this 
answer  becomes  J'lhR. 

10.  The  height  of  one  ship  is  n  times  that  of  another,  and 
the  top  of  one  is  just  visible  from  the  masthead  of  the  other 
at  the  distance  of  a  miles.  Given  R  the  Earth's  radius,  shew 
that  the  height  of  one  is  given  by  the  equation 

R  .,      R         a 


+  C08 


R  +  x  R  +  nx     R' 

11.  The  radius  of  the  circle  of  latitude  60*  is  2000  miles. 

1 2.  What  distance  is  travelled  in  half  an  hour  by  a  person 
situated  in  latitude  60°,  by  reason  of  the  Earth's  rotation  ? 

Ans.     26U?mile8. 

13.  If  two  plumb-lines  suspended  from  points    at  a  given 

distance  apart  on  the  Earth's  surface  are  inclined   at  an  angle 

of  m",  and  at  n"  when  at  an  elevation  A,  then  the  radius  of 

tiih 

the  Earth  is very  nearly. 

m  —  n 

14.  A  lighthouse  60  feet  high  is  just  seen  from  tho  deck  of 
a  ship  12  feet  above  the  water,  how  far  is  the  ship  from  the  light- 
house] Ana.     13-79  miles. 

If  the  height  of  the  deck  be  raised  1  inch,  how  much  further 
off  may  the  lighthouse  be  seen  %  Ann.     '0148  milcB. 

15.  An  observer  from  the  deck  of  a  ship  20  feet  above  the 
sea  can  just  see  the  top  of  a  lighthouse :  at  the  masthead  (80  foot 
above  the  sea)  he  can  just  see  the  door  of  the  lighthouse,  which  is 

•  th  of  the  height  of  the  top.     Find  the  height  of  the  Ughthouse. 

Ans.     80  feet 
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16.  A  person  ascending  in  a  balloon  observes  the  dip  of  the 
horizon  o,  a'  at  successive  heights  h,  W.     Shew  that 

h      (1— cos  a)  cos  a 
/i'  ~  (1  —  cos  a')  cos  a ' 

17.  Find  the  circular  measure  of  an  angle  whoso  complement 
contains  as  many  degrees,  as  the  supplement  of  an  angle  nine 
times  as  large  contains  grades.  .  Htt 

18.  The  centres  of  two  wheels  (radii  r,  r)  are  at  a  distance  a 
from  each  other  :  find  the  length  of  a  strap  passing  round  them 
both  but  not  crossing  between  them. 

Ans.     TT  (r  +  r')  +  2  (r  -  r')  sin"'  -^—  +  2  Jd'  -{r-r'f. 

CC  OC  OC  OS  SlU  CC 

19.  Shew  that  cos^cos  53COS  jp cos^,  is  equal  to , 

when  n  becomes  infinite. 

20.  If  with  the  angular  points  of  a  regular  polygon  of  n  sides 
(length  of  side  a)  as  centres,  circles  are  drawn  so  that  the  points 
where  the  circles  meet  the  sides  being  joined  form  a  regular 
polygon  of  2n  sides,  shew  that  the  radii  of  the  circles  must  be 

-  sec'  H-  or  -7  1 1  +  2  cos  -  )  sec'^r-. 

21.  In  last  question  prove  that  area  of  new  polygon  :  area  of 
original  polygon  =  cos  -  :  cos^rr— . 

22.  In  an  equilateral  triangle  two  hexagons  are  inscribed, 
one  having  three  of  its  sides  coinciding  with  sides  of  the  triangle, 
and  the  other  three  of  its  angles  bisecting  the  sides  of  the  triangle. 
Shew  that  their  areas  are  as  4  :  3. 

a 

23.  Find  the  three  values  of  cos  ■=  when  determined  from  the 
equation  cos  $  =  a. 

Q 

24.  Find  the  thi-ee  values  of  tan  ^  when  determined  from 

o 

the  equation  tan  0  =  a,  and  shew  that  the  sum  of  the  three  values 
found  together  with  three  times  their  product  is  equal  to  zero. 
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SECTION  IX. 

ox  THE  USE   OF   PROPORTIONAL   PARTS   IX   LOGARITHMIC   AND 
TRIOONOMETUICAL   TABLES. 

79.  We  have  shewn  in  the  preceding  Sections  VI.  and  VII. 
how  logarithms  are  used  for  shortening  calculations  involving 
lengthy  products  and  powers :  but  we  were  only  able  to  use  the 
Tables  of  logarithms  with  exactness,  when  the  numbers  or  angles 
were  found  in  the  Tables,  and  in  other  cases  we  could  only 
extract  the  nearest  numbers  or  angles.  The  Tables  generally  give 
the  logarithms  of  all  numbers  of  Ave  digits,  and  of  all  Trigono- 
metrical Ratios  of  angles  for  every  minute  of  the  quadrant.  We 
proceed  in  this  section  to  shew  how  the  Tables  can  almost  always 
be  applied  with  exactness  to  numbers  of  seven  digits ;  and  to 
angles  within  the  hundredth  part  of  a  second,  by  means  of  the 
principle  of  proportional  parts. 

80.  First,  as  regards  the  logarithms  of  numbers.  If  we 
ojjen  the  Tables  at  random,  we  find,  for  instance,  that  the 
logarithms  of  all  the  numbere  from  26G29  to  26673  increase 
uniformly  by  -0000163,  from  26674  to  26794  increase  by  -0000163 
OE  -0000162,  from  26795  to  26822  uniformly  by  -0000162  ;  and 
generally  the  logarithms  of  successive  numbers  increase  gradually, 
nearly  uniformly,  with  a  difference  which  slowly  diminishes  as 
the  numbers  increase.  Now  this  being  true  for  the  numbers 
found  in  the  Tables,  it  will  be  equally  true  if  we  inseri;  100  num- 
bers between  two  consecutive  numbers.  Thus  we  find  by  the 
Tables 

log  2662900  =  6-4253549, 

and  log  2663000  =  6425371 2, 

the  difierence  between  the  two  logarithms  being  -0000163.  Now 
if  wo  take  the  100  numbers  between  2662900  and  2663000,  we 
may  conclude  that  the  difierence  between  each  successive  number 
is  -000000163  ;  and  if  we  wish  to  find  the  logarithm  of  any 
intermediate  number,  as  log  2662937,  we  must  multiply  -000000163 
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by  37,  and  add  the  result  to  6-4253549  the  logarithm  of  2662900, 
i.e.  log  2662937  =  log  2662900  +  -0000001 63  x  37 

=  6-4253549  +  -0000060 

=  6-4253609, 
omitting  the  figures  beyond  the  seventh  decimal  place. 

81.  The  trouble  of  this  multiplication  is  saved  in  the  Tables. 
In  a  column  by  the  side  of  the  logarithms  in  each  page  is  placed 
the  difference  of  two  consecutive  logarithms,  and  in  another 
column  the  proportional  parts,  or  tenths  of  these  differences,  as 
shewn  in  the  annexed  columns.  Observe 
that  the  cyphers  after  the  decimal  point 
are  omitted  for  brevity  :  the  numbers  16, 
33,  49,  &c.,  are  163  multiplied  by  1,  2,  3, 
(fee,  with  the  last  figure  cut  off  for  the 
division  by  10;  and  33  is  placed  opposite 
to  2,  i-ather  than  32,  because  33  is  nearer  to 
32-6  than  32  is,  and  so  for  49,  82,  98,  147. 
When  we  require  hundredths  we  cut  off  one 
more  figure,  and  increase  the  last  figure  by 
unity,  when  the  figure  cut  off  is  greater 
than  4.     Thus  to  multiply  163  by  37  we 

take  for  the  figures  required  49  +  11  =  60,  which  gives  the  same 
result  as  above. 

Our  work  may  be  arranged  as  follows  : — 

From  the  Tables 

log  2662900  =  6-4253549 

diff.  for  30  =  49 

\       7--=  11 


D. 

Pro. 

163 

1 

16 

2 

33 

3 

49 

4 

65 

163 

5 

82 

6 

98 

7 

114 

8 

130 

9 

147 

.-.       log  2662937  =  6-4253609 

82.  The  reverse  process vof  finding  a  number,  whose  logarithm 
is  given,  more  exactly  than  can  be  found  directly  from  the  Tables 
is  similar.  Thus  to  find  the  number  whose  logarithm  is 
3-4253685:  we  find  log  2662900=  6-4253549,  difference  is  136, 
and  difference  for  100  is  163,  omitting  the  cyphers.     Therefore 

we  have  to  add  .r^  of  100,  or  84  nearly,  to  2662900  to  obtain 
16o 
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the  required  number;  therefore  6-4253685  is  the  logarithm  of 
2662984,  and  3-4253685  is  the  logarithm  of  2662-984  the  required 
nnmber. 

Making  use  of  the  table  of  proportional  parts  the  work  may 
be  exhibited  as  follows  : — 

6-4253685  is  log.  of  required  number, 
6-4253549  is  log.  of  2662900 

736 

130  is  diff.  of  80 

6  is  diflf.  of  4 


.'.     required  number  =  2662984 

In  practice  the  characteristic  of  the  logarithm  and  the  decimal 
point  of  the  number  may  be  omitted  till  the  work  is  complete. 

83.  The  principle  above  applied  to  the  logarithms  of  numbers, 
applies  equally  well  to  the  determination  of  natural  sines,  «!:c.  In 
the  latter  case  however  the  change  of  successive  sines  is  not 
so  uniform.  There  are  90000  numbers  with  5  digits,  the 
mantissas  of  whose  logarithms  all  lie  between  0  and  1,  whereas 
the  Tables  give  the  Trigonometrical  Ratios  of  5400  angles,  whoso 
sines  and  cosines  lie  between  0  and  1,  so  that  the  differences  of 
successive  sines  and  cosines  are  usually  larger  and  less  uniform  than 
the  difterences  of  the  logarithms  of  successive  numbers ;  and  what  is 
said  of  the  sines  and  cosines  applies  with  still  greater  force  to  the 
other  trigonometrical  ratios,  since  their  values  extend  between 
greater  limits.  Hence  the  differences  only  are  given  in  the 
Tables,  and  the  proportional  parts  are  not  calculated  for  thena,  as 
in  the  logarithms  of  common  numbers,  since  to  do  so  would  render 
the  Tables  inconveniently  bulky. 

The  mode  of  using  the  Tables  will  be  learnt  from  the  following 
examples,  cyphers  being  omitted  after  decimal  points  for  brevity. 

To  find  sin  14*.  18'.  33"-56. 

From  the  Tables         sin  14".  19'  =  -2472809 

8inl4M8'  =-2469990 

diff.  for  r  =        2819 

a  T.  I 
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. •.     required  diff.  =  ^^  x  281 9  =  1576  nearly, 

.-.    sin  U".  18'.  33"-56  =  -2469990  +  -0001576 
=  •2471566. 
To  find  cos  14°.  18'.  33"-56, 

cos  14°.  18'= -9690157 
cos  14M  9' =-9689438 
diff.  for  r=  719 

required  diff.  =  —'=  ~  x  719  =  402  nearly; 

.-.     cos  14°.  18'.  33"-56- -9690157 --0000402 
=  -9689755. 
Notice  that  in  this  case  the  difference  is  subtracted,  because 
the  cosine  of  an  angle  diminishes  as  the  angle  itself  increases. 
The  same  observation  applies  to  the  cosecant  and  cotangent. 

Given  tan  ^=  -75,  to  find  0. 
Prom  the  Tables         tan  36°.  53'  =  -7503665 
tan  36°.  52'= -7499119 
diff.  for  1'=        4546, 
and  tan  ^  -  tan  36°.  52  =  -75  -  -74991 19  =  881, 

881 
. •.     required  seconds  =  ■       -  of  60"  =  1 1"*63, 

and  e  =  36°.52'.  ll"-63. 

Given  cosec  ^=1.6  =  1 -6 666667  nearly,  to  find  6. 
From  the  Tables      cosec  36°.  52'  =  1  -6667920 
cosec  36°.  53' =  1-6661458 
diff.  for    1'  =  6462 

cosec  36°.  52'- cosec  0=  1-6667920-1-6666667  =  1253 

required  seconds  =  ^tttt?;  of  60"  =  ll"-63  : 
d4dJ 

e=36°.  52'.ir-63. 
In  this  case  since  tan*'  -75  =  cosec"'  1*6  the  results  ought  to  agree 
exactly.    The  results  obtained  above  do  agree,  but  if  the  operation 
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had  been  carried  further  tan"*  "75  would  have  been  found  slightly 
less,  and  cosec"*  1*6  slightly  greater  than  the  results  obtained. 
The  Tables  being  exact  to  7  decimal  places,  the  true  values  of  the 
Ratios  are  slightly  in  excess  or  defect  of  the  values  given,  and 
the  true  differences  likewise.  The  example  above  shews  that 
the  method  employed  may  be  generally  relied  upon  to  give  a  true 
result  as  far  as  the  hundredth  part  of  a  second. 

84.  The  same  principle  also  applies  to  the  determination  of 
the  logarithms  of  the  Trigonometrical  Eatios  not  found  exactly 
in  the  Tables,  and  the  reverse.  The  following  examples  illustrate 
the  method. 

To  find  L  sec  IV.  13'.  15"-34. 

From  the  Tables       L  sec  27°.  U'  =  10-0510248 

Z  sec  27*.  13'=  10-0509598 

diff.  for       1'=  650 

.      ^^'34      ...     _. 
.*.     --TTT- >=  650=  166  : 
oO 

.-.     L  sec  27°.  13'.  15"-34  =  10-0509598  +  -0000166 
=  10-0509764. 
In  this  case  the  difference  for  1'  is  so  small  that  each  hundredth  of 
a  second  does  not  affect  the  result;   thus  15"-33  to  15"-37  inclu- 
sive would  give  the  same  result 

Given  Lco\.Q=  101789937,  to  find  B. 
From  the  Tables        L  cot  33°.  30'  =  10-1792171 
Z  cot  33°.  31' =10-1789426 
diff  for     1'=  2745. 

Also  L  cot  33°.  30'  =  101792171 

Zcot^  =10-1789937 

diff.  =  2234. 

-^^d  J:4|of60"  =  48"-83; 

2745 

.•.     e  =  33°.30'.48"-83. 

85.  In  the  preceding  Articles  we  have  expliuned  the  method  of 
employing  proportional  parts :  it  only  remains  to  point  out  that  this 

l2 
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method  may  fall  from  two  causes,  either  the  successive  differences 
may  be  too  irregular,  or  they  may  be  too  small.  The  second 
cause  of  failure  applies  partially  to  the  determination  of  the 
second  additional  figure  in  numbers  from  85000  to  100000 ;  and 
the  Trigonometrical  Ratios  of  angles  veiy  small  or  very  nearly  90°, 
and  their  logarithms,  cannot  be  determined  by  this  method  from 
one  or  both  causes. 

For  a  theoretical  proof  of  the  principle  of  proportional  parts 
the  student  is  referred  to  more  advanced  treatises  on  the  subject. 
A  proof  of  the  principle  for  the  logarithms  of  common  numbers 
is  indicated  in  the  Examples  16,  17,  18  C.  of  Section  VL 


EXAMPLES.     (A). 

1.  Given  log  1752  =  3-2435341,  log  1752  1  =  3-2435589,  find 
log  1752-87.  Ana.  32435557. 

2.  Given  log  48664  =  4-6872078, 

log  48665  =  4-6872167. 

Calculate  the  table  of  proportional  parts,  and  by  means  of  it 
determine  log  4866-439,  log  48-66407,  and  the  numbei-s  whose 
logs  arel-6872100,  8-6872135. 

Am.  3-6872113,  1-6872084,  -4866425,  486646500. 

3.  Given  sin  16".  24'  =  -2823415,  sin  16°.  25'=  -2826205,  find 
sin  16°.  24'.  17"-3,  cos  73°.  35'.  22"-5,  sin-'-2824907. 

Ans.     -2824219,  -2825159,  16°.  24'.  32" -08. 

4.  Given  cot  32°.  36' =  1-5636564,  diff.  for  1'=  10016,  find 
cot  32°.  36'.  27"-59,  cot"' 1-5628793. 

Ans.    1-5631958,  32°.  36'.  46"-55. 

5.  Given  L  tan  34°.  36' =  9-8387571,  diff.  for  l'=2702,  find 
L  tan  34°.  36'.  27"-3,  and  angle  whose  Z  tan  is  9-8388972. 

Am.   9-8388800,  34°.  36'.  31"-11. 

6.  Given  Zcosec  40°.  48'  =  10-1848072,  diff  for  l'=1463, 
find  L  cosec  40°.  48'.17"-9,  and  angle  whose  L  sec.  is  10-1847832. 

Am.   10-1847636,  49°.  41'.  50"-16. 
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7.  Given  a  =  18,  6  =  1 2,  c  =  10,  find  o,  y5,  y. 
Given      ^2  =  1-4142136,  tan  54«.  44'=  1-4140943, 

tan  54".  45'  =  1-4149673,  tan  15".  47'=  2826573, 
tan  15».  48' =-2829715. 
Ans.   a=  109".  28'.  16"-39,  y=3r.35'.  10"  8,  /8  =  38''.  56'.  32"-81. 

8.  Ifo  =  5,  6  =  20,  y  =  90",  finda,/3. 
Given  log  2,  L  tan  75°.  58'  =  10-6021537, 

i  tan  75".  57' =  10-6016170. 

Ans.   a  =  U\  2'.  10"-48,  yS  =  75".  57'.  49"-52. 

9.  Ifo=l8,  6  =  2,  y=55",  finda,^. 
Given  log  2,     L  cot  27".  30'  =  10-2835233, 

L  tan  56°.  56'  =  10-1863769,  diff  for  1'=  2763. 

Ans.   o=  119".  26'.  51"-33,  ^=  6".  33'.  8" -67. 

EXAMPLES.     (B). 

1 .  If  y  =  90",  a  =  141,6  =  193,  solve  the  triangle. 
Given    log  141  =  2-1492191,     log  193  =  22855573, 

log  2390  -  3-3783979,  log  2391  =  3-3785796 ; 
Z  tan  36".  9' =  9-8636500,  diff.  for  1'  =  2652, 
L  sin  36".  9'  =  9-7707793,  diff.  for  1'=  17-29. 

Ans.   c  =  239  018,  a  =  36".  9'.  2"-7,  /?  =  53".  50'.  57"-3. 

2.  If  a  =  254,  ^  =  16",  y  =  64",  find  b. 

Given  log  2-54  =  -4048337,      L  sin  80"  =  99933515, 
L  sin  16"  =  9-4403381,    log  7-109  =  -8518085, 
log  7-11  =  -8518696.  Ans.   6  =  71-0919. 

3.  If  6  =  246-35,  a  =  197-63,  a  =  34°.  27',  find  /B. 
Given  log  24635  =  4-3915526,        log  19763  =  4-2958529, 

L  sin  44".  60' =  9-8482180,  L  sin  44".  51'=  9 -8483450, 
Z  sin  34".  27' =  9-7525761. 

Ans.  fi  =  44".  50'.  27"-3,  or  135".  9'.  32"-7. 
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4.  If  a  =  25413,  6  =  375-16,  ^=  61".  10'.  4"-2,  find  a. 
Given  log  25413  =  4-4050559,  log  37516  =  4-5742165, 

L  sin  61".  10'=  9-9425171,  difi".  for  1'  =  695, 

i  sin  36".  24' =  9-773361 4.  Am.   a=36».  24'. 

5.  If  a  =  53".  24',  ^  =  66°.  27',  c  =  338-65,  find  a. 
Given  L  sin  53".  24'=  9-9046168,   log  33865  =  4-5297511, 

L  sin  60".  9' =  9-9381851,   log  31346  =  4-4961821, 
log  31347  =  4-4961960. 

Ans.   a  =313-4605. 

6.  If  a  =  275-35,  I  =  189-28,  c  =  301-47,  find  a. 
Given  log  38305  =  4-5832555,  log  8158  =  3-9115837, 

log  10770  =  4-0322]  57,        log  19377  =  4-2872865, 
L  tan  31".  45'  =  9-7915635,    L  tan  31".46'  =  9-7918458. 

Ans.   a  =  63".  30'.  57"-8. 

7.  Ifa=673-12,  6  =  415-89,  7  =90",  find  a, /3. 

Given  log  67312  =  4-8280925,  L  tan  58".  17'=  10-2090013, 
log  41589  =  4-6189785,  L  tan  58".  18' =  10-2092839. 

Ans.   a  =  58".  17'.  23" -92,  yS  =  31".  42'.  36"-08. 

8.  If  a  =  456-12,  6=  296-86,  y  =  74".  20',  find  a,  /8. 
Given  L  cot  37".  10' =  10-1202593,  log  15926  =  4-2021067, 

L  tan  15".  35'  =  9-4454352,    log  75298  =  4-8767834, 
i  tan  15".  36' =9-4459232. 

Ans.   a  =  68".  25'.  18"-12,  p  =  37".  14'.  41"-88. 

9.  If  a  =  576-12,  c  =  873-14,  y  =  90" :  find  a,  p. 
Given  log  57612  =  4-7605054,     log  87314  =  4-9410839, 

L  sin  41".  17'  =  9-8194012,     difi".  for  1'=  1438. 

Ans.   a  =  41".  17'.  8"-47,  /8  =  48".  42'.  51"-53. 

10.  If  a  =  4439,  6  =  4861,  c  =  8583,  find  i?. 

Given  log  8-9415  =  -9514104,        log  4-439  =  -6472851, 
log  4-0805  =  -6107027,        log  8-583  =  -9336391, 
L  cos  11".  52'  =  9-9906180,  L  cos  1 1".  53'  =  9-9905914. 

Ans.   )8  =  23".45'.46"-4C. 
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11.  If  a  =  38,  ^  =  48*,  y=54»,  find  4,  c. 

Given  Z  sin  54»  =  9-9079576,     L  sin  78*  =  99904044, 
L  sin  48"  =  9-8710735,  log  38  =  1-5797836, 

log  2-8870  =  -4604468,       diff.  for  1  =  150, 
log  3  1429  =  -4973306,       diff.  for  1  =  138. 

Ana.   6  =  28-87039,  c  =  31-42945. 

12.  One  side  of  a  triangle  is  double  the  other,  and  the  in- 
cluded angle  is  a  right  angle,  find  the  other  angles. 

Given  log  2,  L  cot  26".  34'=  10-3009994,  diff.  for  r  =  3159. 

Ans.   26».33'.54"-19,  63".  26'.  5"-81. 

13.  Ifa  =  4,  6  =  5,  c  =  6,  find)8. 

Given  log  2,  L  cos  27".  53'  =  9-9464040,  L  cos  27".  54'  =  9-9463371. 

Ans.     /3  =  55''.  46'.  16"16. 

14.  A  rope  dancer  wishes  to  ascend  a  tower  100  feet  high  by 
a  rope  196  feet  long;  at  what  inclination  must  he  be  able  to  walk 
up  the  rope  1 

Given  log  2,  log  7,  L  sin  30".  40'=  9-7076064,  diff  for  l'  =  2130. 

Ans.    30".  40'.  38"-76. 

15.  If  i  sin  16".  26' =  9-4516322,  Z  sin  26".  27' =  9-4520603, 
find  sin  16".  26'.  46". 

Given  log  2831-1  =  3-4519552,  log  2-8312=  -4519705. 

Ans.    -2831133. 


EXAMPLES.     (C). 

1.  If  6  =  354,  c  =  426,  a  =  49".  16',  find  y3,  y. 

Given  log  2,  log  3,  log  13,  Z  cot  24".  38'  =  10-3386231, 
Z  tan  11".  22' =  9-3032609,  Z  tan  11".  23' =  9-3039143. 

Ans.   P  =  53".  59'.  4"-9,  y  =  76".  44'.  55"-l. 

2.  If  a  =  60",  6  =  14,  c  =  ll,  fiudiS,  y. 

Given  log  2,  log  3,  Ztan  11".44'=  9-3174299,  diff  for  1'  =  6341. 
Ans.   fi  =  7V.  44'.  29"-52,  y  =  48".  15'.  30"-48. 
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3.  If  o  =  135,  6  =  105,  y  =  60",  find  a,  /3. 
Given  log  2,  log  3,  L  tan  12".  12'  =  9-3348711, 

itan  12M  3' =  9-3354823. 
Ans.   a=  72".  12'.  68"-8,  )8  =  47".  47'.  l"-2. 

4.  If  a  =  5,  6=12,  c-13,  finda,/8,  y. 
Given  log  2,      Z  tan  11".  18'.  30"  =  9-3009670, 

L  tan  11°.  18'.  40"  =  9-3010764. 
Ans.    a  =  22".  37'.  1 1"-52,  )8  =  67".  22'.  48"-48,  y  =  90". 

5.  Two  sides  of  a  triangle  are  as  5  : 9,  and  the  included  angle 
is  a  right  angle,  find  the  other  angles. 

Given  log  2,  log  3,  L  tan  29".  3'  =  9  7446453, 
Z  tan  29".  4' =  9 -7449428. 

Ans.   29".  3'.  16"-55,  60".  56'.  43"-45. 

6.  Prove  that  tan  fp  +  "^  =  ^^tan  ^ ;  and  if  6  :  c  =  21 :  29, 

anda  =  46".37'.  24",  find)S. 

Given  log  2,  L  tan  23".18'  =  9-6341426,  diff.  for  1'=  3477, 
L  tan  69".  37'  =  104299645,  L  tan  69".  38'  =  10-4303516. 

Ans.   )3=46".19'.4"-73. 

7.  If  a  =  1 40-5,  6  =  1 70-6,  a  =  40",  find  ft,  y. 
Given  L  sin  40"  =  98080675,  log  1405  =  3-1476763, 

log  1706  =  3-2319790, 
L  sin  51".18'  =  9-8923342,  diff.  for  1'  =  1012. 

Ans.   /8=51".  18'.21"-34,  y  =  88".  41'.  38"-66. 

8.  If  a  =  1  -56234,  b  =  -43766,  y  =  58".  42'.  6"-l,  find  a,  p. 
Given  log  56234  =  4|,  log  cot  29".  21'=  -2500150, 

logcot  29".  22' =  -2497194. 
Am.   a  =  105".  38'.  56"-95,  ^S  =  15".  38'.  56"-95. 

9.  If  a  =  3,  6  =  1,  y  =  53".  7'.  48",  find  c  without  determining 
a  and  p. 

Given  log  2,  log  25298  =  4-4030862,  diff.  for  1  =  172, 
L  cos  26".  33'.  54"=  9-9515452,  L  tan  26".  33'.  54"  =  9-6989700. 

Ans.   c=  2-529823. 
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^Jah  sin  ^ 

10.  Iftantf= r-^,anda  =  5,  6  =  2,  7=120".  find  ^. 

Given  log  3,  L  tan  61«.  17'=  10-2613287, 
Z  tan  er.  18'=  10-2616286. 

Ans.   5=6r.  17'.  22"13. 

11.  One  angle  of  a  triangle  is  60",  and  the  side  opposite  is  to 
the  difference  of  the  two  sides  including  it  as  9  :  2;  find  the 
remaining  angles. 

Given  log  3,  L  cos  78».  54'.  10"=  9-2843730, 

L  cos  78".  54'.  20"  =  9-2842656. 

Ans.   71".  5'.  44"-88,  48".  54'.  15"12. 
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1.  Prove  that  the  ratios  of  the  angles  denoted  by  a  French  and  English 
degree,  minute,  second,  are  expressed  by 

3.3     3.3«     3.38 

275'    27^'   2:53.  "spect^^^eJy- 

23  7 

2.  Shew  that  m'=nC  +  zrizm\  and  n"=Sn*+—  ri\ 

£1  oX 

3.  Shew  that  the  area  of  a  triangle  is  equal  to 

2  \sina      sin/3     sin  7/ 

4.  One  regular  figure  has  twice  as  many  sides  as  another,  and  an  angle 
of  the  first  is  one-third  as  large  again  as  an  angle  of  the  second ;  find  the 
interior  angles  of  each.  Ana.     144o,  108". 

5.  Solve  the  equations : 

sin  3^  sin  4^  -  sin  20  sin  0 = ^  cos  4^, 

4  sin  (0  -  6)  cos  (0  +  0) = cos  60  cosec  4>. 

6.  If  regular  pentagons  be  inscribed  and  circumscribed  about  a  circle, 
then  perimeter  of  the  former  :  perimeter  of  the  latter =V5  +  1  :  4. 

7.  If  cos  0= cos  o  cos /3  + sin  o  sin /3  cos  4, 

and  sin'  ^ = sin  o  sin  /3  cos'  — , 

then  Bm'q=Bm(       '^  +  ^  J  sm  (  — ^ -^  J  . 

8.  If  tan  X = cos  a  tan  y,  then 

tan"  ^  sin  2y 
tan(y-x)  =  ' 


1  +  tan'  ^  cos  2y 
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9.  Eliminate  9  between  the  eqnations 

«i=  oosec  0-sin&,    n  =  eec$-eon0. 

A  ru.     {mn)i  (m^  +  »' )  s  1. 

10.  If  tan"=tan=>(',  andtan/3=2tan^, 
then  ^=^. 

11.  If  a  COB  0  +  6  COS  (^+ a)  be  put  in  the  form 

AcoB(d  +  £), 
find  the  xalues  of  A  and  B, 

Ani.    ^=V(a»  +  6»+2a6coBa),    J=tan-^    ''f°°    . 
^^  a+6co8a 

12.  Divide  a  given  angle  a  into  two  parts,  whose  sines  are  in  the  ratio 

.     ,  msina  .     ,  neina 

m  : «.  Ant,    «'""'  — —  ,  Bm~^ 


^/m*  +  n*  +  2mn  cos  a  /«ym'+n*  +  2mnco8o 

13.  If  cos  (^  -  a),  cos  <t>,  cos  (^ + a)  are  in  h.  p.  ,  then 

COS^s  V^COB^. 

14.  The  elevation  of  a  tower  standing  on  a  horizontal  plain  is  observed ; 
a  feet  nearer  it  is  found  to  be  45**;  b  feet  nearer  still  it  is  the  complement  of 

what  it  was  at  the  first  station ;  shew  that  the  height  of  the  tower  is  — 7 

a-  0 

feet. 

15.  The  distance  between  the  centres  of  the  inscribed  circle  and  of  the 
escribed  circle  touching  the  side  BC  is 

osec?. 

16.  Prove  the  following  expression  for  the  area  of  a  triangle, 

1 /o*  cos  ^  cos  >     6*  cos  a  cos  7     c'co8ocos/3\ 
2\       sina  sin/S  any       / 

17.  A  number  of  spheres  are  put  in  a  hollow  cone  one  above  another, 
and  each  touching  the  one  above,  the  one  below,  and  the  sides  of  the  cone ; 
shew  that  the  radii  of  the  spheres  form  a  geometrical  progression  of  which 
the  common  ratio  is 

tan«(45o  +  |V 

a  being  the  vertical  angle  of  the  cone. 
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18.  From  one  of  the  angles  of  a  rectangle  a  perpendicular  is  drawn  to 
its  diagonal,  and  from  the  point  of  intersection  lines  are  drawn  perpendicular 
to  the  sides  which  contain  the  opposite  angle;  shew  that  if  p,  p'  be  the  per- 
pendiculars last  drawn,  and  d  the  diagonal  of  the  rectangle, 

pl+p'^-d}. 

19.  If  two  circles  whose  radii  are  a,  b  touch  each  other  externally,  and 
if  0  be  the  angle  between  their  common  tangents,  shew  that 

(a +  6)" 

20.  Ii(a+b)t&n{e-<p)  =  {a-h)ta.n{e  +  <f>), 

oco8  20  +  6co8  20=c, 
then  t"  -  a"  -  c"  +  2ac  cos  20 = 0. 


then 


21.     If  cot|3-cottf  =  cot(o  +  fl)  +  cot(a-/3), 
sin  (a-P)  _  6in(a  +  g) 


sin  j3  sin  tf 


22.     If  tan  -  =  2  -  V3,  find  sin  o. 


23.  The  elevation  of  a  tower  at  a  place  A  due  south  of  it  is  30* ;  and  at  a 
place  B,  due  west  of  A,  and  at  the  distance  a  from  it,  the  elevation  is  IS": 
shew  that  the  height  of  the  tower  is 


V(2V5  +  2)" 
24.    If  sin  a  +  sin  (»  -  a)  +  sin  [28  +  a)  =  sin  {0  +  a)  +  sin  {20  -  a),  then 

,  iVS  +  l 

$  =  COS^ J . 

.,,  TO  tan  (a-x)  _    n  tan  x 
2^-     ■"        33?^       "COS'' (a-x)' 

then  tan  (a  -  2x)  =  — ; —  tan  o. 

26.  If  a,  a'  be  homologous  sides  of  similar  triangles  inscribed  in  and 

described  about  a  given  circle,  then 

\   .  ,  ■   o-  ■   P  •   y 
aV4a' sm  2  Bin  I  sm  2 . 

27.  In  the  ambiguous  case  in  the  solution  of  triangles,  if  a,  /3,  y,  a,  /?',  y 
be  the  angles  of  the  triangle  in  the  two  solutions, 

sin  7     sinv'    „     _ 
em  /3     sin  ;3' 
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28.  The  elevation  of  two  elonds  to  a  person  in  the  same  line  with  them 
is  a.  When  standing  on  the  shadow  of  one  of  them  its  elevation  is  2a,  and 
the  other  is  vertioally  over  him.  Shew  that  the  heights  of  the  clouds  are  as 
2co8»o  :  1. 

29.  At  each  of  three  stations  in  the  same  horizontal  plane,  and  at  given 
distances  from  each  other,  the  elevation  of  a  tower  is  observed  to  be  a ;  find 
the  height  of  the  tower. 

30.  In  any  triangle 

a  cos  2/3 + 2&  cos  a  cos  /3 + a  cos  27 + 2«  COS  a  008  Y  =  0. 

31.  If  ^(a*-x')oos/3-i-asina=x8in/3,  then 

x=  7  acos(a±/9). 

32.  The  elevation  of  a  tower  on  a  horizontal  plane  is  observed :  on 
advancing  a  feet  nearer  its  elevation  is  found  to  be  the  complement  of  the 
former ;  on  again  advancing  its  elevation  is  fonnd  to  be  double  of  its  first 

elevation :  show  that  the  last  station  is  ^  feet  from  the  foot  of  the  tower. 

83.  If  the  line  bisecting  the  right  angle  7  of  a  triangle  divide  the  hypo- 
theause  into  parts  z,  y,  then 

a-fl 
X  :  y=l-t :  1  +  t,  where  t  =  t&a  —^. 

'A 

34.  If  Bin0  +  sin2tf=tn, 

cos  0+ cos  20= n, 
then  (»i»+n«)«-8(n»«  +  n«)-2n=0. 

35.  (sin  a  +  sec  a)'  +  (cos  a  +  coseo  a)'  s  (1  +  sec  a  cosec  a)'. 

36.  tan-»  { i  (cot»  6  -  tan'  ^ }  =  2  tan"*  (cos  IB). 

37.  A  person  observes  that  a  tower  and  spire  on  a  bill  subtend  the  same 
angle  /3 ;  on  ascending  the  hill  a  feet,  he  finds  the  tower  subtends  an  angle  7 
and  the  spire  again  subtends  an  angle  /9;  shew  that  the  height  of  the  spire  is 

asin/S 
8in(7-j8)- 

38.  If  the  diameter  1R  of  a  semicircle  be  divided  into  any  two  parts, 
and  on  these  parts  semicircles  be  described  whose  radii  are  r^,  r^;  then  the 
radius  of  the  circle  which  touches  all  three  semicircles  is 
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Oft      ei        .,    .  sin  2a+sin4o  +  Bin6o     .  ,      „ 

39.  Shew  that 3 5 r- =  tan  a  +  tan  2o. 

40.  A  person  on  the  top  of  a  mountain  observes  the  depression  45"  of 
an  object  on  the  plane  below  him :  he  then  turns  through  an  angle  of  30", 
and  observes  the  depression  of  another  object  on  the  same  plane  to  be  30*. 
On  descending  the  mountain  he  finds  the  distance  between  the  objects  is  d. 
Shew  that  the  height  of  the  mountain  is  also  d. 


41.    If  o,  /3,  7  be  in  arithmetical  progression, 
Bin(a  +  /3)      sin  ()3+7) 


sin  (a  -  /3)     sin  (/3  -  7) 


=2  cos  2/3. 


42.    A  tower  stands  in  a  field  in  the  form  of  an  equilateral  triangle,  and 

4 
[(tends  angles  tan"^  -— ,  ta: 

is  equal  to  a  side  of  the  field. 


4  4  4 

subtends  angles  tan"^  -— ,  tan~^  -^ ,  tan~i  — =  at  the  three  comers :  its  height 


43. 

If 

then 

44. 

If 

and 

then 


1  It 

tan~^  — -  -  tan~i r  =  ^ra » 

x-1  x  +  \      12 

a;  =  V3  +  l. 

tan  (tf  +  ^)  =  m  tan  {0  -  <j>), 

acos'(p=bco3''d, 

.„      (m  +  l)n-{m-l)^a 
cos" d = 7 — ,  iw,a — 7 rm "" 


45.  Jix,  y,  z  be  the  lines  joining  the  feet  of  the  perpendiculars  from  the 
angles  of  a  triangle  upon  the  opposite  sides, 

X      y      z      a'  +  fts+c' 

*^^°  ir«+p-'?=-2^6r-- 

46.  If  cos(a-/3)8in(7-5)=cos(a+j8)sin(7+8), 
then  cot  5 = cot  a  cot  j3  cot  7. 

47.  Shew  that 

sin  acos  (/3  -  7)  -  sin  /3  cos  (7  -  o) =sin  (o  -  /3)  cos 7, 

48.  Shew  that 

.    .     1  +  tan^ 
cosa+sm7-smff^ 2    ^  „^^^       go*. 

cos/3+sm7-sma     .     .      p 
^  '  1  +  tan^ 


49.    Shew  that 

2  cosec  26  -  sec  9 
2  cosec  26  +  sec  6 


=  cot' 


(«'^0' 
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50.  lio  +  fl+7  =  0, 

cos  tt  +  C0S/3  +  C08  7+l=4C0B^C08^C08?. 

51.  If  the  area  of  a  triangle  be  constant,  the  sum  of  the  cotangents  of 
the  angles  varies  as  the  smn  of  the  squares  of  the  sides. 

52.  A  colomn  on  a  pedestal  20  feet  high  subtends  an  angle  of  45**  to  a 
person  on  the  ground ;  on  approaching  20  feet  it  again  subtends  an  angle 
of  450.     The  height  of  the  column  is  100  feet. 

53.  Shew  that 

COS*  ff+cos'  (ff  -  tf)  +C08'  (<T  -  ^)  +  C08'  (<r  -  ^)  =2  +2  cos  ff  cob  0  cos  ^, 

where  <r = 5 • 

54.  If  tan9=C08  2a, 

«u  •    aa    l-tan*a 

then  8in2tf=, — - — —  . 

1  +  tan*  a 

55.  Shew  that 

2  tan  }  cos"*  —7; — -^^  -  cos"*       '    .,{  =  x  -  - . 

66.  Shew  that  in  a  triangle 

('••-r)(r4-r){r.-r)=4iZr«. 

67.  If  aVe'  be  the  perpendiculars  from  the  centre  of  the  drcumsoribed 
circle  upon  the  sides  a,  b,  e  respectively,  then 

of     b'     c'~i'  a'b'd ' 

58.  Shewthatco6-»^-Bin-»|=tan-i[?l^i^^^). 

59.  If  a=tan-»^,  /3=tan-i|,  then 

00s  2a = sin  4^. 

GO.    If  2tan«+tan(a-x)=tan(/9+«),  then 
.  Bin(a-/3) 

tanX=  T — :— ^ — r'-^  • 

2  sm  a  sm  S 
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61.  From  the  top  of  a  tower  the  depressions  a,  /3  of  two  ohjeots  in  the 
same  horizontal  plane  with  the  foot  of  the  tower  are  ohserved,  and  also  the 
angle  w  which  they  subtend ;  and  the  distance  o  between  them  is  known ;  the 
height  of  the  tower  is 

a  sin  g  sin  /3 

V'(8in''  a  +  sin'-'/S  -  2  sin  a  sin  j3 cos  w| ' 

62.  Shew  that 

sina  +  sin/3  +  6in7-sm(a+/3  +  7)  =  4Bm-2— sm— ^  sm^-g-^. 

63.  If  sin^  +  sin^=m,  ' 

and  costf  +  cos^  =  n, 

^     71? -m^ 
then  cos(^  +  ^)  =  -y-; — j. 

oi       XI    X  X       1     a;  cos  ^        .     _,  a;  -  sin  0     ^ 

64.  Shew  that  tan-^  -. J-  -  tan-i -^ = <p. 

1— a;sm0  cos^ 

65.  If  the  tangents  of  the  half  angles  of  a  triangle  be  in  arithmetioal 
progression,  shew  that  the  cosines  of  the  whole  angles  are  so  also. 

66.  Shew  that 

,1-m'  ,l-n3     ,       ,  2(m-n)(l  +  m«) 

cos-^^j r,-cos-i  -=tan-i  -:- r/-^^- .-r. 

l  +  m-'  !  +  »■'  {l  +  mnY-{m-ny 

67.  If  the  straight  line  which  bisects  the  angle  jB^Cof  a  triangle  divides 

the  side  BC  in  the  ratio  m  :  n,  then 

n  sin  a 

tanS= . 

•^     m  —  n  cos  a 

68.  Prove  that  the  product  of  the  perpendiculars  from  the  angles  on  the 
opposite  sides  equals 

abc 

69.  If  lines  be  drawn  from  the  angles  of  a  triangle  to  the  centre  of  the 
inscribed  circle,  and  the  points  where  these  lines  meet  the  circle  are  joined 
so  as  to  form  a  new  triangle,  shew  that  its  sides  are  in  the  ratio 

a  a      .    j3  B      .    y  y 

sin  ,+cos7  :  sm'^  +  cos'j  :  sm '+cosv. 
4  4  4  4  4  4 

70.  Eliminate  6  and  tp  from  the  equations 

asin*^  +  6cos''^=a, 

J  sin' 0  +  a  cos' 0  = /i, 

atan0=6tan0. 

1111 

Ant.     -  +7-  -  +  a' 
a     0     a     p 
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71.  Shew  that  the  valae  of  a  oos  20+ i  sin  20,  when  tan  tf = -  ,  is  «. 

a 

72.  Bin  a  sin /3  sin  (a  - /3)  +  Bin /?  Bin  7  Bin  (/3  -  7)  + Bin  7  sin  o  sin  (7 -a) 

=^  {sin  2  (a  - /3)  +  Bin  2  03  -  7)  +  sin  2  (7  -  o)}. 

78.  A  circle  is  inscribed  in  an  equilateral  triangle  (side  a),  and  another 
circle  touches  this  circle  and  two  of  the  sides,  shew  that  its  radius  is  7^-0  • 

74.  ^  fi  is  a  tower  at  the  foot  of  a  hill  whose  inclination  ib  0;  C,  D  are 
two  stations  directly  up  the  hill  from  B  such  that  BC=CD,  and  ^  ACI>=a, 
iADC=p.    Shew  that  d  is  found  from  the  equation 

oottf= "°°"°^ 

2  COB  a  sin /9 + cos /3  sin  a 

75.  If  sin  a  be  the  arithmetic,  and  sin/S  the  geometric  mean  between 
Bin  7  and  cos  7,  prove  that 

COB  2o = q  COB  2^ = cos'  (45"  +  7). 


76.  If  a,  /3,  7  are  each  less  than  90**,  then  if  sin*  a  +  sin*/3 + Bin*7  =  1 ,  any 
two  of  them  are  together  less  than  90°,  and  if  co8*o+cob*/5+cob'7  =  1,  any 
two  of  them  are  together  greater  than  90**. 

77.  If  A  BC  be  a  triangle,  prove  from  the  definitions  that 

sin  C=axiA  cobB+  cos  A  sin  B. 

78.  A  balloon  considered  as  a  vertical  object  of  given  height  floats  at 
a  constant  height  above  the  earth,  and  subtends  angles  a,  /3  at  a  place  when 
the  elevations  of  its  lowest  points  aie  A,  B  respectively ;  shew  that 

tan  (4  +  a)  cot  4  =  tan  (B+/3)  cot  B. 

79.  Eliminate  a  and  p  from  the  equations 

sin  a  COB  ^  sin  0  +  cos  a  cos  0 = J , 
Bin  a  cos  p  cos  d  -  cos  a  sin  6  =  B, 
BinaBiu/3cotd=c. 

Am.    A*+B*^l-cHiia*t. 

80.  Find  the  relation  between  a,  b,  e  that  an  angle  of  a  degrees  may  be 
expressed  by  b,  when  the  unit  of  measurement  is  -  ,  w  being  the  unit  of 
flirotdar  measurement.  An$.    roc =1806. 


B.  T. 


K 
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81.  Eliminate  $  and  0  from  the  equations 

cos  0  sin  a  +  cos  tf>  cos  a=e, 

cos  {0  +  <p)  _cos{e-it>) 
cos  a      ~      sin  a      ' 
cos  9  _  cos  <f> 
sin  a     cos  a  ' 

Ana.     2(l  +  8in2a)(c»-l)  =  c«Bin8  2a. 

82.  If  A,  B  represent  a  certain  angle  in  two  systems  whose  units  are  the 

angles  subtended  at  the  centre  of  a  circle  by  -  th,  -  th  parts  of  the  circum- 

m       n 

ference  respectiyely,  find  the  relation  between  A ,  £,  and  express  the  angle 

in  degrees.  Ans.    uln^  5m,  and  angle  =     .360*. 

m 

83.  If  the  sides  of  an  acute-angled  triangle  of  given  perimeter  be  in  a.  p., 
the  common  difference  of  the  sides  cannot  exceed,   and  the  radius  of  the 

inscribed  circle  cannot  be  less  than  ^nth  of  the  perimeter. 

84.  A,  B  are  two  objects  in  the  same  horizontal  plane,  P  a  point  at 
which  the  angle  a  subtended  hy  AB  is  observed:  from  P  two  persons  walk  in 
directions  at  right  angles  to  PA ,  PB  respectively  to  points  Q,  R,  at  each  of 
which  the  angle  subtended  hy  AB  is  a:  if  PQ  =  a,  PR—b,  find  the  distance 
AB,a  being  acute.  Ans.     ^a'  +  b''  +  2ab(iOBa. 

85.  Eliminate  a,  b,  c  from  the  equations 

o=6cos  C7+CCOS5, 

J=ocos  C+c  cos  A, 

c=a coa  B  +  b  cos  A. 

Am.     coSii -l-cos  (5±(7)=0. 

86.  Eliminate  6  from  the  equations 

cosec^^^mtan  0, 

Bec'0=neot0.  

An$.     ijm+  ^=  iJn^T^. 

87.  The  numerical  measures  of  the  angles  of  a  quadrilateral  when 
referred  to  units  1",  2'^,  3",  4"  respectively  are  in  a.  p.,  and  the  difference 
between  tha  second  and  fourth  is  90";  find  the  angles. 

\  Ans.     80®,  66».  1080,  1560. 

88.  A  person  walking  up  a  slope  towards  the  summit  of  a  hill  observes 
the  elevations  of  the  8ummit\at  j4.  ^,  C  to  be  a,  2o,  3a  respectively;  and 
also  finds  that  A  B  :  BC=  1  :  n.     Shew  that  the  inclination  of  the  slope  is 

TO  ein  3a  -  sin  a 


tan~ 


n  cos  3a  -  cos  a 
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89.  If  A  BCD  be  a  qnadrilAteral  fignre  capable  of  having  a  circle  in* 
scribed  in  it,  and  also  dencribed  about  it,  prove  that  the  radins  of  the 
inscribed  circle  is  equal  to 

AB+BC^CD+DA 

2  (cosec  A  +  cosec  B + cosec  O + cosec  D) ' 

90.  If  A'B'C  be  the  centres  of  the  escribed  circles  of  a  triangle  ABC, 
and  0  the  centre  of  the  inscribed  circle,  shew  that  the  radii  of  the  circles 
circumscribing  A'B'C,  A' Off,  A'OC,  B'OC,  are  each  equal  to  twice  the 
radius  of  the  circle  circumscribing  the  triangle  A  BC. 

91.  If  in  last  question  a'b'c^  be  the  sides  of  the  triangle  A'B'C,  shew  that 

afi  h'*  c'*     _(f.-hrt)(r,+r.)(rt  +  r«)_ a'h'tf 

r^  +  r,     Ta  +  r,     r,  +  r»  UU  +  rjr^+r^r„  2j<T(a-a')(a-b')(<r-c')' 

where  2o'=o'  +  6'+c'. 

go      If     \/sip(^  +  2\) »J(^ -  g")  sin  $  +  2tt/3  co8"tf 


coH{2e-i-\)       eoa6\fiooae-aan9)-Bixi0(fiune+acoB6) ' 

then  tanX=^. 
P 

93.  In  a  triangle 

sin  a  sin  (a  - /9)  sin  (a  -  7)  +  Bin /3  sin  (/3  -  a)  sin  (/3  -  7) 

+  sin  7  sin  (7  -  a)  sin  (7  -  /9) = sin  a  sin  /3  sin  7  -  sin  2a  sin  2/3  sin  27. 

94.  Find  0  and  <f>  from  the  equations 

pBm*0-qan*<^=p, 

p  cos*  d-q  cos*  <f>  =  q. 

V      9*  */~P~ 

Ana.     cos^=a/     ,  — r.  C08^=a/  ^i— . 
V  p(q-p)'         ^     V  q-p 

95.  If  a,  ^  7  be  unequal  and  each  less  than  ±2r,  and  if 

cos  a  +  cos /9  +  cos  7 = sin  a  +  sin /3  +  sin  7 = 0, 

3 
then  cos*o  +  co8*/9  +  co8*7  =  8in'a  +  8in'/3  +  8in'7  =  g . 

By  ay  a        8 

cos  ^  cos  -    cos  -  cos  Jj    cos  -  cos  ^ 

96.  If  ,        "  ,  -    are  in  a.p.,  bo  also  are 

«  — 7  a  —  y  a  —  a 

COB^       ^os-^^      <^^     2 

cos  2a,  cos  2/3,  cos  27,  a,  fi,  7  being  the  angles  of  a  triangle. 

97.  If  in  a  triangle  ABC  lines  be  drawn  through  the  angular  points 
inclined  at  an  angle  a  to  the  three  sides  respectively,  and  A'/fC  be  the 
triangle  formed  by  their  intersections,  shew  that  area  of  A'B'C  :  ares  of 
A  fl(7=flin*  (0  -  a)  :  sin*  >i,  where  oot  ^  =  cot  il  +  cot  B  +  cot  C. 

k2 
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98.  If  (1  +  sin  0)  (1  +  sin  ^)  (1  +  sin  ^) = cos  >  cos  ^  cos  tff, 
shew  that  sin  tf  +  sin^  +  sin  ^  +  sintf  sin^ain  f =0, 
and                        sec*  0  +  sec^  <p  +  sec'  f  -  2  sec  ^  sec  ^  sec  ^=1. 

99.  The  four  common  tangents  drawn  to  two  circles  (radii  r,  r")  form  a 
quadrilateral  If  2a,  2a'  be  the  inclinations  of  the  pairs  of  tangents  which 
are  similarly  situated,  shew  that  the  area  of  the  quadrilateral  is 

rr'  (cot  a  -  cot  a"). 

100.  Shew  from  a  figure  that 

tan80»=V3+4co8l00. 

101.  If  a  circle  be  drawn  touching  the  sides  AB,  AC  ot  a  triangle  ABC 
produced,  and  the  circumscribed  circle,  shew  that  its  radius  is  equal  to 

4i2  sin  -  cos  5  cos  ^  sec"    . 

2k  2t  a  a 

102.  Eliminate  Q  from  the  equations 

osin^      ft  cos  ^       '     asin^tf     6co8*^ 


Am. 


l(0'-(0'!!a)'Hfyi^- 


103.  If  in  a  triangle  A  BC,  PD  be  drawn  from  a  point  P  in  ^C  inclined 
to  4  C  at  an  angle  6,  and  meeting  ABinB,  so  as  to  bisect  the  triangle,  then 

lAP^ 
cot^=-,  -  cosec  4  -  cot  4 . 

DC 

104.  If  A  BCD  be  a  quadrilateral  inscribed  in  a  circle,  and  0,  P  the 
middle  points  of  AB,  CD,  and  if 

POA^e,  0PC=4>,  AB=2a,  CD^Ih,  PO=c, 

tan»      c'-a^  +  b^ 


then 


tan^     ca  +  a"-**" 

tan  I'x  +  y)  _  tan(y4  z)  _  tan(a!  +  z) 
a  +  b      ""     b  +  c      ~      a  +  c 

t&n{M+y)  _  tan  (y - z)  _  tan  (as - 2) 
"""^  a'+h'     ~     b'  +  c'     -~lim'     ' 


105.     If 


then 


\J»-a'     b'^-a^ 


106.    Eliminate  0  from  the  equations 

-=cos0  +  co82tf,     |-  =  sinfl+sin2^. 
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107.  A,  B,  C  is  a  triangle {  A',  B',  C  the  middle  points  of  the  arcs  BC, 
AC,  AB  of  the  circumsciibing  circle.  If  chord  B'C  intersects  AB,  AC  iu 
L,  Mt  shew  that 

.    /3   .     y 

AL=AM=  = '. 

sin  a  COB - 

108.  OP  is  a  vertical  pole  in  a  circular  inclosure  A DBC,  AB  &  diameter 
of  the  inclosure,  and  CD  a  chord  through  0.  If  3a,  a  be  the  elevations  of  P 
aX  A,  B  and  2,0,  0  ai  D,  C  respectively,  shew  that 

cos  20= cos  a  cos  3a  sec  2a. 

109.  Three  lines  parallel  to  the  sides  of  a  triangle  pass  through  a  point 
and  cut  off  portions  of  the  triangle  whose  areas  are  to  the  area  of  the  triangle 
as  m  :  1,  n  :  1,  p  :  1  respectively  :  shew  that 

110.  The  area  of  the  triangle  formed  by  joining  the  centres  of  the 

escribed  circles  is 

1  c  a  /3  7 

5  S  coseo  ;r  cosec  ^  cosec  ' . 

111.  Shew  that 

4  8in*a 


tan  a  (tan  2a)  ^  (tan  4a)i 


(2  sin  8a)i 


112.    Find  all  the  values  of  x  which  satisfy  the  equation 
vers-i  (1 +x)  -  vers-»  (1  -  x) = tan"'  2  V(l  -  a;*). 


Ant.     ±1.  o 


113.  In  the  three  edges  of  a  cube  which  meet  at  one  angle,  three  points 
A,  B,  C  are  taken  at  distances  a,  b,  c  from  that  aiigle  respectively.  The  area 
of  the  triangle  A  BC  is 

114.  Determine  x  from  the  equation  tan  (a + z) = m  tan  x,  and  explain  the 
result  when  m=l. 

115.  It  AD,  AE  he  drawn  bisecting  the  interior  and  exterior  angles  at  A 
of  a  triangle  A  BC,  and  r^,  r,,  r,,  r^  be  the  radii  of  the  circles  circumscribing 
the  triangles  ABD,  A  CD,  ABE,  ACE,  respectively,  then  r^r^  =  r^rf. 

lie.  Having  given  the  area,  base,  and  vertical  angle  of  a  triangle,  find 
the  other  angles. 
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117.  Having  given  two  sides  of  a  triangle,  and  the  difference  of  the 
angles  opposite  them,  determine  the  angles. 

118.  If  the  angle  a  be  divided  into  two  parts  so  that  their  versed  sines 
may  be  in  the  ratio  m  :  n,  one  part  is 


2  cot~^  jcot  _  +  ^-  cosec  _  J . 
(       2      ^  m  2) 


119.     If  r,  r'  be  radii  of  the  circumscribed  and  inscribed  circles  of  a 
regular  polygon  of  n  sides,  shew  that 


r  +  r'=a  cot  jr- , 


where  2a  is  one  of  the  sides. 


120.  Find  the  number  of  acres  in  a  field  whose  sides  are  400,  300,  300, 
300  yards  respectively,  and  one  angle  adjacent  to  the  largest  riide  is  a  right 
angle. 

125 


Ans.    „j^  (5  Vll  +  24)  acres. 


121.     In  a  triangle 


sm^'.  +  sm^'^  +  sm* '+2sin2sm^8m  ^  =  1. 

,««      oi.       J.-L.  i.  sina±sinna  +  sin(2n-l)a     , 

122.  Shew  that jt: r^  =  tan  no. 

cos  a  ±  cos  na  +  cos  (2«  - 1)  o 

123.  If  the  sides  of  a  triangle  are  in  arithmetical  progression,  the  per- 
pendicular on  the  mean  side  from  the  opposite  angle,  and  the  radius  of  the 
escribed  circle  touching  the  mean  side,  are  each  three  times  the  radius  of  the 
inscribed  circle. 

124.  If  acos^e  +  bBm^e=m<ioe,'^<p, 

a  sin'  6  +  b  cos*  0=n  sin*  ^, 
TO  tan*  tf = n  tan' ^, 
then  (a+l){m+n)  =  2mn. 


125.     Solve    8  sin"!  x  sin"!  2a: = 3  (sin"!  2a;)»  -  3  (sm-^ «)». 

1 
Ant.    a;  =  ±„  or  ± 


V14 
8" 


126.    Solve  8  cos  ^ = ^^  + , 

sin  0     cos  6 


„    nir      TT  IT 

A718.    0=-^+  j2  or  nir  +  ^ 
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127.  Tbe  distance  between  the  centres  of  two  wheels  is  a,  and  the  som 
of  their  radii  is  e;  shew  that  the  length  of  a  string  which  wraps  round 
them  and  crosses  between  them  is 


2V(a»-c')  +  c  rT  +  28in-i  ^  . 


128.  An  object  a  feet  high  at  the  top  of  a  tower  sabtends  a  given  angle 
a  at  a  distance  d  from  the  foot  of  the  tower.    The  tower's  height  is 

a     ■v/{a*  ->■  4d  (g  cot  tt  -  d)] 
"2=^  2  • 

Explain  the  negative  result. 

129.  In  a  triangle,  if  a,  6,  e  be  in  arithmetical  progression,  then 

sin(a+f)=28in^. 


130.    Shew  that  cot  7=    cosec  a  -  cot  a,  and  adapt  the  result  to  logariih- 
c 

niio  computation. 

]  31.     Shew  that  tan  0  tan  (60  +  0)  tan  (60  -  9) = tan  30. 

,0*     T.  Bin(x+o)     l-j»     ., 

132.  If  — 7 { =  T—-  •  *^«** 

0OB(x-a)      l  +  t» 

tan  (45»  -  «) = m  cot  (45<>  -  a). 

133.  The  hypothenuse  ^j5  of  a  right-angled  triangle  ACBiz  divided  iu 
D  80  that  AD  '.BD  =  CB:  CA.    Shew  that 

tr  a  +  o 

134.  Eliminate  6  from  the  equations 

{a  +  b)  tan  {0-  <f>)  =  [a- b)t&n{e  +  if>) , 

a  cos  2^  +  6  COB  20 = c. 

Ant.    i'=a'  +  c'-2a<:coBa^. 

135.  If  the  lines  drawn  from  the  angles  of  a  triangle  perpendicular  to 
the  opposite  sides  meet  in  a  point  whose  distances  from  the  three  angles  are 
p,  q,  r,  respectively,  then  the  area  of  the  triangle  is 

^(pa+26+rc). 
Shew  also  that  a*p  ooseo  a  +  li^q  cosec  /3 + cV  cosec  7 = 2dbe, 
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136.    The  area  of  the  triangle  formed  by  joining  the  centres  of  the 


escribed  circles  is 


abcsja 
2V{(«-a)(»-6)(8-c)r 


137.    Shew  that 

sec*  (a  +  45)  -  see*  (a  -  45«)  s=  4  tan  2a  sec  2tt. 

188.    If  cos  (<r  -  2a)  +  cos  {<r  -  2/3) = cos  ((t  -  2^) + cos  (<r  -  28),  where 
«r=a+/3+7  +  5, 
then  tanatan/3=tan7tan5.  ' 

139.  One  angle  of  a  triangle  is  60",  and  the  sides  indading  it  are  in  the 
ratio  5  : 3.    The  other  angles  are 

tan"^  — =—  and  tan~^  5  \/3. 

140.  If  the  sides  of  a  triangle  ABC  be  divided  into  parts  at  D,  E,  F, 
which  have  to  one  another  the  same  ratio  n :  1,  shew  that  if  the  points 
D,  E,  F  be  joined,  the  triangles  ADF,  BDE,  CEF  are  all  equal,  and  that 

LDEF  :  MBC=n'^-nJ^l  :  {n  +  l)\ 

141.  If      cos  a = cos /3  cos  0  =  cos /5' cos  (^', 

and  sm  0=2  srn^  sin  ^  , 

shew  that         tan^— tan^tan^. 

142.  A  person  walking  along  a  straight  road  observes  that  the  greatest 
angle  which  two  objects  make  with  each  other  is  a :  from  the  point  where 
this  happens  he  walks  a  yards,  and  the  objects  there  appear  in  the  same 
straight  line  making  an  angle  /3  with  the  road :  the  distance  between  the 
objects  is 

2a  sin  a  sin  /9 
cos  a  +  cos  /3  ■ 


143.  In  any  quadrilateral 

tan  a  +  tan/3  +  tan7+tan  8 
cot  a  +  cot  /3  +  cot  7  +  cot  8 

144.  Shew  that 


=tan  a  tan  /3  tan  7  tan  8. 


2  tan- [tan  «    /jtan  f  :-^)n=cos- fi^:i^±*55.^) , 
L       2V  (        \4     VJJ  \l  +  cosatan/3/ 
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145.  A  circle  is  described  about  a  triangle  A  BC,  and  a  new  triangle  is 
fonned  by  joining  the  points  of  bisection  of  the  arcs  subtended  by  the  sides 
of  ABC;  shew  that  the  angles  of  this  triangle  are 


90-^. 

90-J, 

90-|; 

aod  the  sides  are 

a 
asm?" 

h 

2.inf 

C 

2sin^' 

a       B       y 
and  its  area  :  area  of  triangle  ABC=  1  :  8  sin  -  sin  ^  sin  ' . 

^  a  a 


146.  Three  circles  whose  radii  are  a,  b,  c  touch  each  other  externally ; 
prove  that  the  tangents  at  the  points  of  contact  meet  in  a  point  whose  dis- 
taoee  from  any  one  of  them  is 


147.  If  a=co8ectftan'tf  (co8ec*tf  +  l)  +  8ec*, 
and  6 = tan' tf  (cosec*  tf  + 1)  -  tan  tf, 

then  a'-ft'^a*. 

148.  A  person  wishing  to  determine  the  length  of  an  inaccessible  wall 
places  himself  due  south  of  one  end,  and  due  west  of  the  other,  at  such 
distances  that  the  angles  which  the  wall  subtends  at  the  two  positions  are 
each  equal  to  a.  If  a  be  the  distance  between  the  two  positions,  the  length 
of  the  wall  is  a  tan  a. 

149.  A  Tesiel  observed  another  vessel  a*  from  the  north  sailing  in  a 
direction  parallel  to  its  own.  After  an  hour's  sailirg  its  bearing  was  /3<*,  and 
after  another  hour  7°.     In  what  direction  were  the  vessels  sailing  ? 

An..    i+-%tan->jtan':>^-cot(^-«-±>)j, 

.,  .       ,  tan /9  (tana  +  tan 7) -2  tan  a  tan  Y 

or  otherwise,  tan"*  — ^-^ — - — j--!^ — r ^ • 

2  tan  /3  -  (tan  a  +  tan  7) 

150.  A  circle  is  inscribed  in  a  triangle  and  tangents  drawn  parallel 
to  each  side  and  intercepted  by  the  other  two.  If  /,  m,  n  be  the  lengths  of 
the  tangents  opposite  the  sides  a,  b,  c  respectively,  then 

a     b     c 


154  PLANE  TRIGONOMETIlY. 

151.  A  circle  is  inscribed  in  a  triangle ;  similar  triangles  are  ont  off  by 
tangents  to  the  circle,  and  in  these  triangles  are  inscribed  other  circles ; 
shew  that  the  radius  of  the  first  is  eqaal  to  the  sum  of  the  radii  of  the 
others. 

152.  Two  squares  may  be  inscribed  in  a  right-angled  triangle,  one 
having  two  sides  lying  on  the  sides  of  the  triangle,  and  the  other  having  one 
side  on  the  hypothenuse ;  shew  that  the  latter  is  always  the  least. 

153.  The  distance  between  the  centres  of  the  inscribed  and  circum- 
scribed circles  is  y/{R^-2Rr). 

154.  In  the  triangle  A  BO,  B'C  is  drawn  through  A  parallel  to  EC,  and 
A'B'  through  C  perpendicular  to  AC,  and  A'C  through  B  perpendicular  to 
AB\  shew  that  the  area  of  the  triangle  A' B'C  is 

a"         cos*  (|3  -  7) 


2  *  cos /3 cos 7 sin*' 

155.  A  person  walks  x  yards  from  ^  to  ^  along  the  side  AB  oi  the 
triangle  ABC,  and  observes  the  angle  A  EC  =6.  Again  he  walks  y  yards 
along  BA  from  B  to  P  and  observes  CFB=d.  Given  AB—c,  find  the  other 
sides  of  the  triangle. 


^««-     /y/ !  (^^-^  sec  ey  +{c-y)x\, 
and  ^j^'^±|ZfsecOJ+(c-x)j/|. 


156.  In  the  hypothenuse  ^B  of  a  right-angled  isosceles  triangle  ACB, 

5 
D  is  taken  so  that  CD  is  equal  to  -  CB.     Shew  that  AB  ia  divided  in  i)  in 

the  ratio  3  :  4. 

157.  If  cBme-as]n{d+4>)=0, 

a  Bin  4>  -b  BVD.  0 =0, 
cos  tf-cos  <f>=2m, 
then  (a-b){{a  +  b)^-(^}  +  iabmc=0. 

158.  From  the  summits  of  two  rocks  A,  B  aX  sea,  at  a  given  distance  d 
apart,  the  dips  o,  |3  of  the  horizon  are  observed,  and  it  is  remarked  that  the 
Bummit  of  5  is  in  a  horizontal  line  through  the  summit  of  A  ;  shew  that 
the  radius  of  the  Earth  is 

d 
COS"'  (sec  a  cos  /3) 
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159.  Of  the  three  squares  which  can  be  described  in  a  triangle  so  that 
one  side  of  the  square  coincides  with  part  of  one  side  of  the  triangle,  the 
greatest  is  that  which  is  on  the  least  side. 

160.  If  the  perpendiculars  from  the  angular  points  of  triangle  ABC 
meet  the  sides  in  D,  £,  P,  and  R,  R^  be  the  radii  of  the  circles  described 
about  triangles  A  BC,  DEP,  and  r^  the  circle  inscribed  in  DEP,  prove  that 

iZ|  s  =  iZ  and >! = 2JZ  cos  a  cos  9  nc9  7. 

161.  In  a  triangle 

a* :  6' :  c*=oot^4oot7  :  cot^+oota  :  cota  +  cot/3. 

162.  A  person  walking  along  a  straight  road  observes  the  greatest  eleva- 
tion of  a  tower  to  be  a.  From  another  straight  road  he  observes  the  greatest 
elevation  of  the  tower  to  be  /3.  The  distances  of  the  points  of  observation 
from  the  intersection  of  the  two  roads  are  a,  b  respectively:  prove  that 
the  height  of  the  tower  is 


Vcof/S-cofoy  * 


163.  If  the  inscribed  circle  touch  the  sides  of  the  triangle  ABC  in 
points  A'B'C,  and  R^,  R^,  R^he  the  radii  of  the  circles  circumscribed  about 
ABC,  BA'C,  CA'B'  respectively,  then  2i?i/2^,=r*A 

164.  If  in  a  triangle  ABC  circles  are  described  with  centres  B,  C  io 
touch  the  opposite  sides  and  intersect  in  A ',  then 

co.BA'C=^^^.^^^^^^. 

166.     Prove  that 

tan  * tan^ =  -  sin"*  — r— r,    -.v.    . 

i»-n  m  +  n     2  (fil-+n*)* 

166.  Eliminate  0  from  the  equations 

a  sin  30  -  6  cos  30 = c  sin  2$  VCcos  2ff), 
a  cos  30+ 6  sin  30= c  cos  20  V(cos  20). 

Am.    (a'  +  6»)«=c»(«^-6^ 

167.  If  (x*+y')Bin»o=(yBin^-«0OB^)«,  then  x=ytan  (/3±o). 

168.  If  XOOS0S&,  xoos(2o-0)=f, 
ih«»                        x=-{(6  +  c)'sec*o  +  (6-c)»ootiec*a}i 
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169.  If  sin 5= sin  ^  + sin  ^,  cos  0  =  cos  yp+oosO,  cot  ^=oot0+cot^,  find 
e,  0,  ^.  Ans.    e=15(y>,  0=9O«,  V=-300. 

170.  If  0  be  the  centre  of  the  circle  inscribed  in  the  triangle  ABC; 
D,  E,  F  the  points  of  contact,  and  p^ ,  p^,  p^  the  radii  of  circles  inscribed  in 
AEOF,  BDOF.  CDOE,  then 

r»0)i+/)j+/)8)-2r(/>i/),+/>i/)8+p^)  f  2pi/)j/)3=0. 

171.  Prove  that  the  tangents  of  the  angles  of  depression  of  one  balloon 
observed  from  another  at  equal  intervals  of  time  are  in  a. p.,  if  the  two 
balloons  are  under  the  influence  of  the  same  horizontal  currents  of  air,  and 
are  moving  in  straight  lines. 

172.  Solve  the  equation 

cot»+cotr^  +  |j+cot  r^+-^j=3cot3a. 


Am.    8  =  -~+a. 


173.    Shew  that 


cosec'  a + cosec*  ( «  +  5  )  +  cosec^  J  a + -^  J  =  9  cosec'  3o. 

174.  AB  is  tk  diameter  of  a  circle  produced  to  any  point  P,  and  AC, 
A  D  are  chords  of  the  circle.    If  BC,  BD,  PC,  P3  are  joined,  shew  that 

tan  PCB  :  tan  PDB= cot  BAC  :  cot  BAB. 

175.  In  a  triangle,  shew  that 

8  sin  ^  sin  ^  sin  ^  <  1, 
unless  a=/3  =7.    Hence  shew  that  if  i2=2r,  the  trian^e  is  equilateral. 

176.  If  B,  E,  F  are  the  feet  of  the  perpendiculars  from  the  angles 
A,  B,  C  of  a  triangle  on  the  opposite  sides,  and  2>',  E',  F  the  points  of 
contact  of  the  inscribed  circle,  shew  that 

i)D' sin  o  +  £"£' sin /3 + i^i?' sin  7 = 0, 

if  Diy,  EE\  FF'  have  the  same  signs  as  6- c,  c- o,  a- 6  respectively. 

177.  In  a  triangle  ABC,  it\p,  E,  F  be  the  points  of  contact  of  the 
inscribed  circle,  and  AD,  BE,  CFtneet  the  circle  in  jy,  E*,  F',  shew  that 

AE>      BF^      ^^'     «.ilrLj.!*!4.^l 
Ajy-i'^  BE'-^'^CF'-^^^  i\a'^  b  "^  cS' 

178.  If  0+^3  +  7  +  5=360'',  and  tan  o,  taa/S,  tan7,  tan5  be  in  g.p., 
then  tanotanS— tan/3tan7=l,  and  if  tano=a,  find  the  other  angles. 

Ans.    tan/3=^o,  tan7=Va~',  tan8=o~^ 


179.    U 
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6  sin  9  8  Bin  29  2  sin  39 


008(^  +  0)       008(^  +  2^        008(0  +  39)' 

then  0=0. 

180.  In  a  triangle 

X     n    .1     m, .  I     n  Bin  4a  +  sin  4/3  +  Bin  iv 

tan  2a  +  tan  2fi  +  tan  27 = -  , ; 5-— '~- . 

1  +  cos  4a  +  COB  4/3  +  OOB  47 

181.  In  a  triangle 

_     -/      A-B      .   A+B\ 
l  +  co8C<  2  (cob — —  +Bm — ^  1 . 

182.  A  BCD  is  a  quadrilateral  fignre  inscribed  in  a  circle  whose  sides  are 
in  o.  p.  (common  ratio  r) :  shew  that 

tani^C  :  tan BCD=r'-l  :  r*  +  l. 

183.  If  AD,  BC,  CP  bisect  the  angles  of  a  triangle  ABC,  shew  that 

triangle  DBF:  triangle  ABC=2abe  :  (o+6)(o+c)(6  +  c). 

184.  If  lines  be  drawn  from  the  angular  points  ^,  J?,  C  of  a  triangle 
through  0  the  centre  of  the  inscribed  circle  to  meet  the  circumference  of  the 
circumscribed  circle  in  P,  Q,  R  respectively ;  shew  that  the  product  of  the 
radii  of  the  circles  circumscribed  about  BOP,  BOA ,  COQ  equals  the  product 
of  thoBB  about  BOB,  AOQ,  COP,  and  also  equals 

r'ia  +  b+e)*' 

185.  If  Pi,  p„  7>3  be  the  perpendiculars  from  the  angles  on  the  opposite 
Bides  of  a  triangle,  and  q^,  9,,  93  the  perpendiculars  from  the  centre  of  the 
circumscribed  circle  upon  the  same  sides  respectively,  and  r  the  radius  of 
the  inscribed  circle,  then 

Pi         Pt         Pi        ' 

186.  A  triangle  is  described  about  a  given  circle,  and  three  different 
similar  triangles  are  escribed  about  it.  Prove  that  each  side  of  the  first 
triangle  is  equal  to  the  sum  of  the  corresponding  sides  of  the  escribed 
triangles. 

187.  If  0  be  the  centre  of  the  escribed  circle  touching  th«  side  SC 

of  the  triangle  ABC,  and  BO,  CO  be  produced  to  meet  AC,  AB  produced  iu 

F,  £,  then 

.    7-a 

_„     Bin 

OB  '2 

0F~    .    a-a' 
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188.  If  p,  q,  t  be  the  distances  between  the  centres  of  tbo  escribed 
circles  of  a  triangle,  then 

ranr^     1   .         ■    o   • 
=  -  sin  a  sin  B  sin  y. 

Shew  also  that  area  of  triangle  is  equal  to 

189.  Prove  that  (1  +  sec  a)  (1  +  sec  2a)(l  +  sec  4a) ...  to  n  factors  is  equal  to 

tan  2"-i  g 
tan? 

190.  If  A,  A'  are  the  peaks  of  two  mountains,  and  BC a  straight  hori- 
zontal road ;  shew  that  the  nearer  of  the  peaks  will  just  conceal  the  other  at 

some  point  of  the  road,  if  -; — -  =   .  -  „, ,  where  a  is  the  altitude  of  ^,  as 

^  sin  /3      sin  /3 

seen  from  any  point  B  of  the  road,  j3  the  angle  ABC,  and  a',  /3'  similar 
angles  for  the  peak  A'  as  seen  from  any  point  JB"  of  the  road. 

191.  ADB  is  a  semicircle;  AB  {2a)  its  diameter;  CD  any  radius 
dividing  the  semicircle  into  two  sectors  in  each  of  which  is  inscribed  a 
circle :  these  circles  touch  AB  in  M  and  N.  Prove  that  if  MN=b,  and  r,  r' 
be  the  radii  of  the  two  circles, 

{a-bf  =  (a-2r){a-2r')^(^J. 

192.  If  a-  =  y^+z^+  2yz  cos  6, 

b'^  =  z'  +  x''  +  2xzcoB<p, 
c^=x^+y'  +  2xy  cos  %, 

and  5  +  ^  + X=T,  prove  that 

2yz  sin  5  +  2x2  sin  (^  +  2xy  sin  x  =  V(a  +  6+c)(a  +  6  -  c)(o  -  6  +  c)(&  +  c  -  a\ 

193.  If  the  sides  of  a  triangle  ABC  are  divided  in  points  A',  B\  C  so 
that 

BA' :  A'C=CB' :  BA=AC'  :  CB  =  m  :  n;  where  m  +  n  =  l, 

and  if  AA',  BB',  CC  be  joined  and  a  triangle  formed  whose  sides  are  equal 
to  these  three  lines,  then  its  area  equals  (1  -  mn)  times  the  area  of  ABC. 

194.  A  man  walks  directly  towards  an  object  A  until  two  other  objects 
B,  C  subtend  the  greatest  angle  in  his  path,  when  he  observes  that  A  and  B 
appear  under  the  same  angle  (a)  as  B  and  C.  He  then  walks  directly 
towards  C  until  A  and  B  subtend  the  greatest  angle  in  his  new  path,  when 
he  once  more  observes  that  A  and  B  appear  under  the  same  angle  ()3)  as  B 
and  C.  If  the  length  of  his  walk  between  the  two  observations  be  d,  shew 
that  2^=90«+a,  and  find  the  distances  AB,  BC,  AC. 

Ana.    AB=dainaBecp,  BC=dia.np, 

AC^dJl  +  iama+lSam^a  +  Sshx'a. 
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195.  The  sun's  rays  supposed  parallel,  cast  a  shadow  throughout  the 
day  on  a  horizontal  table  of  a  sphere  resting  on  the  table.  The  son's  alti- 
tude is  a  when  it  is  S.S.E.,  and  /3  when  it  is  "W.S.W.:  prove  that  if  D  be  the 
distance  between  the  two  points  of  the  shadows  farthest  from,  and  d  the 
distance  of  the  two  points  nearest  to,  the  point  of  contact  of  the  sphere, 

a        B 
dsDtanxtan-. 

196.  Solve  the  equation 

a 

^    1  ,<?      ^^""'2  1       ^«     2Bin»a 

eoBe  +  ^  cosec'n-  — —-=0080+5  coseo'r  — -— —  . 
2  2        COS  0  2  2       cos  a 

.    a  +  $    ,.       .    a-0    ^  .  1  coso  — 1 

An$.    Bm-^=0,    Bin  — „-  =0,    coBtf=r or . 

2  2  l-coso  cos  a 

197.  Two  circles  (radii  R,  r)  touch  each  other  internally.  A  tangent  to 
the  smaller  circle  is  a  chord  of  the  larger,  and  is  inclined  at  an  angle  6  to 
their  common  diameter,  shew  that  its  length  is 

2  J{Ji  -  r)(l  +  sin  0)  {Ji  (1  -  sin  <>)  +  r  (1  +  sin  0)). 

198.  Ois  the  centre  of  the  inscribed  circle  in  the  triangle  A  BC;  P,Q,R 
are  the  centres  of  the  circles  inscribed  in  BOC,  CO  A,  A  OB  respectively: 
prove  that  the  area  of  the  triangle  PQB  :  the  area  of  A  BC  :: 

BinjBiu-sin-ftan^+tan^+tanr  +  SJ-'V^cos-cos-coBs-. 

199.  0  and  E  are  the  centres  of  the  circles  inscribed  in  and  circnm- 
Bcribed  about  the  triangle  ABC,  and  2>  is  the  intersection  of  the  perpendi- 
culars from  A,  B,  C  on  the  opposite  sides;  prove  that  the  area  of  the 
triangle 

C—B       A  —  C       B  —  A 
DEO  :  area  of  ABC ::  sin— ^  sin  —^  sin  — -—  :  sin il  sin  5  sin  C. 

200.  The  inscribed  circle  of  a  triangle  passes  through  the  centre  of  the 
circumscribing  circle,  and  also  through  the  point  of  intersection  of  the  per- 
pendiculars from  the  angles  on  the  opposite  sides,  prove  that  the  angles  of 
the  triangle  are 

I,    r  +  cos-(v2-^).    ^-C0S-(V2-^). 

201.  The  tops  of  three  mountains  B,  C,  D  are  in  the  same  plane  with 
the  station  A.  D'ls  invisible  from  A,  but  tlie  angles  of  elevation  of  B  and  C 
are  observed  to  be  0  and  ^,  and  the  angle  B AC  io  he  a.  From  B  the  angles 
A  BD,  CBD  are  observed  to  be  /3  and  a  respectively,  and  from  C  the  angle 
A  CD  18  found  to  be  /3 ;  prove  that  D  is  at  a  height  above  A  equal  to 

*  a  sin  j3  (2  cos  a  sin  ^  -  sin  0) 

Bin  (2a  +  )i)  * 

where  AB=a. 
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202.  In  a  triangle  if 

y  sin*  a + «  sin' /5 = z  sin' /3 + y  sin' 7 = as  sin' 7 + 2  sin' a, 
then  X  :y  :  z=Bin 2a  :  sin2/3  :  sin 27. 

203.  In  a  triangle 


P-y 


Bin  U+^j  +  sin  T/S  +  lj +sin  U  +  ^ j +  1=4  008  ^— ^COB^J^OOB^ 
204.    In  a  triangle 


jSc.ffi-a'y 


0 

cannot  be  less  than  7 . 
4 


Bin*  -  +  sin"  5  f  sin''  ^ 


205.  If  x  +  ycoS7  +  2cosj3=cos  ((T-a), 

y  +  2C08  a  +  xcos7  =  cos  (<r-/3), 
2  +  a5COS/3  +  y  cos  o=cos(<r-7), 

X     _     y     _     z     _      1 
Bina~Binj3~Bin7~2  8in(r 
where  2(r=o+/3+7. 

206.  If  cos' o  +  cos* /3  + cos"  7=1, 

then   (sin  2a + sin  2/3  +  sin  27)' + 4  {sin*  (/3  -  7)  + sin' (a -/3)  + sin' (a -7)} =8. 

207.  Prove  that  the  area  of  any  triangle  is  a  mean  proportional  between 
the  areas  of  two  triangles  formed,  the  one  by  joining  the  points  of  contact 
of  any  one  of  the  four  circles  touching  the  sides,  and  the  other  by  joining 
the  centres  of  the  other  three. 

208.  A  plane  polygon,  whose  sides  are  o^ ,  aj ,  Oj , ...  and  area  A ,  is  divided 
into  triangles  by  joining  its  angular  points  with  a  point  at  which  the  sides 
subtend  angles  O-^,  0^...  If  the  centres  of  the  circumscribing  circles  of  these 
triangles  be  joined  in  order,  the  area  of  the  polygon  thus  formed  is 

2  ^  -  g  (oi' cot  ^i+ V  cot  0,  + . ..). 

209.  The  angles  subtended  by  one  tower  at  the  base  and  sunmiit  of 
another  tower  of  height  a  on  the  same  horizontal  plane,  are  respectively  a 
and  /3.    Prove  that  the  height  of  the  first  tower  is  given  by  the  equation 

«*  cos  a  sin  (/3  -  a)  -  aa;  sin*  o  sin  /3  +  o'  sin*  a  sin  /9 = 0. 

210.  Two  equal  circles  roll  on  the  circumference  of  another  circle, 
the  one  inside  and  the  other  outside:  if  when  they  have  completed  th« 
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same  number  of  oirooitii,  they  have  made  complete  revolutions  which  are  in 
number  as  7  :  1,  compare  the  radii  of  the  circles.  Ans.    8:4. 

When  the  exterior  circle  has  performed  half  a  circuit,  where  must  the 
interior  one  be  so  as  to  have  revolved  as  much  ? 

It  has  performed  3^  circuits. 

211.  If  the  sides  a,  b,  e  ot  &  triangle  be  increased  in  the  ratios  1 :  1, 
m  :  1,  n  :  1,  and  the  angle  c  be  thereby  halved  and  the  sum  of  the  other  two 
doubled,  then 

(io» + m6»)(i +m)=c'{lm+n*). 

212.  From  the  extremity  £  of  the  radius  AB  ol  a,  circle  a  straight  line 

BC  is  placed  in  the  circle =-  radius,  from  C  another  straight  line  is  drawn 

through  the  middle  point  of  ^^  to  meet  the  circumference  in  F.  Shew 
that  triangle  BPA  is  double  the  triangle  BCA.  Also  ilPAB=<p,  CAB=e, 
then 

oosec^+oottf+Scot  (^  +  ^)  =  0. 

213.  A  rod  is  moved  towards  the  eye  of  an  observer  so  that  its  middle 
point  and  upper  extremity  are  always  viewed  in  the  same  directions :  if  at 
two  positions  when  its  upper  and  lower  halves  subtend  angles  at  the  eye 
which  are  as  1:1,  1:2,  the  distances  of  its  middle  point  from  the  eye  are 
a\/5,  a:  find  the  length  of  the  rod.  Am.    2aVS- 

214.  At  the  extremity  of  an  arc  (AB)  ot  &  circle  (radius  r)  subtending 
an  angle  ff,  a  tangent  BD  is  drawn  in  the  direction  of  angular  movement, 
whose  length  is  r  tan  $.  If  AC  is  the  diameter  through  A ,  and  DC  be  joined 
making  angle  DCA  =■  <(>,  then  if  when  0  is  doubled  ^  becomes  ^',  shew  that 

tan  <f>  COB  S9  cos  9 

tan  <f>'  ~  cos  d  +  cos  20 '  coa  2$* 

215.  A  trefoil  consisting  of  three  equal  semicircles  is  inscribed  symme- 
trically  within  another  such  trefoil :  shew  that  their  ardas  are  in  the  same 
ratio  as  the  radii  of  the  circles  inscribed  in  the  smaller  and  circumscribing 
the  greater  trefoiL 

216.  A  person  vrishing  to  calculate  the  radius  of  a  railway  curve,  mea- 
sures a  distance  a  from  one  of  the  telegraph  posts  at  right  angles  to  the 
carve  at  that  point :  he  then  observes  that  the  pth  and  qth  posts  from  the 
one,  from  which  he  made  his  measurement,  are  in  a  straight  line  with  him : 
the  distance  between  two  consecutive  posts,  measured  along  the  curve, 
is  a,  shew  that  the  radios  is  formed  from  the  equation 


co8(p  +  o)  — =a cos  ^'  „'  ■ . 

^    ^'  '2r     r  +  a  2r 


B.T. 
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PBEVIOUS  EXAMINATION.    December,  1866. 

1.  What  is  the  circular  measure  of  an  angle?  The  ratio  of  the  oir- 
cumference  of  a  circle  to  its  diameter  is  3*14159  ;  express  in  degrees  (to  four 
places  of  decimals)  the  angle  whose  circular  measure  is  unity. 

2.  Define  the  sine,  cosine,  and  cotangent  of  an  angle.  Trace  the 
changes  in  sign  and  magnitude  of  the  cosine  as  the  angle  increases  front 
0<>  to  3600. 

3.  Investigate  a  general  expression  for  all  angles  which  have  a  given 

tangent. 

4.  Express  the  cosine  of  an  angle  in  terms  of  the  tangent  onlj,  and  of 
the  cosecant  only. 

Solve  the  equation,  4  sec*  ^ — 3  tan'  6=1. 

5.  Shew  that  sin  (A+£)  =  BinA  cos.6+coSii  sin  B,  where  A  and  £  are 

two  angles  whose  sum  is  less  than  90'. 

Given  sin  45"=-^  ,  sin  30'=^ ,  find  sin  15". 

6.  Shew  that  in  every  triangle  any  side  is  equal  to  the  sum  of  the 
products  obtained  by  multiplying  each  of  the  other  sides  into  the  cosine  of 
the  angle  between  it  and  the  first  side. 

Apnl,  1867. 

1.  Describe  the  different  ways  of  measuring  angles. 

Write  down  to  five  places  of  decimals  the  ratio  which  the  circomference 
of  a  circle  bears  to  its  diameter. 

2.  An  arc  of  a  circle  whose  radius  is  7  inches,  subtends  an  angle  of 
15".  39'.  7'':  what  angle  will  an  arc  of  the  same  length  subtend  in  a  circle 
whose  radius  is  2  inches? 

3.  There  is  an  angle  whose  tangent  is  twice  its  sine  :  find  the  length  of 
the  arc  subtending  it  in  terms  of  the  radius. 

4.  Prove  the  formula 

cos  {A  -  B}=cos  A  cos  5+ sin  ^  sin  jB. 

5.  Shew  that  the  difference  of  cosines  of  any  two  angles  is  equal  to 
twice  the  product  of  the  sine  of  half  the  sum  of  the  angles,  and  the  sine  of 
half  the  difference. 

6.  If  ABC  be  a  triangle,  prove  that 

cos^  A  +  cos^  £  +  cos^  C +  2  cos  A  cos  BcosC=  1. 

7.  Solve  the  equation 

2  sin*  3»+ sin' 65 =2. 
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8.  The  town  C  Is  halfway  between  the  towns  D  and  K:  and  the  towns 
C,  E  and  P  are  equidistant  from  each  other.  Compare  the  distance  of  D 
from  P  with  its  distonoe  from  B. 

December,  1868. 

1.  Dsmnt  an  angle.  How  are  angles  measored  ?  Compare  the  measnres 
of  any  angles  referred  to  the  three  nsaal  unit  angles.  What  is  the  circular 
measure  of  an  English  minute  ? 

4 
Express  -z  of  two  right  angles  in  each  of  the  French  and  circolar  systems. 

If  the  unit  of  measurement  be  5**,  what  is  the  measure  of  22^°? 

2.  Define  the  tangent  of  an  angle ;  draw  the  fignre  of  an  angle  whose 
tangent  is  2.  What  is  the  cosecant  of  this  angle  ?  Can  more  than  one  such 
angle  be  drawn  ?  If  the  tangent  be  negative,  what  inferenoe  may  be  drawn 
as  to  the  magnitude  of  the  angle  7 

8.  What  is  a  supplement?  What  are  the  supplements  of  250?  of  205'? 
of  --jf    State  and  prove  the  relations  rmbsisting  between  the  secants  of 

A,  (90«+^),  and  of  »,§-«• 

4.     Prove  Geometrically  that 

cos  24» = cos  600  cos  36*  +  sin  60«  sin  SG". 

Given  cos  86°=      i      ,  cos  60«=_;  find  cos  24»  to  three  places  of  decimals. 

4  i 

6.    Establish  the  following  formulae  : 

(1)  sec' X  -  tan' X  =  1. 

(2)  cos  435 = cos*  2a!  -  sin*  2x. 

(3)  Bin2y  +  Bin2j=2sin  (y  +  z)cos{y-f). 

6.  Obtain  an  expression  for  the  area  of  a  triangle. 

What  is  the  area  of  a  triangle  whose  base  is  4ft.,  and  altitude  1|  yds.? 
What  of  a  triangle  whose  sides  are  6,  6,  5  inches  respectively  ? 

7.  A  target  is  6  feet  in  height  and  4  feet  in  breadth ;  find  the  tangents 
of  the  angles  which  its  4  edges  subtend  at  a  point  100  yards  straight  in  front 
of  its  top  left-hand  comer. 

March,  18C9. 

1.  An  angle  referred  to  different  units  has  measures  in  the  ratio  8  to  5, 
one  unit  is  2°,  what  is  the  other  ?    Express  each  unit  in  terms  of  the  other. 

2.  Trace  the  changes  in  sign  of  cos^  as  A  changes  from  45°  to  315'. 
niuBtrate  by  a  figure. 

3.  Shew  that  sin  A  is  numerically  greatest  when  cos  A  is  numerically 
least,  and  vice  vend.    When  is  cos^^l  -  wa.*A  greatest  7 — and  when  least  7 

4.  What  relation  have  the  cosine,  cosecant,  and  cotangent  of  an  angle 
to  the  sine,  secant,  tangent  respectively  7 

l2 
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Find  the  difference  between  the  supplement  of  the  complement  of  an 
angle,  and  the  complement  of  its  supplement. 

5.  Prove  that  tan450=l,  and  tanGOO^VS.  Hence  find  tan  15*  to 
3  places  of  decimals. 

6.  Prove  that 

(1)  sec'  tt  +  cosec'a = sec*  a  cosec'  o. 

/o\        AS       *     2       4  cos  2a 

(2)  cot'tt-tan^a=    .  .,-     . 

7.  In  any  triangle  obtain  an  expression  for  the  cosine  of  each  angle 
in  terms  of  the  sides,  e.  g.  let  the  sides  be  5,  7,  8.  Find  also  the  radius  of 
the  circle  which  circumscribes  this  triangle. 

8.  From  G  the  centre  of  gravity  of  an  equilateral  triangle  QB  is  drawn 
at  right  angles  to  the  plane  of  the  triangle  and  equal  to  a  side ;  determine 
the  angle  between  the  lines  joining  B  to  any  two  comers  of  the  triangle. 

December,  1871. 

1.  What  are  the  three  different  methods  employed  in  measuring  angles, 
and  what  are  their  respective  units  ? 

Find  an  expression  for  an  angle  of  a  regular  hexagon  referred  to  an  angle 
of  a  regular  pentagon  as  unit. 

2.  Define  sin  J;,  cot  A,  sec^  :  and  express  any  two  in  terms  of  the  third. 

If  tan  A  =  — 3 ,  find  the  value  of  sin  A, 
Vo 

3.  Find  an  expression  for  cos  (^1  -  ^)  in  terms  of  the  sines  and  cosines 
of  A  and  £,  when  A  and  B  are  each  less  than  90°,  and  A  greater  than  B. 

Shew  that  the  sum  of  the  cosines  of  two  angles  is  equal  to  twice  the 
cosine  of  half  the  sum  of  the  angles  multiplied  by  the  cosine  of  half  their 
difference. 

4.  Find  the  value  of  sin  30°,  and  of  cos  45". 

5.  Prove  the  formula : 
tan  A  +  tan  B 


(1)    tan  (4 +  5)  = 


A 


l-tan^i  tanJB 


(2)    2sinjr-  =  ±,^l  +  sinA±/yi-sin4. 

Given  sin  30°,  find  sin  15°. 

6.  Find  a  general  expression  for  all  angles  that  haver  a  given  cosine. 
If  ein  5+ cos  d=\l%  find  the  value  of  Q. 

7.  In  any  triangle,  shew  that  the  sides  are  proportional  to  the  sines  of 
the  opposite  angles. 

Hence  deduce  an  expression  for  the  cosine  of  an  angle  of  a  triangle  in 
terms  of  the  sides. 

8.  The  sides  of  a  triangle  are  3  in,,  6  in. ,  7  in.    Find  the  greatest  angle. 
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S.  JOHN'S  COLLEGE.     May,  1868. 

1.  Dsranc  the  Trigonometrical  Ratios.     Shew  that 

BecM  =  l  +  tan*^. 

Find  the  least  yalne  of  a'sec'x  +  i'cos'x,  where  a  and  h  are  constant 
quantities. 

2.  Investigate  an  expression  for  all  the  angles  which  have  a  given  oosind. 
Write  down  the  general  value  of  x  which  satisfies  the  equation 

8in*«=Bin*a. 
8.    Shew  that 

sin  (^  +  ^  =  Bin^  cos^  +  cosil  sin^, 
and  eoB{A+B)=co%AcoBB-BmAaix.B. 

UA+B+C- 180»,  shew  that 

BinM  sin  2il  +  Bin*5  sin  25  +  sin'C  sin  2C -  sin  2i  sin'l?  -  sin  25  sin'^ 
=  sin  2 A  sin  2B  sin  2C. 

4     If  9  he  the  circular  measure  of  a  positive  angle  less  than  a  right  angle 

6  is  greater  than  anO  and  less  than  tantf. 

Find  the  limit  when  0  is  indefinitely  diminished 

.  sinod         ,  versatf 

of  — : — T-z,  and r-  • 

sm  bd  vers  bO 

7.  Investigate  an  expression  for  the  area  of  a  triangle  in  terms  of  the 
sides. 

The  sides  a,  5,  e  of  a  triangle  are  in  arithmetical  progression :  shew  that 
the  area  is  to  that  of  an  equilateral  triangle  having  the  same  perimeter  as 


^/ 


^_4{o-6)« 


is  to  unitj. 

8.  Shew  that  in  any  triangle, 

o8in2(5-C7)=(6-c)coB  ^ , 

and  ocos2(5-C)  =  (5+c)Bin  2 . 

If  6=14,  <?=11,  ^  =  60<>,  find  B  and  C,  having  given 
log  2,  log  3,  and  log  tan  11».  44'.  29".  5. 

9.  Explain  the  notation  used  for  inverse  trigonometrical  funotioni. 
Find  the  value  of  cos  4  (tan~*  a)  in  terms  of  a. 

Solve  the  equation 

tan"* « + s  8eo~*  6* = 2 . 
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May,  1869. 

1.  Explain  what  is  meant  by  the  circular  measure  of  an  angle.  Why 
is  it  necessary  to  shew  that  the  angle  subtended  at  the  centre  of  a  circle 
by  an  arc  equal  to  the  radius  is  an  invariable  angle?  Shew  how  to  connect 
the  circular  measure  of  an  angle  with  the  measure  of  the  same  angle  in 
degrees. 

The  difference  of  two  angles  is  l";  the  circular  measure  of  their  sum  is  1: 
find  the  angles. 

2.  Define  the  Trigonometrical  Ratios.  Shew  that  sin'^+eos'^sl. 
Find  the  value  of  0  from  the  equation 

Bin2tf-2cos^+-7=0. 
4 

Investigate  the  conditions  which  must  hold  in  order  that  the  equation 

Bin*^  +  isin^  +  c  =  0 

may  have  two  admissible  toots,  or  may  have  one. 

3.  Investigate  the  expressions  for  Bin{A+£)  and  cob{A+£)  in  terms 
of  the  sines  and  cosines  of  A  and  B. 

Solve  the  following  equations : 

(1)  Bin3^=8sin3^. 

(2)  Bin55  =  16sin6^. 

4.  Find  the  sine  and  cosine  of  an  angle  of  18°. 

Find  the  values  of  0  between  0  and  5-  which  satisfy  the  equation 

3 

^ivfl$  +  0OB''2e=-r' 
4 

5.  Define  a  logarithm.  Explain  the  advantage  of  the  common  system 
of  logarithms. 

Find  approximately  the  value  of  x  from  the  equation 
/10\«+i' 

-  (t)   =»'"■' 

having  given  log  3  =  -4771213. 

7.  Express  the  cosine  of  an  angle  of  a  triangle  in  terms  of  the  sides. 

A  person  on  the  slope  of  a  hill  observes  the  angles  of  elevation  a  and  /3 
of  two  objects  on  the  hUl ;  and  also  the  angle  y  which  they  subtend  at  his 
position :  if  ^  be  the  inclination  of  the  hill  to  the  horizon,  shew  that 
sin*  6  sin*7'= sin*a  +  sin'/3  -  2  sin  o  sin /3  cos  7. 

8.  Shew  how  to  solve  a  triangle,  having  given  two  sides  and  the  included 
angle. 

If  a =210,  6  =  110,  C=34«.  42'.  30",  find  the  other  angles,  having  given 
log  2 =-3010300, 
Zcot  170. 21'.  15" =10 -5051500. 
9     Find  the  area  of  a  circle,  and  of  a  sector  of  a  circle. 
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CAMBRIDGE  LOCAL  EXAMINATIONS. 
JUNIOR  STUDENTS,  1880. 

1.  Thb  tioe  of  an  angUt  is  f} ;  find  its  secant  and  tangeot. 

Draw  figures  to  represent  tli«  fi>ur  least  positive  angles,  of  which  the  cosine 
is  double  the  sine. 

2.  Prove  that  tan  ^  =  cot  (90*  -A). 

Express  8in2300*>,  tan  800"  in  terms  of  trigonometrical  ratios  of  angles  len 
than  4d*>. 

8.     Prove  geometrically  or  otherwise  that 

(i)       B\n{A+B)  +  aa{A-£)  =  2imAcoaB. 

r\     *      tn,  TA     tan  C  + tan  2) 

(u)     Un(C+D)  =  : — - — pv- =.. 

^  '     1  -  tan  C  tan  D 

(iii)     sin  2^=  2  sin  2?  cos  ^. 

4.    Prove 

(i)      (l-2cos'^)  (tanil+cot  J)=(sinjl-cos^)  (sec  ii  +  coseo if ). 

(ii)    tin  3^  =  8in.f  (2  oos  2^  - 1)  tan  (60«+^)  tan(60«-il). 

6.     Solve  the  equation  tan  50  =  tan  0. 

6.  Explain  the  use  of  logarithms  in  facilitating  the  processes  of  multiplica- 
tion  and  division. 

Find  the    following    logarithms:    log,  1024,    log]  125,   Iog^'4;    and  the 

characteristics  of  the  following:  log,  250,  logi  87,  log^g  'OOi. 

7.  Prove  that  in  any  triangle  of  which  A,  B,  C  are  the  angles,  and  a,  b,  e 
the  sides, 

e=acotB+bco9A. 

Express  the  distance  of  the  middle  point  of  a  aide  of  a  triangle  from  the 
perpendicular  upon  that  aide  from  the  opposite  angle  in  terms  of  the  sides  of 
the  triangle. 

8.  Find  the  number  of  cubic  inches  of  metal  in  a  hollow  right  circular 
iron  pipe,  height  10  ft  4 in.,  outer  radius  9  in.  and  thickness  Ijin.:  obtain 
your  result  accurate  to  a  cubic  inch,  assuming  ir  =  3-1416. 

JUNIOR  STUDENTS,   1882. 

1.  A  OXBTAIK  small  angle  was  found  by  a  Frenchman  to  measure  27*3 
French  seconds:  an  Englishman  found  it  to  measure  8-82  English  seconds. 
Do  the  two  measure*  agree!  If  not,  find  their  difference  in  English  seconds  to 
three  decimal  placet. 
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2.  State  carefully  what  you  mean  by  the  sine  and  the  cosine  of  au  obtuse 
angle. 

Write  down  the  values  of  sin  900,  sin  ilCfi,  cos  ISQO,  cos  3600,  tan  4500. 

3.  What  is  the  6(MC  of  a  system  of  logarithms?  Prove  that  log  (,^3;)=- log  as. 
Find  the  seventh  root  of  '004,  having  given  that 

log  2 = -30103  and  log  45439 = 4-65743. 

4.  Prove  the  following  identities : 

(i)     sin24  +  sin^^  =  1  -  cos  (^  -  B)  cos  {A+B); 
(ii)    cos  ^  + cos  (1200 -^)  + cos  (120«+^)=0. 

5.  In  any  triangle  the  tangent  of  half  the  difference  of  two  angles  is  to  the 
tangent  of  half  their  sum  as  the  difference  of  the  sides  respectively  opposite  to 
the  angles  is  to  the  sura  of  these  sides.     Prove  this. 

Find  the  angles  B  and  C  in  the  triangle  ABC  from  these  data : 

^  =  60",  6  =  17,  c=7,  log  2  =  -30103,  log  3  =  -47712, 

Z  tan  350  49' =  9-85883,  i  tan  350  49' 10" =9-85838. 

6.  A  lighthouse  facing  N.  sends  out  a  fan-shaped  beam  extending  from 
N.E.  to  N.W.  A  steamer  sailing  due  W.  first  sees  the  light  when  5  miles 
away  from  the  lighthouse  and  continues  to  see  it  for  30/^2  minutes.  What  is 
the  speed  of  the  steamer? 

7.  Find  the  area  of  the  entire  surface  of  a  right  cone  whose  height  is  4  feet 
and  diameter  of  base  also  4  feet.  Give  the  answer  in  square  feet  correct  to  two 
places  of  decimals. 


SENIOR  STUDENTS,  1880. 

1.  Define  the  unit  of  circular  measure. 

A  line  turning  about  a  point  makes  three  revolutions  and  a  sixth,  what  are 
the  measures  of  the  angle  it  has  turned  through  in  circular  measure  and  in 
degrees? 

2.  Define  the  sine  and  cosine  of  an  angle. 

Prove  that  8in24  +  co8'^=l,  and  that  sin  (900-^)  =  co8^,  and  hence 
deduce  the  value  of  sin  45". 

3.  Prove  that 

(1)  cos  {A+B)  =  cos  A  cos  B  -  sin  ^  sin  B, 

(2)  4  cos  (iH-  JS  +  45")  cos  {A  +  B-  450)  cos  {A  -  B) 

= cos  {A  +  SB)  +  cos  (BA +B). 
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4.    Solve  the  equation 

6.  ExproM  the  sine  of  half  an  angle  in  terms  of  the  sine  of  the  angle,  and 
thence  find  the  value  of  sin  67°.  30'. 

6.  Investigate  formuks  for  solving  »  triangle  when  two  aides  and  th» 
included  angle  are  given. 

Ex.    Having  gi ven  il  =  60»,  6  =  14  ft.,  c = 11  ft., 

log  4-32  =  -6354837,    L  tan  ll*.  44' =9-3174299, 

Ztan  110.  45'=  9-3180640, 
solve  the  triangle. 

7.  Find  the  radius  of  the  circle  circnmscribing  a  given  triangle. 

From  the  angular  points  of  a  triangle  ABC  perpendiculars  are  drawn  to  the 
opposite  sides  meeting  them  in  2),  E,  F.  Find  the  sides  and  angles  of  the 
triangle  DEF,  and  thence  the  radius  of  the  circle  circumscribing  it. 


SENIOR  STUDENTS,  1881. 

1.  Establish  a  method  for  finding  the  number  of  degrees  in  an  angle 
whose  circular  measure  is  given. 

If  the  sum  of  the  numbers  expressing  the  measures  of  an  angle  in  degrees 
and  in  circular  measure  be  90,  determine  the  angle. 

2.  Prove  that  sec*  A=l  +  tanM ,  and  that 

Bin{00°  +  A)=co8A. 

If  tan ^  =^i. find  the  value  of  cos^l  and  of  tan  {iS^  +  A). 

3.  Prove  that 

(1)    co8il  +  cosB=2co8—        cos — ^ — , 


(2)    co8(4-'aB)-cos(^-B)  +  coeil-cos(^+J5)+co8M  +  2I?) 
= cos  ^  ^-^J^ = 4  cos  ^  (cos  B  -  COS  36")  (cos  B  4- cos  72"). 

4.  Solve  the  equation 

cos  20+2  sin*  20=1. 

5.  Shew  how  to  find  cos  A  in  terms  of  sin  2 A. 

Hence  find  the  values  of  cos  15*,  cos  75*,  cos  195*,  cos  255*. 
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6.    Prove  that  in  any  triangle 

*^2-V      3{.-a)    • 

The  sides  of  a  triangle  are  4,  5,  6  feet  respectively,  determine  the  least 
angle,  having  given 

log  7  =  -845098 

Z  tan  200. 42' =9-577341 

Z  tan  20».  43'= 9-577723. 

SENIOR  STUDENTS,  1882. 

1.  Defihb  the  unit  of  circular  measure,  and  explain  what  is  meant  by  the 
circular  measure  of  an  angle.  Assuming  that  r= 3*1416,  find  the  number  of 
degrees  in  this  unit. 

2.  Define  the  trigonometrical  ratios  of  an  angle.  Compare  them  with  the 
corresponding  ratios  of  its  supplement. 

If  cos  A  =  —, -„ ,  find  sin  A  and  tan  A. 

m^  +  »■* 

3.  Prove  that 

(i)     cos{A-B)=coaAcoaB+aaAB'mB. 

(ii)     (sin  24  -  sin  2B)  tan  {A+B)=2  (sin"  A  -  sin"  B). 

4.  Find  an  expression  for  all  the  angles  which  have  a  given  tangent. 
Find  all  the  values  of  6  which  satisfy  the  equation : 

(1  -  tan  ^)  (1  +  sin  25)  =  1  +  tan  fl. 

5.  In  any  triangle  the  sides  are  proportional  to  the  sines  of  the  opposite 
angles. 

If  points  J),  E,  Fhe  taken  in  the  sides  of  a  triangle  ABC  so  that 
BD  _CE  _AF  _p 
BG~  CA~AB~q* 
prove  that 

cot  DAC+  cot EBA  +  cot  FCB  _q+p 
cot  j4  +  cot  B  +  cot  C  ~  Q~p' 

6.  Prove  that  in  any  triangle 

t>^niiA-B)=^^^coi§, 

If  o=27,  5=23,  (7=400.30';  find  A  and  B  having  ^ven 

Z  cot  220. 15' = 10-3881591,        L  tan  ll".  3'= 9-2906713, 
log2s^l03Q0,  Xtaallo,4'»d-2913424. 
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ENTRANCE  EXAMINATION,  SANDHURST.    1881. 


1.  What  is  xneuit  bj  the  unit  of  circular  meuore  t 

Prore  the  formula  tf  =  —  — , 
radius 

Find  the  length  of  that  part  of  a  circular  railway-corre  which  subtends 
an  angle  of  22^"  to  a  radius  of  a  mile.     (rsS'liie.) 

2.  Prove  from  a  figure  that 

eo»{A-B)=eoaA  cosP+sin^sio  B, 
when  A  Ues  between  815»  and  360°,  taidA-B  between  ISQO  and  2250. 

3.  Prove  that 

Ssin— =  ±^l  +  8in^±,^l  — ainil. 

Shew,  a  priori,  the  reaaoa  of  the  £i>ur  different  values  of  sin  ^  found 
from  sin  A. 

4.  Prove  that 

(1)     8ec*tf  +  Un*tf  =  l  +  2  8ec«tftan»^. 


P)  ^-i^^f-i' 


b     ' 
(3)     tan  T>.  30'  =  (cot  30«  -  cosec  45<>)  (see  450  - 1). 

5.  Shew  that  in  any  triangle  ABC 

(&+e)cos^  +  (e+a)  oob£  + (a  + 2))  cos  C=a  + 6 +  e, 

and  if  r,  R,  r„  r^,  r,  are  the  radii  of  the  circles  inscribed  in,  circumscribed 
about,  and  escribed  to  the  triangle  ABC, 

1  1     ^4Ji 

r,-r     r»  +  r,      o»  ' 

6.  The  three  sides  BC,  CA,  AB  of  a  triangle  are  as  4  :  5  :  6.     Find  the 
angle  B. 

log  2= •8010300, 

Z  cos  27<».  53' =9-9464040,        L  cos  27<>.  54' =9-9463371. 

7.  The  angular  elevation  of  a  steeple  at  a  place  due  south  of  it  is  45*, 
and  at  another  place  due  weal  of  the  former  station  the  elevation  is  15*> :  shew 

that  the  height  of  the  steeple  is  ^  (S^-S'i),  a  being  the  distance  between 
the  places. 
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ENTRANCE  EXAMINATION,  SANDHURST.    1882. 

1.  Distinguish  between  the  circular  measure  of  an  angle,  and  its  measure 
in  degrees ;  and  prove  that  to  turn  circular  measure  into  seconds  we  must 
multiply  by  206265,  and  to  turn  seconds  into  circular  measure  we  must 
multiply  by  -000004848. 

2.  Compare  the  Trigonometrical  Ratios  of  any  angle  and  its  supplement : 
and  determine  the  Trigonometrical  Ratios  of  495". 

Find  all  the  angles  between  0"  and  500*>  which  satisfy  the  equation 

sin2»=?. 
4 

3.  Find  geometrically  an  expression  for  the  cosine  of  the  difference  of 
two  angles  in  terms  of  the  trigonometrical  ratios  of  those  angles. 

Find  all  the  values  of  x,  which  satisfy  the  equation 

cos  X  cos  3x = cos  2x  cos  6x. 

Solve  the  equation 

,l.il.-il.iT 

tan~*  - + tan~i  -7  +  tan"-'  ■=  +  tan~*x=  -r  . 
3  4  5  4 

4.  If  r,  j'l ,  7*2 ,  rj  be  the  radii  of  the  inscribed  and  escribed  circles  of 
a  triangle,  and  x,  y,  z  the  perpendiculars  from  the  angles  on  the  opposite 
sides,  prove 


(1)    ^y^=     .^.  '  ^- 


abc 


(2)     sin--      AlzR^^^  *• 

^')     "'^2-\/  be  -^(r,-r)(r.-r)- 

5.    In  a  triangle,  prove  that 

,      rA     „\      c  +  6,     A 
tan(^-+BJ  =  ^— ^tan^; 

and  if  3c=7b,  and  A=6°.  37'.  24",  find  the  other  angles. 


Given  log  2  =  -30103,  L  tan  S".  18'.  42" = 8  -7624069, 

L  tan  80. 13'.  60"= 9-1603083,  diff.  for  10"=1486. 

6.    In  a  plane  triangle,  prove  that 

1.  tan4  tanBtanC=tan^+tanB+tanC, 

2.  asin4  +  6sin  J3  +  csin<7=2(acos^+/9cosB+7Cos  (7), 

where  a,  b,  c  are  the  sides,  and  a,  /3,  7  the  perpendiculars  let  fall  on  them  from 
the  opposite  angles  respectively. 
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7«    Prove  that  the  area  of  a  triangle 

a*  V^ 

B  — sin  2£ +  -7-810  2il: 
4  4 

and  if  iZ,  r  are  the  radii  of  the  circumscribing  and  inscribed  circles 

abc 

^"4(a  +  6  +  c)' 

8.  Given  log  l\ = ■0701812,  and  log  2f  =  -3802112,  find  the  value  of 

the  mantissa)  for  46929  and  46930  being  6714413  and  6714506. 

9.  A  measured  line  is  drawn  from  a  point  on  a  horizontal  plane  in  a 
direction  at  right  angles  to  the  line  joining  that  point  to  the  base  of  a  tower 
standing  on  the  plane.  The  angles  of  elevation  of  the  tower  from  the  two  ends 
of  the  measured  line  are  30"  and  IS".  Find  the  height  of  the  tower  in  terms  of 
I  the  length  of  the  measored  line. 


ENTBANCE   EXAMINATION,   WOOLWICH.     June,  1882. 

1.  Pbove  that  the  angle  subtended  at  the  centre  of  a  circle  by  an  arc 
equal  in  length  to  its  radius  is  an  invariable  angle. 

One  angle  of  a  triangle  is  45°,  and  the  circular  measure  of  another  is  1^. 
Find  the  third,  both  in  degrees  and  in  circular  measure. 

2.  Define  the  secant  of  an  angle,  and  shew  how  your  definition  applies 
to  angles  between  180"  and  270°. 

If  sec  ^  =  -  2,  what  two  values  between  0°  and  360°  may  A  have  t 

3.  Obtidn  a  formula    embracing   all  the    angles    which    have  a  given 
tangent. 

Determine  all  the  values  of  0  which  satisfy  the  equation  : 

^3  tan«  *  + 1  =  (1  +  V3)  tan  ^. 

4.  Find  an  expression  for  tan  3 A  in  terms  of  tan  A.     Shew  also  that 

tan  3^  tan  2.4  tan  il = tan  3^  -  tan  2^  -  tan  ^. 

5.  Prove  that 

8inl8«=i^; 
4 

and  that  sin*  30° = sin  18°  sin  54°. 

Shew  that  in  any  circle  the  chord  of  an  arc  of  108°  is  equal  to  the  sum 
of  the  chords  of  arcs  of  36°  and  60°. 


174  PLANE  TRIGONOMETRY, 

6.  Demonstrate  the  identities 

,-.     (cosec^+8ec^)*_        . 

cosec^  A  +  Bec^A  ~  ' 

(2)  sin  84 = 4  sin  ^  sin  (60  +  ^)  sin  (60 -ii), 

(3)  4  (cot-i  3  +  cosec-i  ^5) = tt. 

7.  What  are  the  advantages  gained  by  the  use  of  logarithms  calculated 
to  the  base  10? 

If  logio2  =  -30103,  find  the  logarithms  otS,  r^,  4J-005  to  the  base  10. 

8.  Prove  that  in  any  triangle 

(1)     2bc  coa  A  =  b^+c^~a^ 

,„.     l  +  co8(i4-B)cosC  _a^  +  b' 

^  '     l+coa{A-C)  cos  B  ~  a^  +  c^  ' 

9.  If  Ti  be  the  radius  of  a  circle  touching  the  side  o  of  a  triangle,  and 
the  other  two  sides  produced,  shew  that 

A  BO 

Vi  cos  n  =  O  cos  TT-  cos  -^  . 

If  a  be  the  side  of  a  regular  polygon  of  n  sides,  and  R,  r  the  radii 
respectively  of  its  circumscribed  and  inscribed  circles,  prove  that 

10.  Two  sides  of  a  triangle,  which  are  respectively  250  and  200  yards 
long,  contain  an  angle  of  54".  36'.  24". 

Find  the  two  other  angles,  having  given 

L  cot  270. 18' =10-2872338,  diff.  for  l'=3100, 

Z  tan  120.  8'.  50" =9-3329292:  log  3 =-4771213. 

11.  The  eye  of  a  soldier  in  a  straight  trench  of  uniform  depth  is  2  feet 
above  a  level  plain  on  which  he  sees  two  men  standing  in  the  same  straight 
line  as  the  trench;  the  parts  of  their  bodies  above  the  level  of  his  eye  sub- 
tending at  it  the  angles  tan"^  -00416,  and  tan~^  -004.  On  walking  200  feet 
towards  them  in  the  trench,  he  notices  that  the  height  of  one  exactly  hides 
that  of  the  other ;  and  on  approaching  596  feet  8  inches  closer  still  he  finds 
that  tlie  portion  of  the  height  of  the  nearer  above  the  level  of  his  eye  subtends 
at  it  45**.    Pind  the  heights  of  the  men. 

PREVIOUS  EXAMINATION.    June,  1880. 

1.  Distinguish  between  Euclid's  definition  of  an  angle  and  the  trigono- 
metrical definition. 

What  angle  does  the  ipinute-hand  of  a  clock  describe  between  half-past  four 
and  a  quarter  past  six ! 
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2.  Define  the  coaine  of  an  angle,  and  trace  the  change  in  the  valae  of  the 
eoaine  t»  the  angle  increases  from  180**  to  SGO". 

8.     Express  the  sine  and  the  cosine  of  an  angle  in  terms  of  the  tangent. 

The  angle  A  is  greater  than  ISO"  but  less  thu  270o,  and  taaA  =  ^:  find 
muA. 

4.  Find  cos  SO^  and  cot  ISS". 

5.  Prove  geometrically  cos  (J -JB)=co8il  cos  J5  +  ain  ^  sin^,  A  and  B 
being  both  positive  angles  less  than  90*. 

Shew  that 

/i  \     *      ij     T>\      tan  il  -  tan  B 

(1)  tanM-B)=j-^^-^^^-^. 

(2)  sin  2^  =  ,^^. 
^  '  l  +  cot"^ 

6.  Shew  that  if  A  +B  +  C=W>, 

sin  2/1  +  sin  2i5  +  ein  2C=  4  COS  ^  cos  £  COB  <7. 

7.  Find  an  expression  for  all  the  valaes  of  d  for  which  sin  0  +  sin  20^0. 

8.  Express  the  cosine  of  an  angle  of  a  triangle  in  terms  of  the  sides. 
If  in  a  triangle  &oos^  =  acos  B,  shew  that  the  triangle  is  isosceles. 

9.  If  two  sides  of  a  triangle  be  given,  and  the  angle  opposite  to  one  of 
them ;  shew  bow  to  find  the  other  side  and  the  other  angles. 

Ex.  The  sides  are  1  foot  and  >J2  feet  respectively,  and  the  angle  opposite 
to  the  shorter  side  is  80*. 

PREVIOUS  EXAMINATION.    June,  1882. 

1.  Define  the  unit  of  circular  measure.  Calling  tliia  angle  the  radian, 
find  how  many  radians  there  are  in  a  right  angle. 

If  the  circumference  of  a  circle  be  divided  into  five  parts  in  arithmetical 
progression,  the  greatest  part  being  six  times  the  least,  express  in  radians  the 
angle  each  subtends  at  the  centre. 

2.  Define  the  sine  of  an  angle,  wording  your  definition  so  as  to  include 
angles  of  any  magnitude. 

Prove  that  an  {90  + A)  =  cm  A, 

and  cos  (90  +  ^)  =  -  sin  ^, 

and  by  means  of  these  deduce  the  formulae 

un(180+il)ai-Bin2,  cos (180+^)= -cos ^. 
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3.  Prove  the  formulae 

(1)  cot'  A = cosec'  ^  - 1, 

(2)  cot*  A  +  cot''  A  =  coseo*  A  -  cosec'  A, 
Verify  (2)  when  ^=30". 

4.  Shew  that  all  angles  satisfying  the  equation  cos  9= cos  a  are  included 
hi  the  formula  6  =  2mr  ±  a. 

Solve  completely  the  equation  2  cos*  tf+ sin'  ^  —  1=0. 

5.  Prove  that  8in(^+B)  =  8in^  cosB  +  cos^sinS, 
and  deduce  the  expression  for  cos  (A+B). 

Shew  that  sin  A  cos  (B  +  C)-  sin  B  cos  (A  +  C)=ain[A-B)coa  C. 

6.  Prove  that 

A      .   A  ,. ^-r 

cos  g^  4-  sm  —  =  ±  /y/ 1  +  sin  ^, 

A  .      A  /5 ; j- 

cos  o~^™  n  =  ±«yi-smJ, 

and  determine  the  signs  of  the  ambiguities  when  A  lies  between  450"  and  630°. 

7.  Establish  the  identities 

(1)     1 + cos  4  +  sin  ^  =  >y27i+ cos  A)  (1+  sin  -4), 
cosec*  A 


(2)     cosec2^  = 


2  fjcoanc'^  A  —  1 


,„.       .    2ir      .    4x      .    &T     .   .    T    .    5r   .    5r 
(3)    smy  +  sin-^^ — smy=4sm^  smy  smy, 

8.  Shew  that  in  any  triangle  (with  the  usual  notation) 

a^=b^+c^-2bccoaA. 
If  a =7,  b=8,  c=9,  shew  that  the  length  of  the  line  joining  the  angular 
point  B  to  the  middle  point  of  the  opposite  side  is  7. 

9.  Solve  completely  the  triangle  whose  sides  are  given  in  the  preceding 
question,  given  log  2,  lug  6, 

itan  240. 5'=9-6o02809,  tabular  difference  for  60"=  -0003390, 
L  tan  860. 41' =9-8721123,  tabular  difference  for  60" = -0002637. 


MATHEMATICAL  TRIPOS.    January  3,  1876. 

1.  Define  the  cotangent  and  the  cosecant  of  an  angle,  and  trace  the 
changes  in  the  values  of  these  functions  as  the  angle  increases  from  two  to  four 
right  angles. 

What  values  of  6  satisfy  the  equation 

cosec  4tt  -  cosec  4tf = cot  4a  -  cot  id  1 
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2.     Prove  the  formoU* 

(1)  co9{A+B)^conAcoaB-H\nAnnB, 

(2)  co»B-coaA=2na — ■^—  sia  — = — . 

Prove  that  if  A  +  B  +  C=18(fi,  and  if 
Bin  (2n+l)A  sin  {B  -  C)  +  Bin  (2n  +  1)C  sin  (C-A)  +  »m  (2n  + 1)  Cain  [A  -  B)=0, 
n  being  an  integer,  tben 

8in(»-l)il8in(n  +  l)(B-(7)  +  8in(n-l)B8in(n  +  l)(C-^) 

+  Bin  (n  -  1)  Cain  (n  + 1)  ( J  -  B)  =  0. 

8.  Shew  how  to  express  the  tangent  of  half  an  angle  of  a  triangle  in  terras 
of  the  sides. 

The  sides  are  observed  to  be  a  =  5,  b  =  i,  c  =  6,  but  it  is  known  that  there 
is  a  small  error  in  the  measurement  of  c :  examine  which  angle  can  be  determinoJ 
with  the  greatest  accuracy. 

4.  Shew  how  to  find  the  height  of  a  mountain  by  means  of  observations 
made  at  two  given  places  in  a  horizontal  plane. 

On  a  plane  which  is  inclined  to  the  horizon  at  an  angle  of  45**  is  described  a 
circle  of  known  radius,  and  a  post  is  placed  at  the  highest  point  of  the  circle 
perpendicular  to  the  plane;  at  one  end  of  the  horizontal  diameter  of  the  circle 
the  tangent  of  the  angular  elevation  of  the  post  is  ^'2.  Find  the  length  of  the 
post. 

6.  If  0,  Oj,  Oj,  Oj  be  the  centres  of  the  inscribed  and  escribed  circles  of  a 
triangle,  and  r,  r^,  r^,  r,  the  radii  of  those  circles,  and  li  the  radius  of  the 
circumscribing  circle ;  shew  that 

At, r ri 

.    A    .    li    .    C~   .    A        B        G' 
Bin  ;j  sm  -^  sin  -^      sm  o  *'''■  o  *^°*  o 

Z  A  Z  A  O  Z 

and  that  the  areas  of  the  triangles  OjOjOj,  Oj:)^0,  0^00^,  00 fi^  are  to  one 
another  inversely  as  r,  r^,  r,,  r,. 

6.  From  a  point  P  perpendiculars  PL,  PM,  PN  are  drawn  to  the  sides  of 
a  triangle  ABC :  shew  that  twice  the  area  of  the  triangle  LMN  is  equal  to 

{F? -d?)tmAtaxi.B Bin  C, 

where  R  is  the  radius  of  the  circle  circuinsoribing  the  triangle  ABC,  and  d  the 
distance  of  its  centre  from  P* 


B.T.  M 


\ 
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MATHEMATICAL  TRIPOS.    1869. 

1.  Pbovb  the  formulffl : 

(1)  tan 4  =  tan  (n .  180**+^),  when  n  is  a  positive  or  negative  integer. 

(2)  sin  {A-B)  =  sin  ^  cos  J9  -  sin  5  cos  A,  where  1800,  A,  90«,  B^ 
0"  are  in  descending  order  of  magnitude. 

(3)  2  sin  -  =  Vl  +  sin ^  +\^1  -  sinil,  where  A  is  greater  than  90« 
and  less  than  270o. 

2.  If  p,  7  be  two  different  values  of  6  which  satisfy  the  equation 

1       /.    1  •    «    1 
-costf+T-sm^=-, 
a  b  c 

B+y  B+y  B—y 

then  will  aoosC.— i=6Bin^--g-'  =  ccos'-;r-^. 

Ji  ^  ^ 

Having  given 

o'^cos  ocos)3  +  a(8ino+sin)8)  +  l=0, 

o"  cos  a  cos  7  +  a  (sin  a  +  sin  7)  + 1  =  0, 
prove  that  a'cos/3cos7  +  o(sin/3+sin7)  +  l=0, 

and  that  cos  a  +  cos  /3  +  cos  7 = cos  (o + p + 7), 

/3,  7  being  unequal  and  less  than  w. 

3.  Investigate  the  expression  for  one  side  of  a  triangle  in  terms  of  the 
other  sides  and  the  angle  included  by  them,  and  put  it  into  a  form  proper 
for  logarithmic  computation. 

Equilateral  triangles  DBC,  D'BC  are  described  on  the  side  BG  of  a 
triangle  ^ ^C ;  prove  that  AD'  +  Aiy^=a^  +  b^+c^,  and  express  coaDAiy  in 
terms  of  the  sides  o,  6,  c.  Hence  shew  that  if  equilateral  triangles  be  in  like 
manner  constructed  on  the  other  two  sides,  and  the  angles  DAI/,  EBE', 
FCF'  be  denoted  by  o,  /3,  7, 

cos  a  +  cos  /3  +  cos  7 = 0  =  cos  2a  +  cos  2)3  +  cos  27. 

4.  If  .4,  jB,  C  be  angles  of  a  triangle,  and  x,  y,  z  any  real  quantities 
satisfying  the  equation 

y  sin  C- 2  sin 5  z sin  A-x  sin  C 

x-ycoaC-zcoaB~  y-z  cos  A-x  cos  C ' 

then  will  -r^=-X^=-A-p,. 

Bin  A      BinB     BinC 

5.  Given  one  side  of  a  triangle  and  its  angles,  determine  its  area  and 
the  radii  of  the  four  circles  which  can  be  described  touching  the  sides. 

If  a,  b,  c,  d  be  the  sides  of  a  convex  quadrilateral  in  which  a  circle  can  be 
inscribed,  its  area  will  be  ijabcd  sin  w,  2w  being  the  sum  of  two  opposite 
angles. 

6.  A  gun  is  fired  from  a  fort  A  and  the  intervals  between  seeing  the 
flash  and  hearing  the  report  at  two  stations  B,  C  axe  t,t^  respectively ;  Z>  is 
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ft  point  in  tlio  same  straight  line  with  BC  at  a  known  distance  a  from  A  : 
prove  that  if  BD  =  b,  and  CD  =  c,  the  velocity  of  sound  is 

i(6-c)(a«-M|^ 
I      btf*-cC      i  • 
Examine  the  caso  where  (^=be. 

MATHEMATICAL  TBIP08.     1870. 

1.  Define  a  logarithm.  Shew  that  in  the  common  system  of  logarithms 
the  integral  part  of  any  logarithm  need  not  be  tabulated.  If  a  table  of 
logarithms  be  calculated  to  any  base,  prove  that  they  may  be  transformed 
to  any  other  base  by  multiplication  by  a  constant  factor. 

If  a,  6,  c  be  in  Geometrical  Progression,  and  log^,  log^e,  log^ft  in  Arith- 

g 
metical  Progression,  the  common  difference  of  this  progression  is  ^ . 

2.  Assuming  that  the  formulae 

(1)  sin  {A  +  B)  =  9mA  cos  B  +  cos  A  sin  B, 

(2)  cos  (il  +  JB)  =  cos  A  cos  5  -  sin  ^  sin  B, 

are  trae  for  angles  less  than  a  right  angle,  show  that  they  are  also  true  for 
positive  angles  of  any  magnitude. 

Prove  the  formulas : 

(1)  cos  %A=2 cot? A  -1  =  1-2  sin» J , 

(2)  cosM  +  sin*4  cos  2  B = cos'^  +  sin'^  cos  2 A , 

(3)  sin'il  -  coB*A  cos  2  B = sin'5  -  cos»5  cos  2 A . 

3.  ItA+B+Chea.  multiple  of  180«,  then  will 

cot  B  cot  6'+ cot  C  cot  .i  +  cot  ^  cot  B  =  l. 

If  il  +  5+C=(2»+l)T0r2»nr+^,  then  will 

(sin  A+ooaA)  (sin B  +  cos  B)  (sin  (7+  cos  (7) 
=  2sin  J  sin^sin  C+2coSil  cos  ^cos  C+1, 

but  if  .4  +  jB  +  C  =  2OTir  or  2mT-5  ,  then  will 

(sin  il  +  cos  il )  (sin  B + cos  B)  (sin  C+cosC) 
=  2anA  sinPsinC+2 cos^  cos ^cos C-1. 

4.  Shew  how  to  solve  a  triangle  in  which  are  given  the  sides  a,  b  and 
the  angle  A  :  and  determine  in  what  cases  there  are  two  solutions,  one,  or 
none. 

If  there  be  two  triangles  having  the  given  parts,  and  if  Cj,  e,  be  their 
third  sides,  the  distance  between  the  centres  of  their  circumscribing  circles 

2sini' 

6.  If  a,  ft,  e  be  the  sides  of  a  triangle,  and  2$^a+b+e,  then  the  area  ol 
the  triangle  =iiy«(«-o)  («-6)  («-*). 
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If  (Sf,,  5j,  S^,  (S4  be  the  areas  of  the  four  triangles  whose  sides  are  h,  e,  d; 
c,d,  a;  d,  a,  b ;  a,  b,  c  respectively,  prove  that 

,9  *  _  .9  2     .9  2  _  ,9  a     .9  2  _  ,9  2     ,9  2  _  .9  2 

6.  Find  the  radius  of  the  circle  which  touches  one  side  of  a  triangle  and 
the  other  two  produced. 

If  r,  /  be  the  radii  of  two  circles,  and  if  P,  P'  be  the  perimeters,  A,  A' 
the  areas  of  the  triangles  whose  sides  touch  them,  prove  that 

(1)  PP'{r-r')-rP'^=lr'^r', 

(2)  A^{r-r'f-A'^{r  +  ry  =  i'r^r'^, 
r,  P,  A ,  being  greater  respectively  than  r ,  P',  A'. 
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garithm,  and  prove,  if  a,  b,  JS 
logo61ogja  =  l,  and  logaiV=- 


1.    Define  a  logarithm,  and  prove,  if  a,  b,  Nhe  any  three  numbers, 

logjiV 


log  J  a  ' 
prove  also  that 

logg  lOggiV^  _  logft  logs  ^  ^  logg  logg^  ^      log»  logt« 

JlogJ)  Jlogt,a  JloRab  \/logja 

2.  Find  a  general  expression  representing  all  the  angles  which  have  a 
given  sine. 

If  sin  {6  +  a)  =  sin((f>  +  a)  =  sin  ft 

and  asin  (^  +  0)  +  6sin  (^-^)=c, 

prove  that,  either 

a  sin  (2a ±2/3)  =  - c,  or  a  sin2o±6  sin  2/3=c. 

3.  Prove  the  formula 

sin  (A-P)=  sin  A  cos  £  -  cos  A  sin  £, 
where  A  is  greater  than  £,  and  each  of  them  less  than  90".    Also  assuming 
this  formula,  prove 

sin  (^  +  ^)  =  sin  j4  cos  £  +  cos  A  sin  £. 

If  ^2  cos  A  =  cos  £  +  cos'5, 

and  V2  sin  J,  =  sin  5  -  sin'5, 

prove  that  ±  sin  (j5  -  ^)  =  cos  2J5 = ^ . 

If  4  cos  {x  -  y)  cos  (y  -z)  cos  (2  -  x)  =  1, 

prove  that 
1  +  12  cos  2  (a;  -  y)  cos  2  (y  -  z)  cos  2  (z  -  as) = 4  cos  3  (x  -  y)  cos  3  (y  -  2)  cos  3  (z  -  xj. 

4.  Investigate  a  formula  connecting  any  angle  of  a  triangle  with  the 
sides  of  the  triangle. 

()  is  any  point  in  the  interior  of  an  equilateral  triangle  ABC,  prove  that 
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6.    Find  the  radios  of  the  circle  which  ia  described  about  a  given  triangle. 
It  0  he  the  centre  of  gravity  of  a  triangle,  and  R^,  R^  Ji^he  the  radii  of 
the  circles  circamscribing  SGC,  CO  A,  AOB  respectively  :  prove  that 


»«(&«-c«)  .  6«(c«-o«)     <^{a*-V)_^ 


6.  Find  the  lengths  of  the  diagonals  of  a  qoadrilateral  inscribed  in  a 
circle  in  terms  of  its  sides. 

If  A  BCD  be  the  qoadrilateral,  A  its  area,  and  if  CO'  be  a  chord  parallel 
to  BD,  find  the  length  of  CO"  in  terms  of  the  sides,  and  prove  that  the 
radios  of  the  circle  is 

AC.AC.BD 
4A 

Note.  The  centre  of  gravity  of  a  triangle  is  the  intersection  of  the  lines 
drawn  from  the  angles  to  bisect  the  opposite  sides. 


The  following  tables  comprise  all  the  natoral  sines,  &a.  and  logarithms 
reqoired  for  the  solution  of  the  examples  in  this  book ;  but  the  stodent  is 
recommended  where  practicable  to  use  complete  tables,  as  he  will  thos  become 
more  familiar  with  their  use.  He  will  however  only  be  able  to  arrive  at  an 
approximate  solution,  without  the  use  of  proportional  parts.  In  many  of 
the  earlier  examples  the  natural  sines,  &c.  have  only  been  employed  to  four 
decimal  places.  The  student  most  remember  that  when  he  wants  to  find 
a  cosine,  he  most  look  for  the  sine  of  the  complement,  and  similarly  for  the 
cotangents  and  cosecants. 

TABLE  I. 
Natubai.  Sines,  &e. 


Sines. 

Sii 

les. 

5«.  58' 

•1039499 

670.23' 

•9230984 

7".  46' 

•1351392 

680.13' 

•9286933 

110.32' 

•1999380 

730. 32' 

•9589848 

120 

•2079117 

160.26' 

•2828995 

Tang 

'ents. 

19\  28' 

•3332584 

100.40' 

•1883495 

210. 47/ 

•3710977 

260 

•4877326 

260 

•4226183 

260. 34' 

•6000352 

820 

•5299193 

830.41' 

•6664969 

320.53' 

•5429302 

370 

•7686541 

840. 2V 

•5649670 

600.46' 

1^2246658 

860. 63' 

•6001876 

520.  sy 

1-3190441 

880. 13/ 

•6186370 

610 

1-8040478 

89« 

•6293204 

670.23' 

2-4003774 

400.39' 
430.26' 

•6514366 
•6875101 

Seca 

nts. 

450. 35' 

•7142691 

260 

1^1126019 

480. 24' 

•7477981 

520.60' 

1^6652575 

510 

•7771460 

660.48' 

2-5384468 

610. 3/ 

•8760425 

680. 12' 

2^6927480 

650 

•9068078 

780.46' 

8^5736108 
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TA 

BLE  n. 

LoaABIIHMS  OF  NUUBEBS. 

Nombers. 

Logarithms. 

Numbers. 

Logarithms 

1-068186 

•0286466 

2-41 

•3820170 

11 

•0413927 

3 

•4771213 

1-148716 

•0583182 

3^09017 

•4899824 

1-22239 

•0872111 

3-652281 

•5625642 

1-3 

•1139434 

3^727593 

•5714286 

1-39009 

•1430443 

4-013116 

•6034817 

1-4458 

•1601082 

4-03826 

•6061942 

1-590643 

•2015726 

4-23665 

•6270227 

1-62335 

-2104122 

4-251787 

•6285714 

1-69408 

•2289333 

4-45813 

•6491525 

2 

-3010300 

7 

•8450980 

2-07 

-3159703 

7-39148 

•8687314 

2*8 

-3617278 

-  7-90672 

•8979965 

TABLE  in. 
TabuiiAB  Looabixhms  of  the  TBiaoNOMEiBicAL  Ratios. 


Sines. 
60. 22'.  45" 
170. 11'.  12"^11 
180 

23«.  42'.  43" 
290. 5'.  21"^52 
410. 8'.  54"-6 
410. 42'.  43" 
480.61'.5"-94 
530. 27'.  20" 
620. 6'.  51" 
640. 25'.  49'/ 
72« 


Logarithms. 
9-0457574 
9-4703539 
9-4899824 
9-6043801 
9-6867903 
9-8182344 
9-8230636 
9-8767989 
9-9049296 
9-9463950 
9-9552358 
9-9782063 


Tangents. 


30. 43'.  39"-03 
100.53'.  36" 
110. 16'.  10" 
110. 44'.  29"^5 
340. 6'.  24" 
570.  22'.  26"^8 
570.  54' 

630.47'.85"-69 
710.  33'.  54" 


8-8139084 

9-2843181 

9-2994355 

9-3177416 

9-8307301 

10-1937091 

10-2025255 

10-3078513 

10-4771213 
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STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PARTI- 
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A    TREATISE    ON    THE    DIFFERENTIAL    CALCULUS. 

With  numerous  Examples.    New  Edition.  Crown  8vo.   \Os.  (>d. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 

APPLICATIONS.     With  numerous   Examples.     New  Edition, 

revised  and  enlarged.     Crouni  8vo.     los.  (td. 
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EXAMPLES  OF  ANALYTICAL  GEOMETRY  OF  THREE 
DIMENSIONS.     New  Edition,  revised.     Crown  8vo.  doth.     4/. 

A  TREATISE  ON  ANALYTICAL  STATICS.  With  numerous 
Examples.  New  Edition,  revised  and  enlarged  Crown  8vo. 
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A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF 
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Wolstenholme.— MATHEMATICAL  PROBLEMS,  on  Sub- 
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INTO  THE  ROYAL  MILITARY  ACADEMY  FOR  THE 
YEARS  1880—1883  INCLUSIVE.     Crown  Svo.     y.  td. 
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Airy  (G.  B.).— popular  astronomy.  With  Illustrations. 
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Balfour. — a  treatise  on  comparative  embry- 
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THE  BEGINNINGS  OF  LIFE :  Being  some  Account  of  the  Nature. 
Modes  of  Origin,  and  Transformations  of  Lower  Organisms.  In 
Two  Volumes.  With  upwards  of  loo  Illustrations.   Crown  8vo,  28j. 

EVOLUTION  AND  THE  ORIGIN  OF  LIFE.     Cr.  8vo.   6j.  bd. 

Bettany.— FIRST  LESSONS  IN  PRACTICAL  BOTANY. 
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Blake.— ASTRONOMICAL  MYTHS.  Based  on  Flammarion's 
"The  Heavens."  By  John  F.  Blake.  With  numerous  Illustra- 
tions.    Crown  8vo.     gj. 

Blanford  (H.  F.).— rudiments  of  physical  geo- 
graphy FOR  THE  USE  OF  INDIAN  SCHOOLS.  By 
H.  F.  Blanford,  F.G.S.  With  numerous  Illustrations  and 
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Blanford  (W.    T.).— GEOLOGY   and    zoology    of 

ABYSSINIA.     By  W.  T.  Blanford.    8vo.    2\s. 

Brodie.— IDEAL  CHEMISTRY.  A  LECTURE.  By  Sir  B. 
C.  Brodie,  Bart.,  D.C.L.,  F.R.S.,  Professor  of  Chemistry  in 
the  University  of  Oxford.     Crown  8vo.     zs. 

Brunton. — Works  by  T.  Lauder  Brunton,  M.D.,  F.R.C.P., 
F.R.S.,  Assistant  Physician  and  Lecturer  on  Materia  Medica  and 
Therapeutics  at  St.  Bartholomew's  Hospital. 
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THE  BIBLE  AND  SCIENCE,     Illustrated.     Cr.  8vo.     loj.  6d. 
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INTERVALS  AND  TEMPERAMENT.  With  an  Account  of 
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Scientific  Instruments,  South  Kensington,  1876  ;  also  of  an  Enhar- 
monic Organ  exhibited  to  the  Musical  Association  of  London, 
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Challenger. — Report  on  the  Scientific  Resalts  on  the  VoTage  of 
H.M.S.    "Challenger,"  during  the  Years    1873-76.     Under  the 
command  of  Captain  Sir  George  Nares,  R.N.,    F.R. S.,  and 
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lO  SCIENTIFIC  CATALOGUE. 

Cleland. — evolution,  expression  and  sensation, 
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Coal  :  ITS  HISTORY  AND  ITS  USES.  By  Professors  Green, 
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Edition,  revised  and  corrected.     Demy  8vo.     i6j. 
RELIGION   AND   CHEMISTRY.      A  Re-stetement  of  an  Old 

Argument,     Crown  8vo.     ^s.  6d. 
SCIENTIFIC   CULTURE  AND  OTHER  ESSAYS.       Royal 
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Crossley.— HANDBOOK  OF  DOUBLE  STARS,  WITH  A 
CATALOGUE  OF  1,200  DOUBLE  STARS  AND  EXTEN- 
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TEURS. By  E.  Crossley,  F.R.A.S.,  J.  Gledhill,  F.R.A.S., 
and  T.  M.  Wilson,  F.R.A.S.  With  Illustrations.  8vo.  2U. 
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EARLY  MAN  IN  BRITAIN,  AND  HIS  PLACE  IN  THE 
TERTIARY  PERIOD.     With  Illustrations.     8vo.     2Sj. 

Dawson  (J.  W.). — ACADIAN  GEOLOGY.  The  Geologic 
Structure,  Organic  Remains,  and  Mineral  Resources  of  Nova 
Scotia,  New  Brunswick,  and  Prince  Edward  Island.  By  John 
William  Dawson,  M.A.,  LL.D.,  F.R.S.,  F.G.S.,  Principal  and 
Vice-Chancellor  of  M'Gill  Collie  and  University,  Montreal,  &c. 
With  a  Geological  Map  and  numerous  Illustrations.  Third  Edition, 
with  Sapplement     8vo.     21^.     Supplement,  separately,  2j.6t/. 
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Day.— ARITHMETIC  OF  ELECTRIC  LIGHTING.  By  li. 
E.  Day,  M.A.,  Evening  lecturer  in  Experimental  Physics  at 
King's  College,  London.     Fcap.  8vo.     2x. 

Fisher.— PHYSICS  OF  the  earth's  crust.  By  Rev. 
Osmond  Fishek,  Rector  of  Harlton,  Hon.  Fellow  of  King's 
College,  London,  late  Fellow  and  Tutor  of  Jesos  College,  Cam- 
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Fiske.— Works  hy  JOHN  FiSKE,  M.A.,  LL.D.,  formerly  Lecturer 
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DARWINISM  ;   AND  OTHER  ESSAYS.     Crown  8vo.     ^s.  (xi. 
EXCURSIONS  OF  AN  EVOLUTIONIST.    Crown  8vo.    is.  bd. 

Fleischer.— A  SYSTEM  OF  VOLUMETRIC  ANALYSIS. 
By  Dr.  E.  Fleischer.  Translated  from  the  Second  German 
Edition  by  M.  M.  Pattison  Muir,  F.R.S.E.,  viith  Notes  and 
Additions.     Illustrated.     Crown  8vo.     "js.  6d. 

Flower, — FASHION  IN  DEFORMITY,  as  Illustrated  in  the 
Customs  of  Barbarous  and  Civilized  Races.  By  William  Henry 
Flower,  LL.D.,  M.D.,  F.R.S.,  &c.,  Hunterian  Professor  ot 
Comparative  Anatomy,  and  Conservator  of  the  Museum  of  the 
Royal  College  of  Surgeons  of  England.  With  numerous  Illus* 
trations.     Crown  8vo.     2s.  6d.  [Nature  Seria. 

Fluckiger    and   Hanbury.— pharmacographia.    a 

History  of  the  Principal  Drugs  of  Vegetable  Origin  met  with  in 
Great  Britain  and  India.  By  F.  A.  FlIjckiger,  M.D.,  and 
D.  Hanbury,  F.R.S.     Second  Edition,  revised.     8vo.     2ix. 

Forbes.— THE  TRANSIT  OF  VENUS.  By  George  Fo»bes, 
B.A.,  Professor  of  Natural  Philosophy  in  the  Andersonian  Univer- 
sity of  Glasgow.   With  numerous  Illustrations.  Crown  8vo.  ys.  6d. 

\Naiure  Series. 

Foster.— A  TEXT-BOOK  OF  PHYSIOLOGY.  By  Michael 
Foster,  M.D.,  F.R.S.,  Professor  of  Physiology  in  the  University 
of  Camliridge,  and  Fellow  of  Trinity  College,  Cambridge.  With 
Illustrations.     Fourth  Edition,  revised.     8vo.     2ls. 

Foster  and  Balfour.— the  elements  OF  embry- 
ology. By  Michael  Foster,  M.A.,  M.D.,  LL.D.,  F.R.S., 
Professor  of  Physiology  in  the  University  of  Cambridge,  Fellow 
of  Trinity  College,  Cambridge,  and  the  Lite  Francis  M.  Balfour, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge, 
and  Professor  of  Animal  Morphology  in  the  University.  Second 
Edition,  revised.  Edited  by  Ada,\i  Sedgwick,  M.A.,  Fellow 
and  Assistant  Lecturer  of  Trinity  College,  Cambridjje,  and 
Walter  Heaps,  Demonstrator  in  the  Morphological  Laboratory 
of  the  University  of  Cambridge.  With  Illustrations.  Crowa  8vo. 
I  Of.  61. 
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Frankland.— AGRICULTURAL  CHEMICAL  ANALYSIS, 
a  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc,  F.C.S.,  Associate  of  the  Royal  School  of  Mines,  and  Agri- 
cultural Demonstrator  of  Practical  Chemistry  in  the  Normal  School 
of  Science  and  Royal  School  of  Mines,  South  Kensington  Museum. 
Founded  upon  "  Leitfaden  fiir  die  Agricultur-Chemische  Analyse," 
von  Dr.  F.  Krocker.  Crown  8vo,  yj.  dd. 
Galloway. — Works  by  Robert  L.  Galloway,  Mining  Engineer. 

THE  STEAM  ENGINE  AND  ITS  INVENTORS.  A  Historical 
Sketch.     With  numerous  Illustrations.     Crown  8vo.     loj.  dd. 

THE  HISTORY  OF  COAL-MINING  IN  GREAT  BRITAIN. 
Crown  8vo.     Is.  6d. 
Gallon. — Works  by  Francis  Galton,  F.R.S. 

METEOROGRAPHICA,  or  Methods  of  Mapping  the  Weather. 
Illustrated  by  upwardsof  600  Printed  LithographicDiagrams.  4to.  9^. 

HEREDITARY   GENIUS  :  An  Inquiry  into  its  Laws  and  Con- 
sequences.    Demy  Svo.     I2s. 
The  Times  calls  it  ^^  a  most  able  and  most  interesting  book." 

ENGLISH    MEN   OF    SCIENCE;   THEIR   NATURE    AND 
NURTURE.     Svo.     8j.  6d. 
"  The  book  is  certainly  one  of  very  great  interest." — Nature. 

INQUIRIES  INTO  HUMAN  FACULTY  AND  ITS 
DEVELOPMENT.  With  Illustrations  and  Coloured  and  Plain 
Plates.     Demy  Svo.     i6j. 

RECORD  OF  FAMILY  FACULTIES,  consisting  of  Tabular 
Forms  and  Directions  for  Entering  Data.  Wt:h  an  Explanatory 
Preface.  Also  containing  an  offer  of  Prizes  to  the  amount  of  jQyxi. 
4to.     2J.  6d. 

LIFE  HISTORY  ALBUM ;  containing  Tabular  Forms  and 
Explanations.  Prepared  by  Direction  of  the  Collective  Investio-a- 
tion  Committee  of  the  British  Medical  Association,  and  Edited  by 
Francis  Galton,  F.R.S.,  Chairman  of  the  Life  History  Sub- 
Committee.  4to.  3J.  6d.  ;  or  with  Card  of  Wools  for  testing 
Colour  Vision.  4r.  6d. 
Gamgee.— A  text-book  OF  THE  PHYSIOLOGICAL 
CHEMISTRY  OF  THE  ANIMAL  BODY.  By  Arthur 
Gamgee,  M.D.,  F.R.S. ,  Professor  of  Physiology  in  Owens  College, 
Manchester.  With  Illustrations.  In  Two  Vols.  Medium  Svo. 
Vol.  I.     1 8 J.  [Vol.  II.  in  the  Press. 

Geikie. — Works  by  Archibald  Geikie,  LL.D.,  F.R.S., 
Director  General  of  the  Geological  Surveys  of  the  United  King- 
dom, late  Murchison  Professor  of  Geology  and  Mineralogy  at 
Edinburgh. 

A  TEXT- BOOK  OF  GEOLOGY.  With  Illustrations.  Medium 
Svo.     2%s. 

"  //  will  certainly  step  into  the  foretnost  rank  amon^  our  standard 
text-bioks. " — Athenaeum. 
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G  e  ikie — contintud. 
GEOLOGICAL   SKETCHES,   AT    HOME    AND  ABROAD. 

With  Illustrations.     8vo.     icxr.  6</. 
ELEMENTARY   LESSONS   IN   PHYSICAL  GEOGRAPHY. 

With  numerous  Illustrations.  Fcap.  8vo.    41.  6</.  Questions,  \s.  6d. 
OUTLINES  OF  FIELD  GEOLOGY.   With  Illustrations.   Cro%vn 

8vo.     3T.  6</. 
PRIMER  OF  GEOLOGY.     Illustrated.     iSmo.     u. 
PRIMER  OF  PHYSICAL  GEOGRAPHY.   Illustrated.  iSmo.  u. 

Gladstone  —  Tribe.  —  THE  CHEMISJRY  OF  THE 
SECONDARY  BATTERIES  OF  PLANTE  AND  FAUKE. 
By  J.  H.  Gladstone,  Ph.D.,  F.R.S.,  and  Alfred  Tribe, 
F.  Inst.  C.E.,  Lecturer  on  Chemistry  at  I>ul\vich  College.  Crown 
8vo.     2t.  6(/.  [Natttre  Seiies. 

Gray.— STRUCTURAL  BOTANY,  OR  ORGANOGRAPHY 
ON  THE  BASIS  OF  MORPHOLOGY.  To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.  By  Asa  Gray,  LL.D  ,  Fisher  Professor  ot 
Natural  History  (Botany)  in  Harvard  University.  With  numerous 
Illottrations.    8vo.    lar.  6d. 

Green.— A  SHORT  GEOGRAPHY  OF  THE  BRITISH 
ISLANDS.  By  John  Richard  Green  and  AucB  Stopford 
Green.     With  Maps.     Fcap.  8vo.     y.  6i. 

7^  Times  says: — *'  The  method  of  the  work,  so  far  as  real  in- 
struction is  concerned,  is  nearly  all  that  could  be  desired.  .  .  . 
Its  great  merit,  in  addition  to  its  scientific  arrangement  and  thf 
attractive  style  so  familiar  to  the  readers  of  Greetts  '  Short  History  ' 
is  that  the  facts  are  so  presented  as  to  compel  the  careful  student  to 
think  for  himself  ....  The  work  may  be  read  rvith  pleasure 
and  profit  by  anyone;  we  trust  that  it  will  gradually  fnd  its  way 
into  the  highir  forms  of  our  schools.  With  this-  text-book  as  his 
guide,  an  intelligent  teacher  might  mate  geography  what  it  really 
is — 0ne  of  the  most  interesting  and  widely-instructive  stttdies." 

Grove.— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS 
(a.d.  1450— 1883).  By  Eminent  Writers,  English  and  Foreign. 
With  Illustrations.  Edited  by  Sir  George  Grove,  D.C.L, 
Director  of  the  Royal  College  of  Music.  In  3  vols.,  8vo.  Parts 
I.  to  XIV.  3J.  6d.  each.  Parts  XV.,  XVI.  7J.  Parts  XVII., 
XVIII.  ^s.  Vols.  I.  II  and  III.  2ij.  each.  Vol.  L  A  to 
IMPROMPTU.  Vol.  IL  IMPROPERIA  to  PLAIN  SONG. 
Vol.    in.    PLANCH^  to  SUMER  IS  ICUMEN  IN. 
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Hanbury.— SCIENCE  PAPERS  :  chiefly  Pharmacological  and 
Botanical.  By  Daniel  Hanbury,  F.R.S.  Edited,  with 
Memoir,  by  J.  Ince,  F.L,S.,  and  Portrait  engraved  by  C.  H. 
Jeens.     8vo.     14J. 

Henslow. — the  theory  of  evolution  of  living 

THINGS,  and  Application  of  the  Principles  of  Evolution  to 
Religion  considered  as  Illustrative  of  the  Wisdom  and  Benefi- 
cence of  the  Almighty.  By  the  Rev.  George  Henslow, 
M. A. ,  F.  L.  S .     Crown  8vo.     6j. 

Hooker. — Works    by    Sir    J.    D.    Hooker,    K.C.S.I.,     C.B., 
F.R.S.,  M.D.,    D.C.L.  :— 
THE   STUDENT'S    FLORA  OF  THE  BRITISH  ISLANDS. 
Second  Edition,  revised  and  improved.     Globe  Svo.     lOi.  6d. 
"  Certainly  the  fullest  and  most  accurate  manual  0/  the  kind  that 
has  yet  appeared.    Dr.  Hooker  has  shown  his  characteristic  industry 
and  ability  in  the  care  and  skill  which  he  has  thro^vn  into  the 
characters  of  the  plants.     These  are  to  a  great  extent  original,  and 
are  really  admirable  for  their  combination  of  clearness^  brevity, 
and  completeness. " — Pall  Mall  Gazette. 
PRIMER    OF    BOTANY.      With    Illustrations.      New   Edition, 
revised  and  corrected.     i8mo.     xs. 

Hooker  and  Ball.— JOURNAL  OF  A  TOUR  INMAROCCO 

AND  THE  GREAT  ATLAS,  By  Sir  J.  D.  Hooker,  K.C.S.I., 
C.B.,  F.R.S. ,  &c.,  and  John  Ball,  F.R.S.  With  Appendices, 
including  a  Sketch  of  the  Geology  of  Marocco.  By  G.  Maw, 
F.L.S.,  F.G.S.  With  Map  and  illustrations.  Svo.  2ls. 
"  This  is,  without  doubt,  one  of  the  most  interesting  and  valuahh 
books  of  travel  published  for  matty  years." — Spectator. 

Huxley  and  Martin. — a  COURSE  OF  PRACTICAL  IN- 
STRUCTION  IN  ELEMENTARY  BIOLOGY.  By  T.  H. 
Huxley,  LL.D.,  P.R.S.,  assisted  by  H.  N.  Martin,  M.A., 
F.R.S.,  M.B.,  D.Sc,  Fellow  of  Christ's  College,  Cambridge. 
Crown  Svo.     6s. 

"  This  is  the  most  thoroughly  valuable  book  to  teachers  and  students 
of  biology  which  has  ever  appeared  in  the  English  tongue." — 
London  Quarterly  Review. 

Huxley   (Professor). — Works  by  T.   H.  Huxley,  LL.D., 
P  R  S 
LAY     SERMONS,     ADDRESSES,   AND  REVIEWS.       New 
and  Cheaper  Edition.     Crown  Svo.     Ts.  6d. 

Fourteen  Discourses  on  the  following  subjects: — (l)  On  the  Advisable- 
ness  of  Improving  Naiural  Knvivledge: — (2)  Emancipation — 
Black  and  White  : — (3)  A  Liberal  Education,  and  tvlure  to  find 
it:—{i^  ScientifieEducation  :—($)  On  the  Educational  Value  of 
the  Natural  History  Sciences :— (6)  On  the  Study  of  Zoology:— 
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Huxley  (Professor) — canHnueJ. 

(7)  On  the  Physical  Basis  of  Lift:—{%)  TJte  Scientific  Aspects  of 
Positivism:— ("i)  On  a  Piece  of  Chalk:— (10)  Geological  Content- 
fmratuity  and  Persistent  Types  of  Life: — (11)  Geological  Reform : — 
(12)  The  Origin  of  Species: — (13)  Criticisms  on  the  "Origin  of 
Sptfics:"—[l^)  On  Descartei  ^'^  Discourse  touching  the  Method  of 
using  On^s  Reason  rightly  and  of  seeking  Scientific  Truth." 

ESSAYS     SELECTED     FROM      "LAY     SERMONS,     AD- 
DRESSES, AND  REVIEWS."  Second  Edition.  Crown 8vo.  is. 
CRITIQUES  AND  ADDRESSES.     8vo.     loj.  6d. 

Contents: — I.  Administrative  Nihilism.  2.  The  School  Boards: 
what  they  can  do,  and  what  tkey  may  do.  3.  On  Medical  Edu- 
cation. 4.  Yeast.  5.  On  the  Formation  of  Coal.  6.  On  Corai 
and  Coral  Reefs.  7.  On  the  Methods  and  Results  of  Ethnology. 
8.  On  some  Fixed  Points  in  British  Ethnology.  9.  Paltrontology 
and  the  Doctrine  of  Evolution.  10.  Biogenesis  and  Abiagenesis. 
II.  Mr.  Darwin's  Critics.  12.  The  Genealogy  of  Animals. 
13.  Bishop  Berkeley  on  the  Metaphysics  of  Sensation. 
SCIENCE  AND   CULTURE  AND  OTHER  ESSAYS.      8vo. 

los.  dd. 

The  subjects  dealt  ttnth,  in  the  present  collection,  are,  among  others. 
Universities  Actual  and  /dial.  Technical  Education,  Joseph 
Priestley,  the  Border  Territory  between  the  Animal  and  Vegetable 
Kingdoms,  Evolution  in  Biology,  The  coming  of  age  of  "  The 
Origin  of  Species,"  tA<  comtection  of  the  Biological  Sciences  with 
Medicine,  and  the  Birmingham  address  which  give  its  title  to  the 
volume. 
LESSONS  IN  ELEMENTARY  PHYSIOLOGY.  With  numerous 

Illustrations.     New  Edition.     Fcap.  8vo.     4r.  dd. 

"  Ptre  gold  throtighout. " — Guardian.     *'  Unquestionably  the  clearest 
and  most  complete  elementary  treatise  on  this  subject  that  we  possess 
in  any  language." — Westminster  Review. 
AMERICAN   ADDRESSES:    with  a  Lecture  on  the  Study  of 

Biology.     8vo.    6/.  6d. 
PHYSIOGRAPHY:  An  Introduction  to  the  Study  of  Nature.  With 

Coloured   Plates   and   numerous  Woodcuts.      New   and  Cheaper 

Edition.     Crown  8\'0.     6s. 

"  //  would  be  hardly  possible  to  place  a  mere  useful  or  suggestive 

book  in  the  hands  of  learners  and  teachers,  or  one  that  if  better 

calculated  to  make  physiography  a  favourite  subject  in  the  science 

schools." — Academy. 

INTRODUCTORY  PRIMER.     l8mo.     tr.  [Scimct Prima s. 

JeUct  (John  H.,  B.D.).— a  TREATISE  ON  THE 
THEORY  OF  FRICTION.  By  John  H.  Jkllkt,  B.D., 
Senior  Fellow  of  Trinity  College,  Dublin  ;  President  of  the  Royal 
Irish  Academy.     8vo.     8-c  6</. 
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Jones. — Works  by  Francis  Jones,  F.R.S.E.,  F.C.S.,  Chemical 
Master  in  the  Grammar  School,  Manchester. 

THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  With  Preface  by  Professor  ROSCOE. 
New  Edition.     i8mo.     With  Illustrations.     2j.  6</. 

QUESTIONS  ON  CHEMISTRY.  A  Series  of  Problems  and 
Exercises  in  Inorganic  and  Organic  Chemistry.     i8mo.     y. 

Kiepert.— MANUAL  OF  ancient  geography.     Author- 
ised translation  from  the  German  of  Heinrich  Kiepert,  Ph.D., 
Member  of  the  Royal  Academy  of  Sciences,  Berlin,  &c.     Crown 
8vo.     SJ. 
^*  Altogether  the  English  edition  of  the  'Manual'  will  form  an 

indispensable  companion  to  Kieperfs  'Atlas,'  now  used  in  many 

of  our  leading  schools" — The  Times. 

Kingsley. — Works  By  Charles  Kingsley,  late  Canon  of  West- 
minster. 

GLAUCUS:  OR,  THE  WONDERS  OF  THE  SHORE. 
New  Edition,  with  numerous  Coloured  Plates.     Crown  8vo.     6j. 

scientific  LECTURES  AND  ESSAYS.     Crown  8vo.     6j. 

SANITARY  AND  SOCIAL  LECTURES  AND  ESSAYS. 
Crown  8vo.     6j. 

MADAM  HOW  AND  LADY  WHY ;  or,  Lessons  in  Earth-Lore 
for  Children.     Illustrated.     Crown  8vo.     6j. 

Landauer. — blowpipe    analysis.     By  j.  Landauer. 

Authorised  English  Edition,  by  James  Taylor  and  W.  E.  Kay,  of 
the  Owens  College,  Manchester.  With  Illustrations.  Extra  fcap. 
8vo.    4?.  (>d. 

Landolt.— HANDBOOK  OF  THE  POLARISCOPE  AND 
ITS  PRACTICAL  APPLICATIONS.  Adapted  from  the 
German  Edition.  By  D.  C.  Robb,  B.A.,  and  V.  H.  Veley, 
B.A.,  F.C.S.  With  an  Appendix  by  J.  SxEiNER,  F.C.S.  With 
Illnstrations.     Demy  8vo.     \os.  6d. 

Langdon.— THE  APPLICATION  OF  ELECTRICITY  TO 
RAILWAY  WORKING.  By  W.  E.  Langdon,  Member  of  the 
Society  of  Telegraph  Engineers.  With  numerous  Illustrations. 
Extra  fcap.  Svo.     4s.  bd. 

"  There  is  no  officer  in  the' telegraph  service  who  will  not  profit  by 
the  study  op  this  book." — Mining  Journal. 

Lankester. — DEGENERATION.  A  Chapter  in  Darwinism. 
By  Professor  E.  Ray  Lankester.  F.R.S.,  Fellow  of  Exeter 
College,    Oxford.      With  Illustrations.       Crown  Svo.      2J.    6d. 

{Nature  Series. 
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Lockyer  (J.  N.).— Works  by  J.  Norman  Lockyer,  F.R.S.— 

ELEMENTARY    LESSONS    IN    ASTRONOMY.     With  nu- 

merous  Illustrations.     New  Edition.     Fcap.  8vo.     5^.  (>d. 

"  Tkt  book  is  full,  clear,  sound,  and  worthy  of  attention,  not  only  as 

a  poptUar  exposition,  but  as  a  scientific  *  Index.'"  —  Athenxum. 

THE  SPECTROSCOPE  AND  ITS  APPLICATIONS.  By  J. 
Norman  Lockyer,  F.R.S.  With  Coloured  Plate  and  numerous 
Illustrations.  Second  Edition.  Crown  8vo.  y.  6d.    \Nature  Series. 

CONTRIBUTIONS  TO  SOLAR  PHYSICS.  By  J.  Norman 
Lockyer,  F.R.S.  I.  A  Popular  Account  of  Inquiries  into  the 
Physical  Constitution  of  the  Sun,  with  especial  reference  to  Recent 
Spectroscopic  Researches.  II.  Communications  to  the  Royal 
Society  of  London  and  the  French  Academy  of  Sciences,  with 
Notes.  Illustrated  by  7  Coloured  Lithographic  Plates  and  175 
Woodcuts.     Royal  8vo.  doth,  extra  gilt,  price  31J.  6d. 

PRIMER  OF  ASTRONOMY.     With  Illustrations.     i8mo.     is. 

Lockyer  and  Seabroke.— STAR-GAZING;   PAST  AND 

PRESENT.  An  Introduction  to  Instrumental  Astronomy.  By 
J.  N.  Lockyer,  F.R.S.  Expanded  from  Shorthand  Notes  of  a 
Course  of  Royal  Institution  Lectures  with  the  assistance  of  G.  M. 
Seabroke,  F.R.A.S.  With  numerous  Illustrations.  Royal8vo.  2ij. 
**  A  book  of  great  interest  and  utility  to  the  astronomiccU  student." 
— Athemeum. 

Lubbock. — WorksbySiR  John  LuBnocK,  M.P.,  F.R.S.,  D.C.L., 

FIFTY  YEARS  OF  SCIENCE.     Being  the  Presidential  Address 

delivered    at    York   to   the   British   Association,    1 88 1.       Third 

Edition.     8vo.     zs.  bd. 

THE  ORIGIN    AND    METAMORPHOSES    OF    INSECTS. 

With  numerous  Illustrations.  New  Edition.  Crown  8vo.  y.  6d. 

[Nature  Series. 
ON  BRITISH  WILD  FLOWERS  CONSIDERED   IN  RELA- 
TION TO    INSECTS.      With   numerous  Illustrations,       New 
Edition.     Crown  8vo.     4J.  6d.  [Nature  Series. 

SCIENTIFIC  LECTURES.     With  Illustrations.     8vo.     8y.  6d. 
Contests  •.—F/o7vers    and   Insects — Hants  and    Insects — The 
Habits  of    Ants — Introduction    to    the    Study  of    Prehistoric 
Archaology,  6^f. 

Macmillan  (Rev.  Hugh). — For  other  Works  by  the    same 
Author,  see  Theological  Catalogue. 
HOLIDAYS  ON  HIGH  LANDS;  or,  Rambles  and  Incidents  in 

search  of  Alpine  Plants.     Globe  8vo,  cloth.     6x. 
FIRST  FORMS  OF  VEGETATION.     Second  Edition,  corrected 
and  enlarged,  with  Coloured  Frontispiece  and  numerous  Illustra- 
tions.    Gl  jbe  8vo.     6j. 
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Mansfield  (C.  B.)— Works  by  the  late  C.  B.  Mansfield:— 
A  THEORY  OF  SALTS.     A  Treatise  on  the    Constitution    of 
Bipolar  (two-membered)  Chemical  Compounds.     Crown  8vo.  14^. 

AERIAL  NAVIGATION.  The  Problem,  with  Hints  for  its 
Solution.  Edited  by  R.  B.  Mansfield.  With  a  Preface  by 
J,  M,  Ludlow.     With  Illustrations.     Crown  8vo.     loj.  dd. 

Mayer. — SOUND  -.  a  Series  of  Simple,  Entertaining,  and  In- 
expensive Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  age.  By  A.  M.  Mayer,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  &c.  With  numerous 
Illustrations.     Cro.vn  8vo.     3^.  6;/.  [Nature  Series. 

Mayer  and  Barnard. — LIGHT.  A  Series  of  Simple,  Enter- 
taining, and  Useful  Experiments  in  the  Phenomena  of  Light,  for 
the  use  of  Students  of  every  age.  By  A.  M.  Mayer  and  C. 
Barnard.    With  Illnstrations.  Crown  Svo.  2s.  6d.  [Nature  Series. 

Miall. — STUDIES  IN  COMPARATIVE  ANATOMY.  No.  i. 
The  Skull  of  the  Crocodile.  A  Manual  for  Students.  By  L.  C. 
Miall,  Professor  of  Biology  in  Yorkshire  College.  Svo.  2s.  6./. 
No.  2,  The  Anatomy  of  the  Indian  Elephant.  By  L.  C.  Miall 
and  F.  Greenwood.     With  Plates.    5J. 

Miller.— THE  romance  of  astronomy.  By  R.  Kalley 
Miller,  M.A.,  Fellow  and  Assistant  Tutor  of  St.  Peter's  Col- 
lege, Cambridge.  Second  Edition,  revised  and  enlarged.  Cro-\\n 
Svo.     4^.  6d. 

Mivart  (St.  George). — the  COMMON  FROG.  By  St. 
George  Mivart,  F.R.S.  &c.,  Lecturer  in  Comparative  Anatomy 
at  St.  Mary's  Hospital.  With  Numerous  Illustrations.  Crown  Svo. 
3j.  dd.  {Nature  Series. 

Moseley. — notes  by  a  naturalist  on  the  "chal- 
lenger," being  an  account  of  various  observations  made  during 
the  vcyaje  of  H.M.S.  "  Challenger"  round  the  world  in  the  years 
1872—76.  By  H.  N.  Moseley,  M.A..  F.R.S. ,  Member  of  the 
Scientiiic  StalT  of  the  "Challenger."  With  Map,  Coloured 
Plates,  and  Woodcuts.     Svo.     21s. 

"  This  is  certainly  the  most  interesting  and  suggestive  book,  descrip- 
tive of  a  nalnralisf  s  travels,  tuhich  has  been  published  since  Mr. 
Darivin^s  ^Journal  of  Researches^  appeared,  no7v  more  than  forty 
years  ago.  That  it  is  worthy  to  be  placed  alongside  that  delightful 
record  of  the  impressions,  speculations,  and  reflections  of  a  master 
tninJ,  is,  we  do  not  doubt,  the  highest  praise  which  Mr.  Moseley 
vjould  d-sire  for  his  book,  and  we  do  not  hesitate  to  say  that  such 
praise  is  its  desert." — Nature. 
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Muir.— PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS. Specially  arranged  for  the  first  M.  B.  Course.  By 
AL  M.  Pattison  Muir,  F.R.S.E.     Fcap.  8vo.     is.  (xi. 

Miiller— THE  FERTILISATION  OF  FLOWERS.  By  Pro- 
fessor Hermann  Muller.  Translated  and  Ldited  by  IVArcy 
W.  Thompson,  B.A.,  Scholar  of  Trinity  College,  Cambridge. 
With  a  Preface  by  Charles  Darwin,  F.K.S.  With  numerous 
Illustrations.     Medium  8vo.     2U. 

Murphy habit    AND     INTELLIGENCE:     a    Series    of 

Essays  on  the  Laws  of  Life  and  Mind.  By  Joseph  John 
Murphy.  Second  Edition,  thoroughly  revised  and  mostly  re- 
written.    With  Illustrations.     8vo.     i6j. 

Nature.— A  weekly  ILLUSTRATED  JOURNAL  OF 
SCIENCE.  Published  every  Thursday.  Price  6d.  Monthly 
Parts,  2s.  and  2s.  6d. ;  Half-yearly  Volumes,  151.  Cases  for  binding 
Vols.  is.  dd. 

"  Titis  able  and  well-tdUed  yotirnal,  which  posts  up  the  science  of 
the  day  promptly,  and  promises  to  be  of  signal  service  to  students 

and  savants Scarcely  any  expressions  that  we  can  employ 

would  exat;gerate  our  sense  of  the  moral  and  theological  value  oj 
the  vfork}^ — British  Quarterly  Review. 

Newcomb.— POPULAR  ASTRONOMY.  By  Simon  New- 
COMB,  LL.D.,  Professor  U.S.  Naval  Observatory.  With  112 
Engravings  and  Five  Maps  of  the  Stars.  New  Edition.  8vo.  i8j. 
*^  As  affording  a  thoroughly  reliable  foundation  for  more  advanced 

reading.  Professor  Nrwcomb^s  '  Popular  Astronomy '  is  deserving 

of  strong  recommendation." — Nature. 

Nordenskiold.— THE  VOYAGE  OF  THE  VEGA  ROUND 
ASIA  AND  EUROPE.  By  Baron  A.  E.  VoN  Nordenskiold, 
Commander  of  the  Expedition.  Translated  by  Alexander  Leslie, 
Author  of  Nordenskiold's  "  Arctic  Voyages."  Popular  Edition. 
With  numerous  Portraits  engraved  on  .^teel  by  G.  J.  Stodart, 
lUtt-stratfons,  Map,  &c.     Crown  8vo.     6^. 

Oliver.— Works  by  Daniel  Oliver,  F.R.S.,  F.L.S.,  Professor  of 
Botany  in  University  College,  London,  and  Keeper  of  the  Herba- 
rium and  Library  of  the  Royal  Gardens,  Kew  : — 

LESSONS  IN  ELEMENTARY  BOTANY.  With  nearly  Two 
Hundred  Illustrations.    New  Edition.     Fcap.  Svo.     4J.  dd. 

FIRST  BOOK  OF  INDIAN  BOTANY.  With  numerous 
Illustrations.     Extra  fcap.  Svo.     6j.  dd. 

Pasteur.— STUDIES   on   fermentation.      The  Diseases 

of  Beer  ;   their  Causes  and  Means  of    Preventing  them.     By  L. 

Pasteur.     A  Translation  of  "  Etudes  sur  la  Biere,"    With  Notes, 

Illustrations,  &c.  By  F.  Faulkner  5:  D.  C.  Robb,  B.A.  Svo.  2Ij. 
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Pennington. — NOTES  ON  THE  BARROWS  AND  BONE 
CAVES  OF  DERBYSHIRE.  With  an  account  of  a  Descent 
into  Flden  Hole.  By  RooKE  Pennington,  B.A.,  LL.B., 
F.G.S.     Svo.     6j. 

Penrose  (F.  C.)— on  a  method  of  predicting  by 

,  GRAPHICAL  CONSTRUCTION,  OCCULTATIONS  OF 
STARS  BY  THE  MOON,  AND  SOLAR  ECLIPSES  FOR 
ANY  GIVEN  PLACE,  logether  with  more  rigorous  methods 
for  the  Accurate  Calculation  of  Longitude.  By  F.  C.  Penrose, 
F.R.A.S.     With  Charts,  Tables,  &c.     4to.     \2s. 

Perry.— AN  elementary  treatise  on  steam.    By 

John  Perry,  B.E.,  Whitworth  Scholar;  Fellow  of  the  Chemical 
Society,  late  Lecturer  in  Physics  at  Clifton  College.  With 
numerous  Woodcuts,  Numerical  Examples,  and  Exercises.  New 
Edition.     l8mo.     4J.  dd. 

Pickering.— ELEMENTS  OF  PHYSICAL  MANIPULATION. 
By  E.  C.  Pickering,  Thayer  Professor  of  Physics  in  the  Massa- 
chusetts Institute  of  Technology.  Part  I.,  medium  Svo.  \zs.  6d. 
Part  II.,   14J. 

"  When  finished  'Phy steal  Manipulation^  will  no  doubt  be  con- 
sidered the  best  and  most  complete  text-book  on  the  subject  of 
which  it  treats.^' — Nature. 

Preetwich. — the  past  and  future  of  geology. 

An  Inaugural  Lecture,  by  J.  Prestwich,  M.A.,  F.R.S.,  &c., 
Professor  of  Geology,  Oxford.     Svo.     2s. 

Rendu. — the  theory  of  the  glaciers  of  savoy. 

By  M,  LE  Chanoine  Rendu.  Translated  by  A.  Wells,  Q.C, 
late  President  of  the  Alpine  Club.  To  which  are  added,  the  Original 
Memoir  and  Supplementary  Articles  by  Professors  Tait  and  Rus- 
KIN.  Edited  with  Introductory  remarks  by  George  Forbes,  B.A., 
Professor  of  Natural  Philosophy  in  the  Andersonian  University, 
Glasgow,  Svo.  ^s.  6d. 
Richardson — THE  field  of  disease  :  a  Book  of 
Preventive  Medicine.  By  B.  W.  Richardson,  M.D.,  F.R.S., 
F.R.C.P.,  Hon.  Physician  to  the  Royal  Literary  Fund;  Author 
of  "Diseases  of  Modem  Life,"  "On  Alcohol,"  &c.     Svo.     25^. 

Romanes.— ORGANIC  evolution,  the  scientific 

EVIDENCES  OF.  By  G.  J.  Romanes,  M.A.,  F.R,S.  Crown 
Svo.     2s.  6d.  [Nature  Series. 

RoSCOe. — Works  by  Henry   E.   Roscoe,  F.R.S.,    Professor   of 

Chemistry    in    the    Victoria    University,    the    Owens    College, 

Manchester  : — 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 

AND    ORGANIC.     With  numerous  Illustrations  and  Chromo- 


PHYSICAL  SCIENCE.  21 


ROSCOC — contintud, 

litho  of  the  Solar  Spectrum,  and  of  the  Alkalis  and  Alkaline 
Earths.     New  Edition.     Fcap.  8vo.     4J.  td. 
CHEMICAL   PROBLEMS,    adapted   to  the    above   by  Professor 
Thorpk.     New  Edition,  with  Key.     2/. 

"  We  unhtsitatingly  pronounce   it  the  best  of  all  our    elementary 
treatises  on  Chemistry." — Medical  Times. 
PRIMER  OF  CHEMISTRY.     Illustrated.     i8mo.     is. 

Roscoe  and  Schorlemmer. — a  TREATISE  ON  CHE- 
MISTRY. With  numerous  Illustrations.  By  Professors 
Roscoe  and  Schorlemmer.  Vols.  I.  and  II.  Inorganic 
Chemistry. 

Vol.  I.,  The  Non-metallic  Elements.     8vo.     lis 
Vol.  II.,  Part  I.      Metals.     8vo.     i8j. 
Vol.  II.,  Part  II.     Metals.     8vo.     i8j. 
Vol  III.     Organic  Chemistry. 

Part  I.  The  Chemistry  of  Hydrocarbons  and  their  Derivatives. 

8vo.     2\s. 
Part  II.  in  the  press. 
"  Regarded  as  a  treatise  on  the  Non-nutallic  Elements,  there  can  be 
no  doubt  that  this  volume  is  incomparably  the  most  satisfactory  one 
of  which  we  are  in  possession  " — Spectator. 
••  It  would  be  difficult  to  praise  the  work  too  highly.     All  tlu  merits 
which  we  noticed  in  the  first  volume  are  conspicuous  in  tlu  second. 
The  arrangenunt  is  clear  and  scientific;  the  facts  gained  by  motiern 
research  are  fairly  represented  and  Judiciously  selected;  and  the 
style  throughout  is  singularly  lucid." — Lancet. 

Rumford  (Count).— THE  LIFE  AND  COMPLETE  WORKS 
OF  BENJAMIN  THOMPSON,  COUNT  RUMFORD.  With 
Notices  of  his  Daughter.  By  GEORGE  Ellis.  With  Portrait. 
Five  Vols.  8vo.     4/.   14J.  6d. 

Schorlemmer.— A  MANUAL  OF  THE  CHEMISTRY  OF 
THECARBON  COMPOUNDS  OR  ORGANIC  CHEMISTRY. 
By  C.  Schorlemmer,  F.R.S.,  Professor  of  Chemistry  in  the 
Victoria  University,  the  Owens  College,  Manchester.  8vo.  i\s. 
'*It  appears  to  us  to  be  as  complete  a  manual  of  the  metamorphoses  oj 

carbon  as  could  be  at  present  produced,  and  it  must  prove  eminently 

useful  to  the  chemical  student." — Athena;um. 

Shann.— AN  ELEMENTARY  TREATISE  ON  HEAT,  IN 
RELATION  TO  STEAM  AND  THE  STEAM  ENGINE. 
By  G.  Shann,  M.A.     With  Illustrations.     Crown  8vo.     \s.  6d. 

Siemens— ON    the    conservation    of    solar 

ENERGY  :  a  Collection  of  Papers  and  Discussions.  By  Sir 
r.  William  Siemens,  F.R.S.,  D.C.L.,  LI^D.,  Ph.D.,  Mem. 
Inst.  C.E.     With  Illustrations.     Demy  8vo.     Sj. 
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Smith. — Works  by  J.  Smith,  A.L.S.,  ex-Curator  of  the  Royal 
Botanic  Garden,  Kew. 

HISTORIA  FILICUM  :  An  Exposition  of  the  Nature,  Number, 
and  Organography  of  Ferns,  and  Review  of  the  Principles 
upon  which  Genera  are  founded,  and  the  Systems  of  Classification 
of  the  principal  Authors,  with  a  new  General  Arrangement,  &c. 
With  Thirty  Lithographic  Plates  by  W.  H.  Fitch,  F.L.S.  Crown 
8vo.     I2J.  dd. 

**  No  one  anxious  to  work  up  a  thorough  knowledge  of  ferns  can 
afford  to  do  without  it" — Gardener's  Chronicle. 

ECONOMIC  PLANTS,  A  DICTIONARY  OF  :  THEIR  HIS- 
TORY, PRODUCTS,  AND  USES.     8vo.     14J. 

DOMESTIC  BOTANY:  An  Exposition  of  the  Structure  and 
Classification  of  Plants,  and  their  Uses  for  Food,  Clothing, 
Medicine,  and  Manufacturing  Purposes.  With  Illustrations. 
New  Issue.     Crown  8vo.     12s.  6d. 

South  Kensington  Science  Lectures. 

Vol.  I. — Containing  Lectures  by  Captain  Abney,  F.RS.,  Professor 
Stokes,  Professor  Kennedy,  F.  J.  Bramwell,  F.R.S.,  Pro- 
fessor G.  Forbes,  H.  C.  Sorby,  F.R.S.,  J.  T.  Bottomley, 
F.R.S.E.,  S.  H.  Vines,  B.Sc,  and  Professor  Carey  Foster. 
Crown  8vo.     6s. 

Vol.  II. — Containing  Lectures  by  W.  Spottiswoode,  P.R.S.,  Prof. 
Forbes,  H.  W.  Chisholm,  Prof.  T.  F.  Pigot,  W.  Froude, 
F.R.S.,  Dr.  Siemens,  Prof.  Barrett,  Dr.  Burden-Sander- 
son, Dr.  Lauder  Brunton,  F.R.S.,  Prof.  McLkod,  Prof. 
Roscoe,F.R.S.,  &c.     Crown  8vo.     6s. 

Spottiswoode. — POLARIZATION  OF  LIGHT.  By  W. 
Spottiswoode,  late  President  of  the  Royal  Society.  With 
numerous  Illustrations.  Third  Edition.  Cr.  8vo.  3^.  6d.  {Nature 
Series.) 

"  The  illustrations  are  exceedingly  well  adapted  to  assist  in  making 
the  text  comprehensible." — Athenaeum.     ".<4    clear,    trustworthy 
manual." — Standard. 
Stewart  (B.). — Works  by  Balfour  Stewart,  F.R.S.,  Professor 
of  Natural   Philosophy    in   the  Victoria  University,   the   Owens 
College,  Manchester : — 
LESSONS    IN    ELEMENTARY   PHYSICS.       With   numerous 
Illustrations  and  Chromolithos  of  the  Spectra  of  the  Sun,  Stars, 
and  Nebulae.     New  Edition.     Fcap.  8vo.    4?.  6d. 
The  Educational  Times  calls  this  the  beau-ideal  of  a  scicfitific  text- 
book, clear,  accurate,  and  thorough." 
PRIMER  OF  PHYSICS.     With  Illustrations.     New  Edition,  with 
Questions.     i8mo.     \s. 
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Stewart  and  Tait.— the    unseen   universe:   or, 

Physical  Speculations  on  a  Future  State.    By  Balfodr  Stewart, 

F.R.S.,and  P.  G.  Tait,  M.A.     Sixth  Edition.     CroNrn  8vo.     6j. 

"  Tke  book  it  one  xehich  well  desm.'es  the  attention  of  thoitghtjul  and 

religioMi  reaiUrs.   .  .  .   It  is  a  perfectly  iobnr  inquiry',  on  scientific 

gnuticis^  into  the  possibilities  of  a  future  existence.*' — Guardian. 

Stone.— ELEMENTARY  LESSONS  ON  SOUND.  By  Dr. 
W.  \\.  Sto.ne,  Lecturer  on  Physics  at  St.  Thoma&'  Hospital. 
With  Illastratiors.     Fcap.  8vo.     3J.  (id. 

Tait— LECTURES  ON  SOME  RECENT  ADVANCES  IN 
PHYSICAL  SCIENCE.  By  P.  G.  Tait,  M.A.,  Professor  of 
Philosophy  in  the  University  of  Edinburf;h.  Second  edition, 
revised  and  enlarged,  with  the  Lecture  on  Force  delivered  before 
the  British  Association.     Crown  8vo.     gj. 

Tanner. — Works  by  Henry  Tanner,  F.C.S.,  late  Professor  of 
Agricultural  Science,  University  College,  Aberystwith,  Examiner  in 
the  Principles  of  Agriculture  under  the  Government  Department 
of  Science. 

FIRST  PRINCIPLES    OF    AGRICULTURE.     i8mo.     \s. 

THE  ABBOTT'S  FARM;  OR  PRACTICE  WITH  SCIENCE. 
Crown  8vo.     3f.  f>d. 

THE  ALPHABET  OF  "THE  PRINCIPLES  OF  AGRICUL- 
TURE, being  a  First  Lesson  Book  in  Agriculture  for  Schools. 
Extra  fcap.  8vo.     (sd. 

FURTHER  STEPS  IN  THE  PRINCIPLES  OF  AGRICUL- 
TURE.    Extra  fcap.  8vo.     \s. 

ELEMENTARY  SCHOOL  READINGS  IN  THE  PRINCIPLES 
OF  AGRICULTURE  FOR  THE  THIRD  STAGE.  Extra 
Fcap.  8vo.     \s. 

ELEMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRI- 
CULTURAL PRACTICE.     Fcap.  Svo.     is.dd. 

Taylor.— .SOUND  and  MUSIC  :  A  Treatise  on  the  Physical 
Constitution  of  Mu.sical  Sounds  and  Hanno.iy,  including  the  Chief 
Acoustical  Discoveries  of  Professor  Hclmholtx.  By  Sedley 
Taylor,  M.A.,  late  Fellow  of  Trinity  Collej^e,  Cambridge.  With 
Illustrations.  New  Edition.  Extra  crown  Svo.  %s.  dd. 
"In  no  previous  scientific  treatise  do  we  remember  so  exhaustive  and 

so  richly  illustrated  a  description  of  forms  of  vibration  and  of 

wave-motion  in  fluids."—  Musical  Standard. 

Thompson  (Silvanus  P.).— ELECTRICITY  AND  MAG- 
NETISM, ELEMENTARY  LESSONS  IN.  By  Silvanus 
P.  Thomi»som,  B.A.,  D.Sc,  F.R.A.S.,  Profes.or  of  Experimental 
Physics  in  University  College,  BriitoL  With  lllustrati.>r3.  New 
Edition.     Fcap.  Svo.     \s,  dd. 
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Thomson. — Works  by  SiR  WwiLLE  THOMSON,  K.C.B.,  F.R.S. 
THE  DEPTHS  OF  THE  SEA  :  An  Account  of  the  General 
Results  of  the  Dredging  Cruises  of  H.M.SS.  "Porcupine"  and 
"Lightning"  during  the  Summers  of  1868-69  and  70,  under  the 
scientific  direction  of  Dr.  Carpenter,  F.R.S.,  J.  Gwyn  Jeffreys, 
F.R.S.,  and  Sir  Wyville  Thomson,  F.R.S.  With  nearly  100 
Illustrations  and  8  coloured  Maps  and  Plans.  Second  Edition. 
Royal  8vo.  cloth,  gilt.     3IJ.  dd. 

The  Athenaeum  says :  "  The  book  is  full  of  interesting  matter,  and 
is  written  by  a  master  of  the  art  oj  popular  exposition.  It  is 
excellently  illustrated,  both  coloured  maps  and  7voodcuts  possessing 
high  merit." 

THE  VOYAGE  OF  THE  "  CHALLENGER."— THE  ATLAN- 
TIC. A  Preliminary  account  of  the  Exploring  Voyages  of  H.M.S. 
"Challenger,"  during  the  year  1873  ^^^  the  early  part  of  1876. 
With  numerous  Illustrations,  Coloured  Maps  &  Charts,  &  Portrait 
of  the  Author,  engraved  by  C.  H.  Jeens.  2  Vols.  Medium  8vo.  45J. 

77ie  Times  says :  ^' The  paper,  printing,  and  especially  the  numerous 
illustrations,  are  of  the  highest  quality.  .  .  .  fVe  have  rarely,  if 
ever,  seen  more  beautiful  specimens  of  wood  engraving  than  abound 
in  this  work.  .  .  .  Sir  IVyville  Thomson^ s  style  is  particularly 
attractive  ;  he  is  easy  and  gracejul,  but  vigorous  and  exceedingly 
happy  in  the  choice  of  language,  and  throughout  the  work  there 
are  touches  which  show  that  science  has  not  banished  sentiment 
from  his  bosom." 

Thudichum    and    Dupre. — a   treatise    ON    THE 

ORIGIN,     NATURE,     AND     VARIETIES      OF     WINE. 

Being  a  Complete  Manual  of  Viticulture  and  CEnology,     By  J.  L. 

W.  Thudichum,  M.D.,  and  August  DupRfe,  Ph.D.,  Lecturer  on 

Chemistry  at  Westminster  Hospital.    Medium  8vo.  cloth  gilt.    25J. 

"  A  treatise  almost  unique  for  its  usefulness  either  to  the  wine-grower, 
the  vendor,  or  the  consumer  of  wine.  The  analyses  of  wine  are  the 
most  complete  we  have  yet  seen,  exhibiting  at  a  glance  the  constituent 
principles  of  nearly  all  the  wines  known  in  this  country." — Wine 
Trade  Review. 

Tylor. — ANTHROPOLOGY  :    an   Introduction  to  the  Study  of 
Man  and  Civilization.     By  E.  B.  Tylor,  D.C.L.,  F.R.S.     With 
numerous  Illustrations.     Crown  8vo.     7j.  6d. 
"  If  all  manuals  were  like  this,  a  generation  over  educated  for  its 

intellect  would  have  no  reason  to  complain.  .  .  .  A  most  attractive 

and  entertaining  introduction  to  the  science  of  anthropology.   .  .  . 

His  writing  is  clear  and  luminous,  and  his  arrangements  masterly. 

.  .  .  Mr.  Tylor  writes  with  as  much  caution  as  learning." — 

Saturday  Review 
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Wallace  (A.  R.). — Works  by  Alfred  Russel  Wallace. 
THE   GEOGRAPHICAL   DISTRIBUTION    OF   ANIMALS, 
with  a  study  of  the  Relations  of  Living  and  Extinct  Faunas  as 
Elucidating  the  Past  Changes  of  the  Earth's  Surface.    With  Maps, 
nnd  numerous  Illustrations  by  Zwecker,     2  vols.  Svo.      42J. 
ISLAND  LIFE;   OR,  THE  PHENOMENA  AND  CAUSES 
OF    INSULAR   FAUNAS   AND   FLORAS,    including  a  re- 
vision   and  attempted    solution    of  the  problem    of  geological 
climates.     With  Maps.     Svo.     18/, 
TROPICAL  NATURE:  with  other  Essays.    Svo.    lis. 

"  Nowhere  amid  the  many  descriptions  of  the  tropics  that  have  been 
given  is  to  be  found  a  summary  of  the  fast  history  and  actual 
phenomena  0/  the  tropics  which  gives  that  which  is  distinctive  of 
the  phases  of  nature  in  them  more  clearly,  shortly,  and  impres- 
sively."— Saturday  Review. 

Warington. — the  WEEK  OF  CREATION;  OR,  THE 
COSMOGONY  OF  GENESIS  CONSIDERED  IN  ITS 
RELATION  TO  MODERN  SCIENCE.  By  George  War- 
INGTON,  Author  of  "  The  Historic  Character  of  the  Pentateuch 
Vindicated."     Crown  Svo.     4J.  6d. 

Wilson. — RELIGIO  CHEMICI.  By  the  late  George  Wilson, 
M.D.,  F.R.S.E.,  Regius  Professor  of  Technolop^  in  the  University 
of  Edinburgh.  With  a  Vignette  beautifully  engraved  afler  a 
design  by  Sir  Noel  Paton.     Crown  Svo.     Sj.  (>d. 

Wilson  (Daniel) CALIBAN  :   a  Critique   on  Shakespeare's 

"Tempest"  and   "Midsummer  Night's  Dream."     By  Daniel 

Wilson,  LL.D.,  Professor  of  History  and  English  Literature  in 

University  College,  Toronto.     Svo.     loj.  bd. 

"  TTu  whole  volume  is  most  rich  in  the  eloquence  of  thought  and 

imagination  as  well  eu  of  words.     It  is  a  choice  contribution  at 

once    to     science,    theology,    religion,    and   literature." — British 

Quarterly  Review. 

Wright.— METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  By  C.  Ai.DER  Wright,  D.Sc,  &c..  Lec- 
turer on  Chemistry  in  St.  Mary's  Hospital  School.  Extra  fcap. 
Svo.    y.  6d. 

Wright  (Lewis). — LIGHT.  A  Course  ot  Experimental 
Optics,  chiefly  with  the  Lantern.  By  Lewis  Wright.  With 
nearly  200  Illustrations  and  Coloured  Plates.  Cronn  Svo. 
^s.  6d. 

WurtZ A  HISTORY  OF  CHEMICAL  THEORY,  from  the 

Age  of  Lavoisier  down   to  the  present  time.     By  Ad.  Wurtz. 
Translated  by  Henry  Watts,  F.R.S.     Crown  Svo.     dr. 
"  The  discourse,  as  a  resume  of  chemical  theory  and  research,  unites 
singular  luminousness  and  grasp.    A  few  Judicious  notes  are  added 
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by  the  translator:'— VdW  Mall  Gazette.  "  The  treatment  of  the 
subject  is  admirable,  and  the  translator  has  evidently  done  his  duty 
most  efficiently." — Westminster  Review. 

Ziegler— Macalister text-book  OF  PATHOLOGICAL 

ANATOMY  AND  PATHOGENESIS.  By  Professor  Ernst 
Ziegler,  of  Tubingen.  Translated  and  Edited  for  English 
Students  by  Donald  Macalister,  M.A.,  M.B.,  B.Sc,  Fellow 
of  St.  John's  College,  Cambridge.  With  numerous  Illustrations. 
Medium  8vo.  Part  I.— GENERAL  PATHOLOGICAL  ANA- 
TOMY.    I2s.  6d.  [Part  II.  in  the  press. 

SCIENCE    PRIMERS    FOR    ELEMENTARY 
SCHOOLS. 

Under   the  joint   Editorship   of    Professors   HuXLEY,    ROSCOE,    and 
Balfour  Stewart. 

Introductory.   By  Professor  Huxley,  P. R.S.     i8mo.     is. 

Chemistry By  H.   E.  Roscoe,  F.R.S.,  Professor  of  Chemistry 

in  the  Victoria  University,  the  Owens  College,  Manchester.  With 
numerous  Illustrations.  l8mo.  is.  l^ew  Edition.  With 
Questions. 

Physics By     Balfour     Stewart,     F.R.S.,     Profes?^or     of 

Natural  Philosophy  in  the  Victoria  University,  the  Owens  College, 
Manchester.  With  numerous  Illustrations.  i8mo.  is.  New 
Edition.     With  Questions. 

Physical  Geography — By  Archibald  Geikib,  F.R.S., 
Director  General  of  the  Geological  Surveys  of  the  United  Kingdom. 
With  numerous  Illustrations.  New  Edition  With  Questions. 
i8mo.     IJ. 

Geology By  Archibald  Geikie,  F.R.S.  With  numerous  Illus- 
trations.    New  Edition.     i8mo.  cloth,     is. 

Physiology By    Michael    Foster,    M.D.,    F.R.S.      With 

numerous  Illustrations.     New  Edition.     i8mo.     is. 

Astronomy By  J.  Norman  Lockyer,  F.R.S.    With  numerous 

Illustrations.     New  Edition.     i8mo.     is. 

Botany._By  Sir  J.  D.  Hooker,  K.C.S.L,  C.B.,  F.R.S.  With 
numerous  Illustrations.     New  Edition.     i8mo.     is. 

Logic By  Stanley  Jevons,  LL.D.,  M.  A.,  F.R.S.   New  Edition. 

i8mo.     is. 

Political  Economy.— By  Stanley  Jevons,  LL.D.,  M.A., 
F.R.S.    i8mo.     IS. 

Others  in  preparation. 
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Agriculture. — KLKMENTAUY  LESSONS  IN  AGRICUL- 
TURAL SCIENCE.  B7  Professor  H.  Tanner,  F.C.S., 
Examiner  in  the  Principles  of  Ajjriculture  under  ihe  Goremment 
Department  of  Science.     Fcap.  8vo.     3T.  61/. 

Astronomy popular  astronomy,     with  Illustrations. 

By  Sir  G.   B.    Airy,    K.C.B.,   late  Astronomer  Royal.     New- 
Edition.     iSmo.     \s.  6d. 

Astronomy — ELEMENTARY  LESSONS  IN  ASTRONOMY. 
^Vith  Coloured  Diagram  of  the  Spectra  of  the  Sun,  Stars,  and 
Nebulx,  and  numerous  Illustrations.  By  T.  Norman  Lockyer, 
F.R.S.  New  Edition.  Fcap.  8vo.  51.  6J. 
QUESTIONS  ON  LOCKYER'S  ELEMIiNTARY  LESSONS 
IN  ASTRONOMY.  For  the  Use  of  Schools.  By  John 
Forbes  Robertson.    iSmo,  cloth  limp.    u.  6J. 

Botany — LESSONS  IN  ELEMENTARY  BOTANY.  By  D. 
Oliver,  F.R.S.,  F.L.S.,  Professor  of  Botany  in  University 
College.  London.  With  nearly  Two  Hundred  Illustrations.  New 
Edition.     Fcap.  8vo.    4J.  6J. 

Chemistry — LESSONS  IN  ELEMENTARY  CHEMISTRY, 
INORGANIC  AND  ORGANIC.  By  Henry  E.  Roscoe, 
F.R.S.,  Professor  of  Chemistry  in  the  Victoria  University,  the 
Owens  College,  Manchester.  With  numerous  Illustrations  and 
Chromo-Litho  of  the  Solar  Spectrum,  and  of  the  Alkalies  and 
Alkaline  Earths.  New  Edition.  Fcap.  8vo.  4^.  6</. 
A  SERIES  OF  CHEMICAL  PROBLEMS,  prepared  with 
Special  Reference  to  the  above,  by  T.  E.  Thorpe,  Ph.D., 
Professor  of  Chemistry  in  the  Yorkshire  Collie  of  Science,  Leeds. 
Adapted  for  the  preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  With  a  Preface  by 
Professor  Roscoe.     Ncav  Edition,  with  Key.     i8mo.     2j. 

Practical  Chemistry — THE  OWENS  COLLEGE  JUNIOR 
COURSE  OF  PRACTICAL  CHEMISTRY.  By  Francis 
Jones,  F.R.S.E,,  F.C.S.,  Chemical  Master  in  the  Grammar  School, 
Manchester.  With  Preface  by  Professor  Roscoe,  and  Illn.stration!'. 
New  Edition.     iSmo.     2s.  6*/. 

Chemistry.— QUESTIONS  ON.  A  Series  of  Problems  and 
Exercises  in  Inorganic  and  Organic  Chemistry.  By  F.  Jones* 
F.R.S.E.,  F.C.S.     i8mo.    3^. 

Electricity  and  Magnetism.— By  Silvan  us  P.  Thompson, 
B.A.,  D.Sc,  F.R.A..S.,  Professor  of  Exiierimcntal  Phy^ics  in 
University  College,  Bristol.  With  Illustrations.  Third  Edition. 
Fcap.  8vo.    4J.  6J. 
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Physiology LESSONS  IN  elementary  PHYSIOLOGY, 

With  numeroiis  Illustrations.     By  T.  H.  Huxley,  F.R.S.,  Pro- 
fessor of  Natural  History  in  the  Royal  School  of  Mines,     New 
Edition,     Fcap.  8vo,     4J.  6d. 
QUESTIONS      ON        HUXLEY'S       PHYSIOLOGY      FOR 
SCHOOLS.     By  T.  Alcock,  M.D.     i8mo.     is.  6d. 

Political  Economy — political  economy  for  be- 
ginners. By  MiLLiCENT  G.  Fawcett.  New  Edition. 
i8mo.    2s.  6d. 

Logic — ELEMENTARY  LESSONS  IN  LOGIC  ;  Deductive  and 
Inductive,  with  copious  Questions  and  Examples,  and  a  Vocabulary 
of  Logical  Terms.  By  W.  Stanley  Jevons,  LLD.,  M.A., 
F.R.S.     New  Edition.     Fcap.  Svo,     3^.  6d. 

Physics — LESSONS  IN  ELEMENTARY  PHYSICS.  By 
Balfour  Stewart,  F.R.S. ,  Professor  of  Natural  Philosophy  in 
the  Victoria  University,  the  Owens  College,  Manchester.  With 
numerous  Illustrations  and  Chromo-Litho  of  the  Spectra  of  the 
Sun,  Stars,  and  Nebulae.  New  Edition,  Fcap.  Svo.  4^.  6d. 
QUESTIONS  ON  STEWART'S  LESSONS  IN  ELEMENTARY 
PHYSICS.     By  Professor  T.  H.  Core.     i2mo.     2s. 

Anatomy — LESSONS  IN  elementary  anatomy.    By 

St.  George  Mivart,  F.R.S.,  Lecturer  in  Comparative  Anatomy 
at  St.  Mary's  Hospital.  With  upwards  of  400  Illustrations.  Fcap. 
Svo,    6s.  6d. 

Mechanics — an  elementary  treatise.     By  A.  By 

W.  Kennedy,  C.E.,  Professor  of  Applied  Mechanics  in  University 
College,  London.     With  Illustrations.  [In  preparation. 

Steam — an  elementary  treatise.  By  John  Perry, 
B.E.,  Whitworth  Scholar;  Fellow  of  the  Chemical  Society,  Lec- 
turer in  Physics  at  Clifton  College.  With  numerous  Woodcuts  and 
Numerical  Examples  and  Exercises.    New  Edition.    iSmo.  4?.  6d. 

Physical   Geography.  _  elementary   lessons    in 

PHYSICAL  GEOGRAPHY.  By  A.  Geikie,  F.R.S.,  Director 
General  of  the  Geological  Surveys  of  the  United  Kingdom.  With 
numerous  Illustrations.     Fcap.  Svo.     4^.  6d. 

QUESTIONS  ON  THE  SAME.     is.  6d. 

FIELD   GEOLOGY,  OUTLINES   OF.     By   the    same   Author. 
V\  ith  numerous  Illustrations.  Third  Edition.  Fcap.  Svo.     y.  6d. 

GEOLOGY,  ELEMENTARY    LESSONS    IN.      By  the  same 
Author.  [In  preparation. 
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Psychology.— ELEMENTARY  LESSONS  IN  PSYCHO- 
LOGY. By  G.  Croom  RonERTSON,  Professor  of  Mental 
Philosophy,  &c.,  University  College,  London.        \_In  preparation. 

Geography — CLASS-BOOK  OF  GEOGRAPHY.  By  C.  B. 
Clarke,  M.A.,  F.G.S.,  F.R.S.  New  Edition,  with  eighteen 
coloured  Maps.     Fcap.  8vo.     3J. 

Moral  Philosophy.— AN  ELEMENTARY  TREATISE. 
By  Professor  E.  Caird,  of  Glasgow  University.    \_Tn preparation. 

Natural  Philosophy.-NATURAL  PHILOSOPHY  FOR 
BEGINNERS.  By  L  Todhunter,  M.A.,  F.R.S.  Part  I. 
The  Properties  of  Solid  and  Fluid  Bodies.  i8mo.  3/.  (>d.  Part 
II.  Sound,  Light,  and  Heat.     i8mo.     3^.  6</. 

The  Economics  of  Industry.— By  A.  Marshall,  M.A., 
late  Principal  of  University  College,  Bristol,  and  Mary  P. 
Marshall,  late  Lecturer  at  Newnham  Hall,  Cambridge.  Extra 
fcap.  Svo.     2J.  6d. 

Sound.— AN  ELEMENTARY  TREATISE.  By  Dr.  W.  H. 
Stone.     With  Illustrations.     iSmo.     y.  6d. 

Electricity  and  Magnetism. — absolute  measure- 
ments IN.  By  Andrew  Gray,  M.A.,  F.R.S.E.,  chief 
Assistant  to  the  Professor  of  Natural  Philosophy  in  the  University 
of  Glasgow.     Pott  Svo.     31.  6d. 

Easy   Lessons  in   Science. — Edited  by  Professor    W.   F. 
Barrett. 
L  HEAT.     By  C.  A.   Martineau.     Illustrated.      Extra  fcap. 
Svo.     2s.  (xi. 
II.  LIGHT.      By  Mrs.  W.  Awdry.     Illustrated.      Extra  fcap. 
Svo.  2J.  6d. 

Others  in  Preparation, 

MANUALS  FOR  STUDENTS. 

Crown  Svo. 

Cossa.— GUIDE  TO  THE  STUDY  OF  POLITICAL 
ECONOMY.  By  Dr.  Luigi  Cossa,  Professor  of  Political 
Economy  in  the  University  of  Pavia.  Translated  from  the  Second 
Italian  Edition.  With  a  Preface  by  W.  Stanley  Jevons,  F.R.S. 
Crown  Svo.     41.  6d, 

Dyer  and  Vines THE   STRUCTURE  OF  PLANTS.    By 

Professor  Thiselton  Dyer,  F.R.S.,  assisted  by  Sydney 
Vines,  B.Sc,  Fellow  and  Lecturer  of  Christ's  College,  Cambridge. 
With  numerous  Illustrations.  [/«  preparation. 
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Fawcett a  manual  of  political  economy.    By 

Right  Hon.  Henry  Fawcett,  M.P.,  F.R.S.  New  Edition, 
revised  and  enlarged.     Crown  8vo.     I2j. 

Fleischer a    system   OF    VOLUMETRIC    ANALYSIS. 

Translated,  with  Notes  and  Additions,  from  the  second  German 
Edition,  by  M.  M.  Pattison  MuiR,  F.R.S. E.  With  lUostra- 
tions.     Crown  Svo.     7^.  6</, 

Flower  (W.  H.) — an  INTRODUCTION  TO  THE  OSTE- 
OLOGY OF  THE  MAMMALIA,  Being  the  Substance  of  the 
Course  of  Lectures  delivered  at  the  Royal  College  of  Surgeons  of 
England  in  1870.  By  Professor  W.  H.  Flower,  F.R.S., 
F.K.C.S.  With  numerous  Illustrations.  New  Edition,  enlarged. 
Crown  Svo.     \os.  6d, 

Foster  and  Balfour. — the  ELEMENTS  OF  EMBRY- 
OLOGY. By  Michael  Foster,  M.A.,  M.D.,  LL.D.,  F.R.S., 
Professor  of  Physiology  in  the  University  of  Cambridge,  Fellow 
of  Trinity  College,  Cambridge,  and  the  late  Francis  M.  Balfour, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College,  Cambridge, 
and  Professor  of  Animal  Morphology  in  the  University.  Second 
Edition,  revised.  Edited  by  Adam  Sedgwick,  M.A.,  Fellow 
and  Assistant  Lecturer  of  Tiinity  College,  Cambridge,  and  Walter 
Heape,  Demonstrator  in  the  Morphological  Laboratory  of  the 
University  of  Cambridge.  With  Illusti'ations.  Crown  Svo. 
10s.  6cL 

Foster  and  Langley._A  COURSE  OF  ELEMENTARY 

PRACTICAL  PHYSIOLOGY.  By  Professor  Michael  Foster, 
M.D.,  F.R.S.,  and  J.  N.  Langley,  M.A.,  F.R.S.  New  Edition. 
Crown  Svo.    7j.  6J. 

Frankland— AGRICULTURAL  chemical  ANALYSIS, 
a  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc.,  F.C.S.,  Associate  of  the  Royal  School  of  Mine-,  and 
Agricultural  Demonstrator  of  Practical  Chemistry  in  the  Normal 
School  of  Science  and  Royal  School  of  Mine?,  South  Kenrin^ton 
Museum.  Founded  upon  *'  Leitfadea  fur  die  Agricultur-Che- 
mische  Analyse,"  von  Dr.  F.  Krocker.     Crown  Svo.     7j.  6d. 

Hooker  (Dr.)— THE  STUDENT'S  FLORA  OF  THE  BRITISH 
ISLANDS.  By  Sir  J.  D.  Hooker,  K.C.S.L,  C.B.,  F.R.S., 
M.D.,  D.C.L.     New  Edition,  revised.     Globe  Svo.     los.  6d. 

Huxley PHYSIOGRAPHY.     An  Introduction  to  the  Study  of 

Nature.  By  Professor  Huxley,  F.R.S.  With  numerous 
Illustrations,  and  Coloured  Plates.  New  and  cheaper  Edition. 
Crown  Svo.    6s. 
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Huxley  and   Martin — a  COURSE  OF  practical  IN- 

STKUCTION  IN  ELEMENTARY  UIOLOGY.  By  Professor 
Huxley,  F.R.S.,  as  isted  by  II.  N,  Martin,  M.B.,  D.Sc.  New 
Edition,  revised.     Crown  8vo.     6s. 

Huxley  and  Parker — elementary  f.iology.  part 

II.  By  Professor  Huxley,  F.R.S.,  assi>tcd  by  T.  J.  Parker. 
With  Illustrations.  [In  prffaration. 

Jevons — By  W.  Stanley  Jevons,  LL.D.,  M.A.,  F.R.S.  :— 
THE  PRINCIPLES  OF   SCIENCE.      A  Treatise  on  Logic  and 
Scientific  Method.  New  and  Revised  Edition.  Crown  8vo.  12s.  6d, 
STUDIES  IN  DEDUCTIVE  LOGIC.     A  Manual  (or  Students. 
Crown  8vo.     6s. 

Kennedy.— MECHANICS  OF  MACHINERY.  By  A.  B.  W. 
Kennedy,  M.  Inst.  C.E.,  Professor  of  Eng^incering  and 
Mechanical  I'euhnolojry  in  University  College,  London.  ^Vith 
Illustrations.     Crown  Svo.  [/«  tfie  Press. 

Kiepert.— A  MANUAL  OF  ANCIENT  GEOGRAPHY.  From 
the  German  of  Dr.  H.  Kupert.     Crown  Svo.     $s. 

Lang.— EXPERIMENTAL  PHYSICS.  By  P:  R.  ScoTT  Lang, 
M.A.,  Profe-sor  of  Mathematics  in  the  Uuiversity  of  St.  Andrews. 
Crown  Svo.  \In  frrparalion. 

Lankester.— A  TEXT-BOOK  OF  ZOOLOGY.  By  Professor 
E.  Kay  Laxklster,  F.R.S.     Crown  Svo.  \Inprtparalion. 

Martin  and  Moale. — ON  THE  dissection  of  verte- 

BRATE  ANIMALS.  By  Professor  H.  N.  Martin  and  W.  A. 
Moale.     Crown  Svo.  [In  frffaration. 

Oliver  (Professor)._FiRST  BOOK  OF  ls^dian  botany. 

By  Professor  Daniel  Oliver,  F.U.S.,  F.L.S.,  Keeper  of  the 
Herbarium  and  Library  of  the  lloyal  Gardens,  Kew.  With 
numerous  Illustrations     Extra  fcap.  Svo.     6s.  6d. 

Parker.— A  COURSE  OF  INSTRUCTION  IN  ZOOTOMY 
(VERTEBRATA).  By  T.  Jeffrey  Parker,  B.Sc.  Lond., 
Professor  of  Biology  in  the  University  of  Otago.  With  Illus- 
trations.    Crown  Svo.  [Z"  ^he  Press. 

Parker  and  Bettany.— THE  MORPHOLOGY  OF  THE 

SKULL.  By  Professor  Parker  and  G.  T.  Bettany.  Illus- 
trated.    Crown  Svo.     los.  6d. 
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Robinson — marine   surveying,  an  elementary 

TREATISE  ON.  Prepared  for  the  use  of  younger  Naval 
Officers.  With  Questions  for  Examinations  and  Exercises  princi- 
pally from  the  papers  of  the  Royal  Naval  College.  With  Results. 
By  Rev.  John  L.  Robinson,  Chaplain  and  Instructor  to  the 
Royal  Naval  College,  Greenwrich.  With  Illustrations.  Crown 
8vo.     yj.  dd. 

CONTEtirs.-^Symdo/s  used  itt  Charts  and  Surveying — The  Con- 
struction and  Use  of  Scales — Laying  off  Angles — Fixing 
Positions  by  Angles — Charts  and  Chart-Drawing — Instruments 
and  Observing — Base  Lines — Jriangulation — Levelling — Tides 
and  Tidal  Observations — Soundings — Chronometers — Meridian 
Distances — Method  of  Plotting  a  Survey — Miscellaneous  Exer- 
cises— Index. 

Tait — HEAT.  p.  G.  Tait,  M.A.,  Sec.  R.S.E.  Formerly  Fellow 
of  St.  Peter's  College,  Cambridge ;  Professor  of  Natural  Philosophy 
in  the  University  of  Edinburgh.    Illustrated.    Crown  8vo.    7j.  td. 

Tylor. — ANTHROPOLOGY  :  An  Introduction  to  the  Study  of  Man 
and  Civilization.  By  E.  B.  Tylor,  M.A.,  F.R.S.  Illustrated. 
Crown  8vo.     "js.  6d. 

Other  volumes  of  these  Manuals  will  follow. 

SCIENTIFIC  TEXT-BOOKS. 

Balfour.— A  TREATISE  ON  COMPARATIVE  EMBRY. 
OLOGY.  With  Illustrations.  By  F.  M.  Balfour,  M.A., 
F.R.S.,  Fellow  and  Lecturer  of  Trinity  College,  Cambridge.  In 
2  vols.     8vo.     Vol.  I.  1 8/.     Vol.  IL  2 1  J. 

Ball  (R.S.,A.M.).  — experimental  mechanics,    a 

Course  of  Lectures  delivered  at  the  Royal  College  of  Science  for 
Ireland.  By  R.  S.  Ball,  A.M.,  Professor  of  Applied  Mathema- 
tics and  Mechanics  in  the  Royal  College  of  Science  for  Ireland. 
Royal  8vo.     lOJ.  6d. 

Brunton. — TABLES  OF  MATERIA  MEDICA.  A  Companion 
to  the  Medica  Museum.  By  T.  Lauder  Brunton,  M.D., 
Y.V..?,.,'E.6x\.ox  oi  The  Practitioner,  8lc.    New  Ed.    8vo.   los.  6d. 

Brunton.— A  TREATISE  ON  MATERIA  MEDICA.  By  T. 
Lauder  Brunton,  M.D.,  F.R.S.    8vo.  [/«  preparation. 

Chalmers. — graphical  determination  of  forces 

IN  engineering  structures.     By  James  B.  Chal- 
mers, C.E.     With  Illustrations.     8vo.     24^. 
ClausiuS.— mechanical    theory  of    heat.     By     R. 
Clausius.      Translated  by  Walter  R.    Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     lor.  6d. 
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Cottcrill.— A  TREATISE  ON  APPLIED  MECHANICS. 
By  Jambs  CorrKRiLL,  M.A.,  F.R.S.,  Professor  of  Applied 
Mechanics  at  the  Koyil  Naval  Collciie,  Greenwich.  With  Illus- 
tratiuiis.     8vo.  [In  prefaratunt. 

Daniell. — a  TEXT-BOOK  OF  THE  PRINCIPLES  OF 
PHYSICS.  By  Alfred  Daniell,  M.A.  Lecturer  on  Physics 
in  the  School  of  Medicine,  Edinburgh.  With  Illustrations.  8vo. 
21X. 

Fawcett— A  MANUAL  OF  POLITICAL  ECONOMY.  By 
Kicht  Hon.  Henry  Fawcett,  M.P.,  F.R.S.  New  Edition, 
revised.  With  a  Chapter  "On  the  Nationalisation  of  the  Land," 
and  an  Index.     Crown  8vo.     izs. 

Foster.— A  TEXT-BOOK  OF  PHYSIOLOGY.  By  Professor 
MiCHAKL  Foster,  M.D  ,  F.R.S.  With  Illustrations.  Fourth 
Edition,  revised.     8vo.     2ls. 

Gamgee.— A  TEXTBOOK  OF  THE  PHYSIOLOGICAL 
CHEMISTRY  OF  THE  ANIMAL  BODY.  Including  an 
account  of  the  chemical  changes  occurring  in  Disease.  By  A. 
Gamger,  M  IX,  F.R.S.,  Professor  of  Phy.-iology  in  the  Victoria 
University,  the  Owens  Co' lege,  Manchester.  2  vols.  8vo.  With 
Illuitrations.     Vol.  L     i8j.  [Vol.  II.  in  the  Press. 

Gegenbaur.— ELEMENTS  OF  COMPARATIVE  ANA- 
TOMY. By  Professor  Carl  GEGBNBAtiR,  A  Tninslalion  by 
F.  Jeffrbv  Hkli.,  B  A.  Revised  with  Preface  by  Professor  E, 
Ray  Lankester,  F.R.S.  With  numerous  I  Lustrations.  8to. 
2 IX. 

Geikie. — a  textbook  of  geology.  By  Archibald 
Geikis,  LL.D.,  F.  R.S.,  Direcior-tieneral  of  the  Geological 
Surveys  of  the  United  Kingdom.  With  numerous  Illustratious. 
Medium  8vo.     28J. 

**  It  is  a  manual  worthy  to  take  rank  beside  Sack's  *  Botany '  or 
Nermann's  '  Pkyiiology,'  as  a  complete  elucidation  of  all  the  most 
fundamental  ideas  in  the  department  of  knowledge  with  which  it 
deals.  .  .  //  will  be  clear  to  cur  readers  from  this  brief  analysis 
that  Dr.  Geikie' s  text-book  must  remain  for  some  time  to  come  the 
great  digest  of  general  geological  authority  and  reasoning  for  the 
entire  English-ipeaking  wjrld." — St.  James's  Gazette. 

Gray. — structural  botany,  or,  organography 

ON  THE  basis  OF  MORPHOLOGY.     To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.    By  Professor  Asa  Gray,  LL.D.   8vo.    I05.  6^ 
C 
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Scientific  Text-Books— <:^«/m«^^. 

MUller.— THE  FERTILISATION  OF  FLOWERS.  Bv  Pro- 
fessor  Hermann  Muller.  Translated  and  Edited  by  D'Arcy 
W.  Thompson,  B.A.,  Scholar  of  Trinity  College,  Cambridge. 
With  a  Preface  by  Charles  Darwin,  F.R.S.  With  numerous 
Illustrations.     Medium  8vo.     2ij. 

Newcomb.— POPULAR  astronomy.      By  S.  Nkwcomb, 
LL.D.,  Professor  U.S.  Naval  Observatory.      With    112  Illustra- 
tions and  5  Maps  of  the  Stars.  Second  Edition,  revised.  8vo.  i8j. 
"  //  is  unlike  anything  else  of  its  kind,  and  will  be  of  more  use  in 
circulating  a  knowledge  of  astronomy  than  nine-tenths  of  the  books 
which  have  appeared  on  the   subject  of  late  years." — Saturday 
Review. 

Reuleaux. — the  KINEMATICS  OF  MACHINERY.  Out- 
lines of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  CE. 

With  450  Illustrations.     Medium  8vo.     2ls. 

Roscoe  and  Schorlemmer. — INORGANIC  CHEMIS- 
TRY. A  Complete  Treatise  on  Inorganic  Chemistry.  By  Pro- 
fes^sor  H.  E.  Roscoe,  F.R.S.,  and  Professor  C.  Schorlemmer, 
F.R.S.  With  numerous  Illustrations.  Medium  8vo.  VoL  I. — 
The  Non-Metallic  Elements.  2IJ.  Vol.  II.— Metals.-— Part  L 
i8j.  Vol.  II.— Metals.  Part  IL  iZs. 
ORGANIC  CHEMISTRY.  A  complete  Treatise  on  Organic 
Chemistry.    By  Professors  Roscoe  and  Schorlemmer.     With 

numerous  Illustrations.     Medium  8vo.     Fart  L     2ls.       Part    II. 
2 1  J. 

Schorlemmer.— A  MANUAL  OF  THE  CHEMISTRY 
OF  THE  CARBON  COMPOUNDS,  OR  ORGANIC 
CHEMISTRY.  By  C.  Schorlemmer,  F.R.S.,  Professor  of 
Chemistry,  the  Victoria  University,  the  Owens  College,  Manchester. 
With  Illustrations.     8vo.     I4<'. 

Sidgwick.— THE  PRINCIPLES  OF  POLITICAL  ECONOMY. 
By  Henry  SiDGWicK,  M.A.,  Professor  in  Moral  Philosophy  in 
the  University  of  Cambridge,  Author  of  "The  Methods  of 
Ethics."    8vo.     i6s. 

Smith. — A  DICTIONARY  OF  ECONOMIC  PLANTS.  Their 
History,  Products,  and  Uses.  By  John  Smith.  8vo.  14/. 
DOMESTIC  BOTANY  :  An  Exposition  of  the  Structure  and 
Classification  of  Plants,  and  their  Uses  for  Food,  Clothing, 
Medicine,  and  Manufacturing  Purposes.  By  the  same  Author. 
With  Illustrations.     New  Istiue.     Crown  8vo.     I2J.  ()d. 
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Thorpe  and  Riicker.— a    treatise   on  chemical 

PHYSICS.       By    Professor    Thorpe,     F.R.S.,    and    Professoi 
RuCKER,  of  the  Yorkshire  College  of  Science.      Illustrated.     8vo. 

[/«  preparation. 

Walker.— POLITICAL  economy.  By  Francis  A.  Walkrr, 
M. A.,  Ph.D.,  Author  of  "The  Wages  Question,"  "Money," 
"  Money  in  its  Relation  to  Trade,"  &c.     8vo.     lor.  fuL 

Ziegler  —  Macalister. — text-rook  OF  PATHOLOGI- 
CAL ANATOMY  AND  PATHOGENESIS.  By  Professor 
Ernst  Ziegler  of  Tiibingen.  Translated  and  Edited  for  English 
Students  by  Donald  Macalister,  M.A.,  M.B.,  B  Sc,  Fellow 
of  St.  John's  College,  Cambridge.  With  numerous  Illustrations. 
Medium  8vo.  Part  I.— GENERAL  PATHOLOGICAL  ANA- 
TOMY. \2s.fxl.  Part  XL— SPECIAL  PATHOLOGICAL 
ANATOMY.     I2J.  bd. 

WORKS  ON  MENTAL  AND  MORAL 
PHILOSOPHY,  AND  ALLIED  SUBJECTS. 

Aristotle.  —  AN      INTRODUCTION      TO      ARISTOTLE'S 

RHETORIC.     With  Analysis,  Notes,  and  Appendices,     By  E. 

M.  Cope,  Trinity  College,  Cambridge.     8vo.     14J. 
ARISTOTLE    ON    FALLACIES;    OR,    THE    SOPHISTICI 

ELENCHI.     With  a  Translation  and  Notes  by  Edward  Poste, 

M.A.,  Fellow  of  Oriel  College,  Oxford.     8vo.     8j.  &/. 
THE    METAPHYSICS,    BOOK    I.       Translated    into    English 

Prose,  with   Marginal  Analysis:,  and   Summary  of  each  Chapter. 

By  a  Cambridge  Graduate.     Demy  8vo.     5/. 
THE  POLITICS.      Translated  by  J.  E.  C.   Welldon,    M.A., 

Fellow  of  King's  College,  Cambridge,  and  Master  of  Dulwidi 

College.     Crown  8vo.     \os.  6d. 

Balfour.— A  DEFENCE  OF  PHILOSOPHIC  DOUBT;  being 
an  Essay  on  the  Foundations  of  Belief.  Jdy  A.  J.  BAipovR, 
M.P.     8vo.     I2J. 

"  Mr.  Balfour's  criticiitn  is  exceedingly  brilliant  and  suggestive." — 
Pall  Mall  Gazette. 

*'  An  tible  and  refreshing  eontribution  to  one  of  the  burning  questions 
of  the  age,  and  deserves  to  make  its  mark  in  the  fierce  battle  now 
raging  between  science  and  theology." — Athenaeum. 

Birks. — Works  by  the  Rev.  T.  R.  Birks,  late  Professor  of  Moral 
Philosophy,  Cambridge : — 
FIRST   PRINCIPLES   OF    MORAL  SCIENCE;  or,    a   First 
Course  of  Lectures  delivered  in  the  University  qf  Cambridge- 
Crown  8va     8x.  fkl. 
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B  i  rk  S — continued.  — 
MODERN     UTILITARIANISM;    or,   The   Systems    of   Paley, 
Bentham,  and  Mill,  Examined  and  Compared.   Crown  8vo.  6x.  dd. 
SUPERNATURAL    REVELATION;     or,    First    Principles    of 
Moral  Theology.     8vo.     8j. 
Caird. — an  INTRODUCTION  TO  THE  PHILOSOPHY  OF 
RELIGION.      By  John   Cairo,    D.D.,   Principal    and   Vice- 
Chancellor  of  the  Univeisity  of  Glasjrow,  and  one  of  Her  Majesty's 
Chaplains  for  Scotland.     8vo.     \os.  6d. 

Caird.— A  critical  account  of  the  philosophy 

OF  KANT.  With  an  Historical  Introduction.  By  E.  Caird, 
M.A.,  Prof,  of  Moral  Philosophy  in  the  University  of  Glasgow. 
8vo.  i8j. 
Calderwood. — Works  by  the  Rev.  Henry  Calderwood,  M.A., 
LL.D.,  Professor  of  Moral  Philosophy  in  the  University  of  Edin- 
burgh : — 
A  HANDBOOK  OF  MORAL  PHILOSOPHY.  Sixth  Edition. 
Crown  8vo.    6j. 

'M  compact  and  useful  work,  going  over  a  great  deal  of  ground 

in  a  manner  adapted  to  suggest  and  facilitate  further  study.  .   .  . 

His  book  will  be  an  assistance  to  many  students  outside  his  own 

University  of  Edinburgh.  — Guardian. 

"THE  RELATIONS  OF  MIND  AND  BRAIN.     Second  Edition, 

Revised  and   Enlarged,   with  additional   Chapter  on   **  Animal 

'        Intelligence."    8vo.     I2s. 

"  Contains   the  suggestion  of  a  principle  which  may  prove  to  be 
capable  of  explaining  much  that  is  at  present  obscure  in  the  relations 
betiveen  the  mind  and  the  body." — Scotsman. 
THE  RELATIONS  OF  SCIENCE  AND  RELIGION.      Being 
the   Morse   Lecturer,    i8So,    connected  with   Union   Theological 
Seminary,  New  York.     Crown  8vo.     $s. 
Clifford.— LECTURES  AND  ESSAYS.      By  the  late  Professor 
W.   K.   Clifford,  F.R.S.     Edited  by  Leslie  Stephen  and 
Frederick  Pollock,  with  Introduction  by  F.  Pollock.    Two 
"         Portraits.     2  vols.     8vo.     z^s.  [See  also  page  2. 

*«  The  Times  of  October  7.2nd  says : — "Many  a  friend  of  the  author 
on  first  taking  up  these  volumes  and  remembering  his  versatile 
genius  and  his  keen  enjoyment  of  all  realms  of  intellectual  activity 
must  have  trembled,  lest  they  should  be  found  to  consist  of  fragmen- 
tary pieces  of  work,  too  disconnected  to  do  justice  to  his  powers  of 
consecutive  reading,  and  too  varied  to  have  any  effect  as  a  whole. 
Fortunately  theu  fears  are  groundless.  .  .  .  It  is  not  only  in 
subject  that  the  various  papers  are  closely  related.  There  is  also  a 
similar  consistency  of  view  and  of  method  throughotct.  .  .  .  It 
is  in  the  social  and  metaphysical  subjects  that  the  richness  of  his 
intellect  shows  itself,  most  forcibly  in  the  rarity  and  originality  of 
the  ideas  which  he  presents  to  us.  To  appreciate  this  variety  it  is 
necessary  to  read  the  book  itself,  for  it  treats  in  some  form  or  other 
of  all  the  subje.-ts  of  deepest  interest  in  this  ape  of  questioning." 
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'^iske.— OUTLINES  OF  COSMIC  PHILOSOPHY,  BASED 
ON  THE  DOCTRINE  OF  EVOLUTION,  WITH  CKITI- 
CISMS  ON  THE  POSITIVE  PHILOSOPHY.  By  John 
FiSKE,  M.A.,  LL.B.,  formerly  Lecturer  on  Philosophy  at 
Harvard  University.     2  vols.  8vo.     25J. 

"  The  work  comtiiu/fs  a  very  effective  encychpcedia  of  the  evolution' 
ary  fhilo.'0/>/iy,  an  J  is  well  worth  the  study  of  all  who  wish  to  see 
at  once  the  entire  scope  and  purport  of  the  scientific  dogmatism  of 
the  day." — Saturday  Review. 

Fowle A     NEW     ANALOGY     BETWEEN     REVEALED 

RELIGION  AND  THE  COURSE  AND  CONSTITUTION 
OF  NATURE.  By  Kev.  T.  W.  Fowle,  Rector  of  Islip, 
Oxford  (Cellarius).     Crown  8vo.     6j. 

Harper. — THE  METAPHYSICS  OF  THE  SCHOOL.  By  the 
Rev,  Thomas  Harper  (S.J.).  In  5  vols.  8vo.  Vol.  I.  8vo.  iSj. 
Vo1.il     8vo.     i8j.  [Vol.  J  J  J.  in  the  press. 

Herbert.— THE  REALISTIC  ASSUMPTIONS  OF  MODERN 
SCIENCE  EXAMINED.  By  T.  M.  Herbert,  M.A.,  late 
Professor  of  Philosophy,  &c.,  in  the  Lancashire  Independent 
College,  Manchester.     8vo.     14J. 

"  j\/r.  Herbert's  work  apf^ears  to  us  one  of  real  ability  and  import- 
ance. The  author  has  shcnun  himself  well  trained  in  philosophical 
literafure,  atut  possessed  of  high  critical  and  speculative  powers." — 
Mind. 

Jardine.— THE  ELEMENTS  OF  THE  PSYCHOLOGY  OF 
COGNITION.  By  Robert  Jardine.  B.D.,  D.Sc,  Principal  of 
the  General  Assembly's  College,  Calcutta,  and  Fellow  of  the  Uni- 
versity of  Calcutta.     Crown  Svo.     ds.  bd. 

Jevons. — Works  by  the  late    W.    Stanley    Jevons,    LL.D., 
M.A.,  F.R.S.  :— 
THE  PRINCIPLES  OF  SCIENCE.     A  Treatise  on  Logic  and 
Scientific  Method.     New  and  Cheaper  Edition,   revised.     Crown 
Svo.     1 2^.  fid. 

"  No  one  in  future  can  he  said  to  have  any  true  knowledge  of  what 

has  L^-en  done  in  the  way  of  logical  and  sci'  ntific   method  in 

Endand   without    having  carefully  studied   Professor    jfevoni 

book."—  Spectator. 

ELEMENTARY  LESSONS  IN  LOGIC,  DEDUCTIVE  AND 

INDUCTIVE.     With  Questions,  Examples,  and  Vocabulary  of 

Logical  Terms.     New  Eilition.     Fcap.  Svo.     y.  6d. 

STUDIES  IN   DEDUCllVE  LOGIC.     A  Manual  for  Students. 

Crown  Svo.     6s. 
METHODS  OF  SOCIAL  REFORM,  and  other  Papers.     Demy 

Svo.     lor.  6d. 
PRIMER  OF  LOGIC.     New  Edition.     iSmo.     is. 
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Kant; — CRITIQUE   OF   PURE   REASON.     Centenary  Trans 
•     lation.     By  F.  Max  Muller.     With  an  Historical  Introduction 

by  LuDWiG  Noir£.     2  vols.     8vo.     325. 

"  Through  this  translation  Kant's  work  has  for  the  first  time  become 
international — the  common  property  of  the  whole  world." — Times, 

"  Professor  Max  Miiller  has  here  performed  a  service  for  his  great 
countryman,  which  as  years  roll  by,  will  be  more  and  more  recog- 
nised by  our  own  countrymen  as  having  supplied  a  new  starting 
point  Jor  their  thought- lives,  and  given  them  the  nuans  of  account- 
ing to  themselves  for  experience." — British  Quarterly  Review. 

M'Cosh— Works  by  James  M'Cosh,  LL.D.,  President  of  Princeton 

College,  New  Jersey,  U.S. 

*''  He  certainly  shows  himself  skilful  in  that  application  of  logic  to 
psychology,  in  thai  inductive  science  of  the  human  mind  which  is 
the  fine  side  of  English  philosophy.  His  philosophy  as  a  whole  is 
worthy  of  attention." — Revue  de  Deux  Mondes. 

THE  METHOD  OF  THE  DIVINE  GOVERNMENT,  Physical 
and  Moral.     Tenth  Edition.     8vo.     loj.  td. 

THE  INTUITIONS  OF  THE  MIND.  A  New  Edition.  8vo. 
cloth.     lor.  td. 

AN  EXAMINATION  OF  MR.  J.  S.  MILL'S  PHILOSOPHY: 
Being  a  Defence  of  Fundamental  Truth.  Second  edition,  with 
additions,     los.  dd. 

**Such  a  work  greatly  needed  to  be  done,  and  the  author  was  the  man- 
to  do  it.  This  volume  is  important,  not  merely  in  reference  to  the 
views  of  Mr.  Mill,  but  of  the  whole  school  of  writers,  past  and 
present.,  British  and  Continental,  he  so  ably  represents." — Princeton 
Review. 

THE  LAWS  OF  DISCURSIVE  THOUGHT :  Being  a  Text- 
book  of  Formal  Logic.     Crown  8vo.     51. 

CHRISTIANITY  AND  POSITIVISM  :  A  Series  of  Lectures  to 
the  Times  on  Natural  Theology  and  Apologetics.  Crown  8vo. 
Is.  bd. 

THE  SCOTTISH  PHILOSOPHY  FROM  HUTCHESON  TO 
HAMILTON,  Biographical,  Critical,  Expository.    Royal  8vo.  idx 

THE  EMOTIONS.     Crown  8vo.     gj. 

Masson.— RECENT  BRITISH  PHILOSOPHY:  A  Review, 
with  Criticisms ;  including  some  Comments  on  Mr.  Mill's  Answer 
to  Sir  William  Hamilton.  By  David  Masson,  M.A.,  Professor 
of  Rhetoric  and  English  Literature  in  the  University  of  Edinburgh. 
Third  Edition,  with  an  Additional  Chapter.    Crown  8vo.     6r. 
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MaSSOn — continued. 

**  IVe  can  nowhere  point  to  a  vorH  which  gives  so  clear  an  exposi- 
tion of  the  course  0/  philosophical  speculation  in  Britain  during 
the  past  century,  or  which  indicates  so  instructively  the  mutual  in- 
fluences of  philosophic  andscie>Uific  thought. " — Fortnightly  Review. 

Materialism,  Ancient  and  Modern.     By  a  late  Fellow 

of  Trinity  College,  Cambridge.     Crown  8vo.     2s. 
In  this  small  volume  the  writer  deals  in  six  chapters  with  Mature, 
Ancient  Materialism,  Modem  Materialism,  the  Theory  of  Development, 
the  Hypothesis  of  an  Intelligent  Cause,    and  the  Hypothesis  of  Self- 
Existent  Matter  and  Jntelligettce. 

Maudsley. — Works  by  H.  Maitdsley,  M.D.,  Professor  of  Medical 

Jurisprudence  in  University  College,  London. 
THE  PHYSIOLOGY  OF  MIND  ;  being  the  First  Part  of  a  Third 

Edition,  Revised,  Enlarged,  and  in  great  part  Re-written,  of  "The 

Physiology  and  Patholo<?y  of  Mind-"     Crown  8vo.     los.  6d. 
THE  PATHOLOGY  OF  MIND.    Revised,  Enlarged,  and  in  great 

part  Re- written.     8vo.     iSs. 
BODY  AND  MIND  :  an  Inquiry  into  their  Connexion  and  Mutual 

Influence,   specially  with   reference   to   Mental   Disorders.       An 

Enlarged  and  Revised  edition.    To  which  are  added.  Psychological 

Essays.     Crown  8vo.     6s.  6d. 

Maurice. — Works  by  the  Rev.  Frederick  Denison  Maurice, 
M.  A.,  late  Professor  of  Moral  Philosophy  in  the  University  of  Cam- 
bridge.  (For  other  Works  by  the  same  Author,  see  Theological 
Catalogue.) 
SOCIAL  MORALITY.  Twenty-one  Lectures  delivered  in  the 
University  of  Cambridge.  New  and  Cheaper  Edition.  Crown  8vo. 
loj.  6d. 

"  h^hilst  reading  it  we  are  charmed  by  the  freedom  p-om  exclusiveness 
and  prejudice,  tlu  large  charity,  the  loftiness  of  thought,  the  eager- 
ness to  rteo^niae  tind  appreciate  whatever  there  is  of  real  worth 
extant  in  the  world,  which  animates  it  from  one  end  to  the  other. 
We  gain  new  thoughts  and  neiv  ways  of  viewing  things,  even  more, 
perhaps,  from  being  brought  for  a  time  under  the  influence  of  so 
noble  and  spiritual  a  mind.' — Athenxum. 
THE  CONSCIENCE  :  Lectures  on  Casuistry,  delivered  in  the  Uni- 
versity of  Cambridge.    New  and  Cheaper  Edition.    Crown  8vo.    5J. 
The  Saturday  Review  says:  "We  rise  from  them  with  detestation 
of  all  that  is  selfish  and  mean,  and  with  a  living  impression  that 
there  is  such  a  thin^  as  goodness  after  all." 
MORAL  AND  METAPHYSICxVL   PHILOSOPHY.      Vol.   L 
Ancient  Philosophy  firom  the  First  to  the  Thirteenth  Centuries ; 
VoL  II.  the  Fourteenth  Century  and  the  French  Revolution,  with 
a    glimpse  into    the  Nineteenth    Century.      New  Edition    and 
Preface,     a  Vol*.     8vo.    Z'^s. 
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Paradoxical  Philosophy. — a  Sequel  to  "The  Unseen  Uni- 
verse."    Crown  8vo.     7^.  bd. 

Picton. — THE  MYSTERY  OF  MATTER  AND  OTHER 
ESSAYS.  By  J.  Allanson  Picton,  Author  of  "  New  Theories 
and  the  Old  Faith."  Cheaper  issue  with  New  Preface.  Crown 
8vo.     6j. 

Pollock. — ESSAYS  IN  JURISPRUDENCE  AND  ETHICS. 
By  Frederick  Pollock,  M.A.,  LL.D.,  Corpus  Christi  Pro- 
fessor of  Jurisprudence  in  the  University  of  Oxford,  late  Fellow 
of  Trinity  College,  Cauibridjje.     8vo.     ioj.  dd. 

Sidgwick.— THE     METHODS    OF    ETHICS.      By    Henry 
SiDGWiCK,   M.A.,  Professor  in  Moral  Philosophy  in  the  University 
of  Cambridge.     Second  Edition,  revised  throughout,  with  impor- 
tant additions.     8vo.      I4J. 
THE  PRINCIPLES  OF  POLITICAL  ECONOMY.     Demy  Svo. 
1 6  J. 
The   Alternative  :  a  Study  in  Psychology.   Crown  Svo.   8j.  6-/. 
After  having  read  about  half  of  this  work,  Mr.  Henry  Sidgwick 
writes  of  it :    '■'  I  f  el  no  doubt  that  the  book  deserves  the  attention 
of  all  students  0/ philosophy  from  the  amount  of  vigorous,  precise, 
and  independent   thinking  it  contains — thinking  which    appears 
to  me  gtnerally  consistent  so  far  ns  it  has  been  completely  developed. 
.  .  .  .  I  also  find  the  terse,  forcible  individuality  of  the  style 
attractive^  ' 

Thornton.— OLD-FASHIONED  ETHICS,  AND  COMMON- 
SENSE  METAPHYSICS,  with  some  of  their  Applications.  By 
William  Thomas  Thornton,  Author  of  "A  Treatise  on  Labour." 
Svo.     \os.  6d. 

Thring  (E.,    M.A.). — THOUGHTS    ON    LIFE-SCIENCE. 

By  Edward  Thring,  M.A.  (Benjamin  Place),   Head  Master  of 

Uppingham  SchooL     New  Edition,  enlarged  and  revised.    Crown 

Svo.     ^s.  6d. 
Venn. — Works  by  John  Venn,  M.A.,  Fellow  and  Lecturer  of 

Gonville  and  Caius  College,  Cambridge. 
THE  LOGIC  OF  CHANCE:  An  Essay  on  the  Foundations  and 

Province  of  the  Theory  of  Probability,   with  especial  reference  to 

its  logical  bearings,  and  its  application  to  Moral  and  Social  Science. 

Second   Edition,  rewritten   and   greatly  enlarged.      Crown  Svo 

lOf.  6d. 
SYMBOLIC  LOGIC.     Crown  Svo.     los.  6d. 

Walker. — political  economy.  By  Francis  A.  Walker, 
M.A.,  Ph.D.,  Author  of  "The  Wages  Question,"  "Money," 
"  Money  in  its  relation  to  trade,"  &c.     Svo.     loj.  6d. 

Watson.— KANT  AND  HIS  ENGLISH  CRITICS.  A  Com- 
parison of  Critical  and  Empirical  Philosophy.  By  John  Watson, 
M.A.  LL.D.,  Professor  of  Moral  Philosophy  in  Queen's  University, 
Kingston,  Canada.     Svo.     I2s.  6d. 
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